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PREFACE 


“Tats book forms the first volume of the new edition of my book 

on Fourier’s Series and Integrals and the Mathematical Theory of the 

“Conduction of Heat, published in 1906, and now for some time out 

of print. Since 1906 so much advance has been made in the Theory 

of Fourier’s Series and Integrals, as well as in the mathematical 

discussion of Heat Conduction, that it has seemed advisable to 
write a completely new work, and to issue the same in two volumes. 
The first volume, which now appears, is concerned with the Theory 
of Infinite Series and Integrals, with special reference to Fourier’s 
Series and Integrals. The second volume will be devoted to the 
Mathematical Theory of the Conduction of Heat. 

No one can properly understand Fourier’s Series and Integrals 
without a knowledge of what is involved in the convergence of 
infinite series and integrals. With these questions is bound up 
the development of the idea of a limit and a function, and both 
are founded upon the modern theory of real numbers. The first 
three chapters deal with these matters. In Chapter IV. the Definite 
Integral is treated from Riemann’s point of view, and special 
attention is given to the question of the convergence of infinite 
integrals. The theory of series whose terms are functions of a 
single variable, and the theory of integrals which contain an arbi- 
trary parameter are discussed in Chapters V. and VI. It will be 
seen that the two theories are closely related, and can be developed 
on similar lines. 

The treatment of Fourier’s Series in Chapter VII. depends on 
Dirichlet’s Integrals. There, and elsewhere throughout the book, 
the Second Theorem of Mean Value will be found an essential part 
of the argument. In the same chapter the work of Poisson 1s 
adapted to modern standards, and a prominent place 1s given 


to Fejér’s work, both in the proof of the fundamental theorem 
v 
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and in the discussion of the nature of the convergence of Fourier’s 
Series. Chapter IX. is devoted to Gibbs’s Phenomenon, and the 
last chapter to Fourier’s Integrals. In this chapter the work of 
Pringsheim, who has greatly extended the class of functions to 
which Fourier’s Integral Theorem applies, has been used. 

Two appendices are added. The first deals with Practical Har- 
momc Analysis and Periodogram Analysis. In the second a biblio- 
graphy of the subject is given. 

The functions treated in this book are “ordinary” functions. 
An interval (a, b) for which f(z) is defined can be broken up into a 
finite number of open partial intervals, in each of which the function — 
is monotonic. If infinities occur in the range, they are isolated 
and finite in number. Such functions will satisfy most of the 
demands of the Applied Mathematician. 

The modern theory of integration, associated chiefly with the 
name of Lebesgue, has introduced into the Theory of Fourier’s 
Series and Integrals functions of a far more complicated nature. 
Various writers, notably W. H. Young, are engaged in building up 
a theory of these and allied series much more advanced than any- 
thing treated in this book. These developments are in the meantime 
chiefly interesting to the Pure Mathematician specialising in the 
Theory of Functions of a Real Variable. My purpose has been to 
remove some of the difficulties of the Applied Mathematician. 

The preparation of this book has occupied some time, and much 
of it has been given &s a final course in the Infinitesimal Calculus 
to my students. To them it owes much. For assistance in the 
revision of the proofs and for many valuable suggestions, I am 
much indebted to Mr. E. M. Wellish, Mr. R. J. Lyons and Mr. H. 
H. Thorne of the Department of Mathematics in the University 
of Sydney. H. 8S. CARSLAW. 


EMMANUEL COLLEGE, 
CamBripen, Jan. 1921. 
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HISTORICAL INTRODUCTION 


In the middle of the eighteenth century there was a prolonged 
controversy as to the possibility of the expansion of an arbitrary 
function of a real variable in a series of sines and cosines of 
multiples of the variable. The question arose in connection with 
the problem of the Vibrations of Strings. The theory of these 
vibrations reduces to the solution of the Differential Equation 

OY ge OY 

Ot O02” 
and the earliest attempts at its solution were made by D’Alem- 
bert,* Euler,t and Bernoulli.t Both D’Alembert and Euler 
obtained the solution in the functional form 

y= plotat)+y(o—at) 

The principal difference between them lay in the fact that 
D’Alembert supposed the initial form of the string to be given 
by a single analytical expression, while Euler regarded it as 
lying along any arbitrary continuous curve, different parts of 
which might be given by different analytical expressions. 
Bernoulli, on the other hand, gave the solution, when the string 
starts from rest, in the form of a trigonometrical series 

y = A,sin « cos at+ A, sin 2x cos 2at+..., 
and he asserted that this solution, being perfectly general, must 
contain those given by Euler and D’Alembert. The importance 
of his discovery was immediately recognised, and Euler pointed 
out that if this statement of the solution were correct, an 
arbitrary function of a single vatiable must be developable in 
an infinite series of sines of multiples of the variable. This he 


* Mém. del’ Académie de Berlin, 3, p. 214, 1747. 
+ loc. cit., 4, p. 69, 1748. +doc. cit., 9,.p. 173, 1753. 
C. I A 
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held to be obviously impossible, since a series of sines is both 
periodic and odd, and he argued that if the arbitrary function 
had not both of these properties it could not be expanded in 
such a series. 

While the debate was at this stage a memoir appeared in 1759* 
by Lagrange, then a young and unknown mathematician, in 
which the problem was examined from a totally different point of 
view. While he accepted Euler's solution as the most general, he 
objected to the mode of demonstration, and he proposed to obtain 

‘a, satisfactory solution by first considering the case of a finite 
number of particles stretched on a weightless string. From the 
solution of this problem he deduced that of a continuous string by 
making the number of particles infinite.t In this way he showed 
that when the initial displacement of the string of unit length is 
given by f(x), and the initial velocity by #(a), the displacement 
at time ¢ is given by 


fi ao 
ve 2| (sin v7re’ sin ne cos nat) f(x’ )da’ 
On 


oy) ih e2 1 : : ; 
2{ , 2 (sin n7ra’ sin n7ex sin nat) F(a’)de’. 
7 01 


This result, and the discussion of the problem which Lagrange 
gave in this and other memoirs, have prompted some mathe- 
‘maticians to deny the importance of Fourier’s discoveries, and to 
attribute to Lagrangé the priority in the proof of the development 
of an arbitrary function in trigonometrical series. It is true 
that in the formula quoted above it is only necessary to change 
the order of summation and integration, and to put ¢=0, in order 
that we may obtain the development of the function f(#) in a 
series of sines, and that the coefficients shall take the definite 
integral forms with which we are now familiar. Still Lagrange 
‘did not take this step, and, as Burkhardt remarks,? the fact that 
he did not do so is a very instructive example of the ease with 
which an author omits to draw an almost obvious conclusion 
from his results, when his investigation has been undertaken 
with another end in view. Lagrange’s purpose was to demon- 


*Cf. Lagrange, @uvres, T. I., p. 37. NOG. Cities oils 
+ Burkhardt, ‘‘ Kntwicklungen nach oscillirenden Functionen,” Jahresber. D, 
Math. Ver., Leipzig, 10, Hft. IL, p. 32, 1901. 
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strate the truth of Euler's solution, and to defend its general 
conclusions against D’Alembert’s attacks. When he had obtained 
his solution he therefore proceeded to transform it into the func- 
tional form given by Euler. Having succeeded in this, he held 
his demonstration to be complete. 

The further development of the theory of these series was due 
to the astronomical problem of the expansion of the reciprocal 
of the distance between two planets in a series of cosines of 
multiples of the angle between the radii. As early as 1749 
and 1754 D’Alembert and Euler had published discussions of this 
question in which the idea of the definite integral expressions 
for the coefficients in Fourier’s Series may be traced, and Clairaut, 
in 1757,* gave his results in a form which practically contained 
these coefficients. Again, Euler,t in a paper written in 1777 and 
published in 1793, actually employed the method of multiplying 
both sides of the equation 


F(@) =a) + 2a, cos # + 2asebs 24+ ...2a,cosnw+... 


by cosna and integrating the series term by term between the 
limits 0 and zw. In this way he found that 


ey fer ; 
ies =| J (a) cos nx da. 
7 Jo 


It is curious that these papers seem to have had no effect 
upon the discussion of the problem of the Vibrations of Strings 
in which, as we have seen, D’Alembert, Euler, Bernoulli, and 
Lagrange were about the same time engaged. The explanation 
is probably to be found in the fact that these results were not 
accepted with confidence, and that they were only used in deter- 
mining the coefficients of expansions whose existence could be 
demonstrated by other means. It was left to Fourier to place” 
our knowledge of the theory of trigonometrical series on a firmer 
foundation, and, owing to the material advance made by him in 
this subject the most important of these expansions are now 
generally associated with his name and called Fourier’s Series. 

His treatment was suggested by the problems he met in the 
Mathematical Theory of the Conduction of Heat. It is to be 


* Paris, Hist. Acad. sci., 1754 [59], Art. iv. (July Lion). 
+ Petrop. N. Acta., 11, 1793 [98], p. 94 (May 1777). 
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found in various memoirs, the most important having been 
presented to the Paris Academy in 1811, although it was not 
printed till 1824-6. These memoirs are practically contained in 
his book, Théorie mathématique de la chaleur (1822). In this 
treatise several discussions of the problem of the expansion of a 
function in, trigonometrical series are to be found. Some of 
them fail in rigour. One is the same as that given by Euler. 
However, it is a mistake to suppose that Fourier did not estab- 
lish in a rigorous and conclusive manner that a quite arbitrary 
function (meaning by this any function capable of being re- 
presented by an arc of a continuous curve or by successive 
portions of different continuous curves), could be represented 
by the series we now associate with his name, and it is equally 
wrong to attribute the first rigorous demonstration of this 
theorem to Dirichlet, whose earliest memoir was published in 
1829.* A closer examination of Fourier’s work will show that 
the importance of his investigations merits the fullest recogni- 
tion, and Darboux, in the latest complete edition of Fourier’s 
mathematical works,t points out that the method he employed in 
the final discussion of the general case is perfectly sound and 
practically identical with that used later by Dirichlet in his 
classical memoir. In this discussion Fourier followed the line 
of argument which is now customary in dealing with infinite 7 
v series. He proved that when the values 


il 7 
a= =| T@ de, 
= =r: 


ean 1 i Of mnt , / 
On=—| f(x’) cos nx da’, 
T Tv 


=e 
bys a te sin na’ aw,| 
are inserted in the terms of the series 
y+ (4, cos w+ b, sin w) + (a, cos 2a-+b, sin 2x)+..., 
the sum of the terms up to cos nx and sin na is 
=|" f(a) sin $(27 +1) (# —2) ee 
Tae sin } (a —@) ; 


_ He then discussed the limiting value of this sum as 7 becomes 


“ Dirichlet, J. Math., Berlin, 4, p. 157, 1829. 
+ Huvres de Fourier, T. I, p. 512, 1888. 
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infinite, and thus obtained the sum of the series now called 


Fourier made no claim to the discovery of the values of the 


coefficients tafe. 
to= an) fla’)de’, 


1(7 
On = “| T(x’) cos nx’ da’, 
Ce ee Tw = 


/ Nan. 


Ie : 
b,= =| F(a’) sin nx’ aw’, 
TJ) 


We have already seen that they were employed both by Clairaut 
and Euler before this time. Still there is an important differ-- 
ence between Fourier’s interpretation of these integrals and 
that which was current among the mathematicians of the 
eighteenth century. The earlier writers by whom they were 
employed (with the possible exception of Clairaut) applied them 
to the determination of the coefficients of series whose existence 
had been demonstrated by other means. Fourier was the first “ 
to apply them to the representation of an entirely arbitrary 
function, in the sense in which we have explained this term. 
In this he made a distinct advance upon his predecessors. 
Indeed Riemann* asserts that when Fourier, in his first paper to 
the Paris Academy in 1807, stated that a completely arbitrary ~ 
‘function could be expressed in such a series, his statement so 
surprised Lagrange that he denied the possibility in the most 
definite terms. It should also be noted that he was the first to 
allow that the arbitrary function might be given by different 
analytical expressions in different parts of the interval ; also that 
he asserted that the sine series could be used for other functjons 
than odd ones, and the cosine series for other functions than 
even ones. Further, he was the first to see that when a function 
is defined for a given range of the variable, its value outside 
that range is in no way determined, and it follows that no one 
before him can have properly understood the representation of 
an arbitrary function by a trigonometrical series. 

The treatment which his work received from the Paris Academy 
is evidence of the doubt with which his contemporaries viewed 


* Cf, Riemann, ‘‘ Uber die Darstellbarkeit einer Function durch eine trigono- 
metrische Reihe,” Gottingen, Abh. Ges, Wiss., 13, §2, 1867. 
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his arguments and results. His first paper upon the Theory of 
Heat was presented in 1807. The Academy, wishing to en- 
courage the author to extend and improve his theory, made the 
question of the propagation of heat the subject of the grand 
prix de mathématiques for 1812. Fourier submitted his 
Mémoire sur la propagation de la Chalewr at the end of 1811 
as a candidate for the prize. The memoir was referred to 
Laplace, Lagrange, Legendre, and the other adjudicators ; but, 
while awarding him the prize, they qualified their praise with 
criticisms of the rigour of his analysis and methods,* and the 
paper was not published at the time in the Mémoires de 
V Académie des Sciences. Fourier always resented the treatment 
he had received. When publishing his treatise in 1822, he 
incorporated in it, practically without change, the first part of 
this memoir; and two years later, having become Secretary of 
the Academy on the death of Delambre, he caused his original 
paper, in the form in which it had been communicated in 1811, 
to be published in these Mémoires.t Probably this step was 
taken to secure to himself the priority in his important discoveries, 
in consequence of the attention the subject was receiving at 
the hands of other mathematicians. It is also possible that he 
wished to show the injustice of the criticisms which had been 
passed upon his work. After the publication of his treatise, 
when the results of his different memoirs had become known, it 
was recognised that teal advance had been made by him in the 
treatment of the subject and the substantial accuracy of his 
reasoning was admitted. 


* Their report is quoted by Darboux in his Introduction (p. vii) to Mwres de 
Fourier, T, I. :—‘* Cette piéce renferme les véritables équations différentielles de la 
transmission de la chaleur, soit & Vintérieur des corps, soit & leur surface ; et la 
nouveauté du sujet, jointe 4 son importance, a déterminé la Classe 4 couronner cet 
Ouvrage, en observant cependant que la maniére dont VAuteur parvient a ses 
équations n’est pas exempte de difficultés, et que son analyse, pour les intégrer, 
laisse encore quelque chose & désirer, soit relativement A la généralité, soit méme 
du cdté de la rigueur.” 

+ Mémoires de ? Acad. des Sc., 4, p. 185, and 5, p. 153. 

{It is interesting to note the following references to his work in the writings 
of modern mathematicians : 

Kelvin, Col/. Works, Vol. III., p. 192 (Article on ‘* Heat,” Hnec. Brit., 1878). 

‘** Returning to the question of the Conduction of Heat, we have first of all to 
say that the theory of it was discovered by Fourier, and given to the world 
through the French Academy in his Théorie analytique de la Chaleur, with 
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The next writer upon the Theory of Heat was Poisson. He 
employed an altogether different method in his discussion of the 
question of the representation of an arbitrary function by a 
trigonometrical series in his papers from 1820 onwards, which 
are practically contained in his books, Traité de Mécanique 
(T. I. (2° éd.) 1833), and Théorie mathématique dela Chaleur (1835). 
He began with the equation 


1-1? 
1—2h cos (av —x%)+h? 


=142>)h"cos n(a’ —2), 
1 


solutions of problems naturally arising from it, of which it is difficult to say 
whether their uniquely original quality, or their transcendently intense mathe- 
matical interest, or their perennially important instructiveness for physical 
science, is most to be praised.” 

Darboux, Introduction, @uvres de Fourier, T. I., p. v, 1888. 

“* Par Vimportance de ses découvertes, par l’influence décisive qu’il a exercée sur 
le développement de la Physique mathématique, Fourier méritait ’hommage qui 
est rendu aujourd’hui a ses travaux et 4 sa mémoire. Son nom figurera digne- 
ment a cdté des noms, illustres entre tous, dont la liste, destinée a s’accroitre 
avec les années, constitue dés a présert un véritable titre d’honneur pour notre 
pays. La Vhéorie analytique de la Chaleur... , que Von peut placer sans 
injustice a cdté des écrits scientifiques les plus parfaits de tous les temps, se 
recommande par une exposition intéressante et originale des principes fonda- 
mentaux ; il éclaire de la lumiere la plus vive et la plus pénétrante toutes les 
idées essentielles que nous devons 4 Fourier et sur lesquelles doit reposer 
désormais la Philosophie naturelle ; mais il contient, nous devons le reconnaitre, 
beaucoup de négligences, des erreurs de calcul et de détail que Fourier a su éviter 
dans d’autres écrits.” 

Poincaré, Théorie analytique de la propagation de la Chaleur, p. 1, § 1, 1891. 

‘La théorie de la chaleur de Fourier est un des premiers exemples de l’appli- 
cation de Vanalyse 4 la physique ; en partant d’hypothéses simples qui ne sont 
autre chose que des faits expérimentaux généralisés, Fourier en a déduit une 
série de conséquences dont l’ensemble constitue une théorie complete et cohérente. 
Les résultats qu’il a obtenus sont certes intéressants par eux-mémes, mais ce qui 
Vest plus encore est la méthode quw’il a employée pour y parvenir et qui servira 
toujours de modéle 4 tous ceux qui voudront cultiver une branche quelconque de 
la physique mathématique. J’ajouterai que le livre de Fourier a une importance 
eapitale dans l’histoire des mathématiques et que l’analyse pure lui doit peut-étre 
plus encore que l’analyse appliquée.” 

Boussinesq, Théorie analytique de la Chaleur, Ate Mota Ch BIO 

‘« Les admirables applications qu’il fit de cette méthode (7.e. his method of inte- 
grating the equations of Conduction of Heat) sont, 4 la fois, assez simples et assez 
générales, pour avoir servi de modéle aux géométres de la premiere moitié de ce 
siécle ; et elles leur ont été d’autant plus utiles, qu’elles ont pu, avec de légéres 
modifications tout au plus, étre transportées dans d’autres branches de la 
Physique mathématique, notamment dans VPHydrodynamique et dans la Théorie 


de V’élasticité.” 
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h being numerically less than unity, and he obtained, by 
integration, 


1-H? p 
I Ce gs 2h cos (a — mae 


= ip F(a’) da’ + 2S) fal F(a’) cos n(a’ — ax) da’. 
-7 1 -7 


While it is true that by proceeding to the limit we may 
deduce that 
F(a) or 3[f(@—0)+fle+0)] 


is equal to 


Li| 2 = F(a’) da’ + — aye F(a’) cos n(a’ —«) da’ |, 


h—>1 

we are not entitled to assert that this holds for the value h=1, 
unless we have already proved that the series converges for this 
value. This is the real difficulty of Fourier’s Series, and this 
limitation on Poisson’s discussion has been lost sight of in some 
presentations of Fourier’s Series. ‘There are, however, other 
directions in which Poisson’s method has led to most notable 
results. The importance of his work cannot be exaggerated.* 

\\ After Poisson, Cauchy attacked the subject in different memoirs 
published from 1826 onwards,+ using his method of residues, but 
his treatment did not attract so much attention as that given 
about the same time by Dirichlet, to which we now turn. 

Dirichlet’s investigation is contained in two memoirs which 
appeared in 1829 { and 1837.§ The method which he employed 
we have already referred to in speaking of Fourier’s work. He 
based his proof upon a careful discussion of the limiting values 
of the integrals 


SIN @& 


uc ) Me a PS: 


S1n & 


io Ble Le ltoie. b>a>0, 


* Vor a full treatment of Poisson’s method, reference may be made to Bécher’s 
paper, ‘‘ Introduction to the Theory of Fourier’s Series,” Ann. Math., Princeton, 
N. J. (Ser. 2), 7, 1906. 

| See Bibliography, p. 303. tJ. Math., Berlin, 4, 1829. 

§ Dove’s Repertorium der Physik, Bd, I., p. 152, 1837. 
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! . a . . 
as y Increases indefinitely. By this means he showed that the 


sum of the series 
Uy + (a, cos x+ b, sin w)+(a,cos 2a+b, sin 2a) +..., 
where the coefficients a,, etc., are those given by Fourier, is 


2Lf(%—0)+fl@+0)]...—-r<a<m, - 
2[f(—7+0)+f(r—-0)]... c= +47, 
provided that, while —7<a<z7, f(x) has only a finite number 
of ordinary discontinuities and turning points, and that it does 
not become infinite in this range. In a later paper,* in which he 
discussed the expansion in Spherical Harmonics, he showed that 
the restriction that f(#) must remain finite is not necessary, 


provided that [Fe dx converges absolutely. 


The work of Dirichlet led in a few years to one of the most 
important advances not only in the treatment of trigonometrical 
series, but also in the Theory of Functions of a Real Variable; 
indeed it may be said to have laid the foundations of that theory. 
This advance is to be found in the memoir by Riemann already 
referred to, which formed his Habilitationsschrift at Gottingen 
in 1854, but was not published till 1867, after his death. 
Riemann’s aim was to determine the necessary conditions which 
(x) must satisfy, if it can be replaced by its Fourier’s Series. 
Dirichlet had shown only that certain conditions were sufficient. 
The question which Riemann set himself to answer, he did not 
completely solve: indeed it still remains unsolved. But in the 
consideration of it he perceived that it was necessary to widen 
the concept of the definite integral as then understood. 

Cauchy, in 1823, had defined the integral of a continuous 
function as the limit of a sum, much in the way in which it is 
still treated in our elementary text-books. The interval of in- 
tegration (a, b) is first divided into parts by the points 

Gay Cen kie Vin yy ee 0. 
The sum 
S= (x, —%)f (@1) + (We — 01) f(y) +... + (Gn — By -1)F(@) 
b 


is formed. And the integral | f(«) dw is defined as the limit of 


* J, Math., Berlin, 17, 1887. 
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this sum when the number of parts is increased indefinitely and 
their length diminished indefinitely. On this understanding 
every continuous function has an integral. 

For discontinuous functions, he proceeded as follows: 

If a function f() is continuous in an interval (a, b) except at 
the point c, in the neighbourhood of which f(a) may be bounded 
or not, the integral of f(x) in (a, b) is defined as the sum of the 


two limits ch b 
Lt | F(a) dx, Lt | F(a) da, 
a h>O0¢e+h 


h—>0 
when these limits exist. 

Riemann dismisses altogether the requirement of continuity, 
and in forming the sum S multiplies each interval (w,—@#,_,) by - 
the value of f(a), not necessarily at the beginning (or end) of the 
interval, but at a point €, arbitrarily chosen between these, or by 
a number intermediate between the lower and upper bounds of 


b 
F(a) in (a,_,, #,). The integral | /(«) dz is defined as the limit 


of this sum, if such exists, when the number of the partial 
intervals is increased indefinitely and their length tends to zero. 

Riemann’s treatment, given in the text in a slightly modified 
form, is now generally adopted in a scientific treatment of the 
Calculus. It is true that a more general theory of integration 
has been developed in recent years, chiefly due to the writings 
of Lebesgue,* de layVallée Poussin and Young; that theory is 
mainly for the specialist in certain branches of Pure Mathe- 
matics. But no mathematician can neglect the concept of the 
definite integral which Riemann introduced. 

One of the immediate advances it brought was to bring within 
the integrable functions a class of discontinuous functions whose 
discontinuities were infinitely numerous in any finite interval. 
An example, now classical, given by Riemann, was the function 
defined by the convergent series : 


Leet tone 
N 


where [na] denotes the positive or negative difference between 
ne and the nearest integer, unless nz falls midway between two 
consecutive integers, when the value of [7a] is to be taken as 


* See footnote, p. 77. 
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zero. The sum of this series is discontinuous for every rational 
value of x of the form p/2n, where p is an odd integer prime 
to n. 

With Riemann’s definition the restrictions which Dirichlet had 
-placed upon the function f(x) were considerably relaxed. To 
this Riemann contributed much, and the numerous writers who 
have carried out similar investigations since his time have still 
further widened the bounds, while the original idea that every 
continuous function admitted of such an expansion has been 
shown to be false. Still it remains true that for all practical 
purposes, and for all ordinary functions, Dirichlet’s investigation 
established the convergence of the expansions. Simplifications 
have been introduced in his proof by the introduction of the 
Second Theorem of Mean Value, and the use of a modified form 
of Dirichlet’s Integral, but the method which he employed is still 
the basis of most rigsrous discussions of Fourier’s Series. 

The nature of the convergence of the series began to be ex- 
amined after the discovery by Stokes (1847) and Seidel (1848) of 
the property of Uniform Convergence. It had been known since 
Dirichlet’s time that the series were, in general, only conditionally 
convergent, their convergence depending upon the presence of 
both positive and negative terms. It was not till 1870 that 
Heine showed that, if the function is finite and_ satisfies 
Dirichlet’s Conditions in the interval (—7z, 7), the Fourier’s 
Series converges uniformly in any interval lying within an 
interval in which f(x) is continuous. This condition has, like 
the other conditions of that time, since been somewhat modified. 

In the last thirty or forty years quite a large literature has 
arisen dealing with Fourier’s Series. The object of many of the 
investigations has been to determine sufficient conditions to be 
satisfied by the function /(«), in order that its Fourier’s Series 
may converge, either throughout the interval (—7, 7), or at 
particular points of the interval. It appears that the convergence“ 
or non-convergence of the series for a particular value of « really 
depends only upon the nature of the function in an arbitrarily 
small neighbourhood of that point, and is independent of the 
general character of the function throughout the interval, this 
general character being limited only by the necessity for the 
existence of the coefficients of the series. These memoirs— 
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associated chiefly with the names of Du Bois-Reymond, Lipschitz, 
Dini, Heine, Cantor, Jordan, Lebesgue, de la Vallée Poussin, 
Hobson and Young—have resulted in the discovery of sufficient 
conditions of wide scope, which suffice for the convergence of the 
series, either at particular points, or, generally, throughout the 
interval. The necessary and sufficient conditions for the con- 
vergence of the series at a point of the interval, or throughout 
any portion of it, have not been obtained. In view of the general 
character of the problem, this is not surprising. Indeed it is not 
improbable that no such necessary and sufficient conditions may 
be obtainable. 

In many of the works referred to above, written after the 
discovery by Lebesgue (1902) of his general theory of integra- 
tion, series whose terms did not exist under the old definition of 
the integral are included in the discussion.. 

The fact that divergent series may be aie? in various 
ways in analysis has also widened the field of investigation, and 
indeed one of the most. fruitful advances recently made arises 
from the discussion of Fourier’s Series which diverge. The word 
“sum,” when applied to a divergent series, has, of course, to be 
defined afresh; but all methods of treatment agree in this, that 
when the same process is applied to a convergent series the 
“sum,” according to the new definition, is to agree with the 
“sum” obtained in the ordinary way. One of the most important 
methods of “summation” is due to Cesaro, and in its simplest 
form is as follows: 

Denote by s, the sum of the first » terms of the series 


Uz, +UgtUgt.... 
Tek s — Sit Sot. F8y 


Us n 


When Lt S,=S, we say that the series is “summable,” and 


n> on 
that its “sum” is WN. 
It is not difficult to show that if the series 


Wy =P Wo Ue wns 
is convergent, then Lt S,= Lt s,, 
i n> wn Nu > DN 


so that the “ condition of consistency ” is satistied. [Cf. § 102.] 


HISTORICAL INTRODUCTION 13 


Fejér was the first to consider this sequence of Arithmetic 
Means, 
S18 8 +5,+8, 
"a nae aaa 
for the Fourier’s Series. He established the remarkable theorem * 
that the sequence is convergent, and its limit is 


b(f(w+0)+f(a—0)) 
at every point in (—7, 7) where f(~+0) and f(«—0) exist, the 
only conditions attached to f(x) being that, if bounded, it shall 


be integrable in (—7z, any and that, if it is unbounded, le f(a) da 
shall be absolutely convergent. + 
Later, Hardy showed that if a series 


U,+U,tUst... 
is summable by this method, and the general term w,, is of the 


order 1/n, the series is convergent in the ordinary sense, and thus 
the sum S(= Lt S,,) and the sum s (= Lt s,) will be the same. 
n> 


[CE § 102.] eat 

Hardy’s theorem, combined with Fejér’s, leads at once to a 
new proot of the convergence of Fourier’s Series, and it can also 
be applied to the question of its uniform convergence. Many of 
the results obtained by earlier investigators follow directly from 
the application to Fourier’s Series of the general theory of 
summable series. 

Recent investigations show that the coefficients in Fourier’s 
Series, now frequently called Fourier’s Constants, have im- 
portant properties, independent of whether the series converges 
or not. For example, it is now known that if /(a) and (a) 
are two functions, bounded and integrable in (—7, 7), and 4, 
a,, b. are Fourier’s Constants for f(x), and ay, «,’, 6,’ those 


n? n 


for (a), the series 
2ayty sig 2? (a ni; n a9 nn. ) 
] 


: ect at It : 
converges, and its sum 1s El f(a)¢(a) da. To this theorem, 
ts 


* Math. Ann., Leipzig, 58, 1904. 
+Chapman, Q. J. Math., London, 48, 1912; Hardy, London, Proc. Math. Soc. 
(Ser. 2), 12, 1913. : 
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and to the results which follow from it, much attention has 
recently been given, and it must be regarded as one of the most 
important in the whole of the theory of Fourier’s Series.* 

The question of the approximation to an arbitrary function by 
a finite trigonometrical series was examined by Weierstrass in 
1885.+ He proved that if j(#) is a continuous and periodic 
function, given the arbitrary small positive quantity e, a finite 
Fourier’s Series can be found in a variety of ways, such that the 
absolute value of the difference of its sum and f(x) will be less 
than ¢ for any value of w in the interval. This theorem was 
also discussed by Picard, and it has been generalised in recent 
memoirs by Stekloff and Kneser. 

In the same connection, it should be noted that the application 
of the method of least squares to the determination of the 
coefficients of a finite trigonometrical series leads to the Fourier 
coefficients. This result was given by Topler in 1876.t As 
many applications of Fourier’s Series really only deal with a 
finite number of terms, these results are of special interest. 

From the discussion of the Fouriet’s Series it was a natural 
step to turn to the theory of the Trigonometrical Series 

)+(a,cosx+b,sin v)+a,cos 2x+b,sin 27)+..., 
where the coefficients are no longer the Fourier coefficients. 
The most important question to be answered was whether such an 
expansion was unique; in other words, whether a function could 
be represented by more than one such trigonometrical series. 
This reduces to the question of whether zero can be represented 
by a trigonometrical series in which the coefficients do not all 
vanish. ‘The discussion of this and similar problems was carried 
on chiefly by Heine and Cantor,§ from 1870 onwards, in a series 
of papers which gave rise to the modern Theory of Sets of Points, 
another instance of the remarkable influence Fourier’s Series have 
had upon the development of mathematies. || In this place it will 


*Cf. Young, London, Proc. R. Soc. (A), 85, 1911. 

+J. Math., Berlin, 71, 1870. 

¢Topler, Wien, Anz. Ak. Wiss., 18, 1876. § Bibliography, p. 305. 

|| Van Vleck, ‘The Influence of Fourier’s Series upon the Development of Mathe- 
matics,” American Association for the Advancement of Science (Atlanta), 1913. 

See also a paper with a similar title by Jourdain, Scientia, Bologna (Ser, 2), 29, 
1917. 
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be sufficient to state that Cantor showed that all the coefficients 
of the trigonometrical series must vanish, if it is to be zero for 
all values of « in the interval (—z, 7), with the exception of 
those which correspond to a set of points constituting, in the 
language of the Theory of Sets of Points, a set of the n™ order, 
for which points we know nothing about the value of the series. 
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CHAPTER I 


RATIONAL AND IRRATIONAL NUMBERS 
THE SYSTEM OF REAL NUMBERS 


1. Rational Numbers. The question of the convergence of 
Infinite Series is only capable of satisfactory treatment when 
the difficulties underlying the conception of irrational number 
have been overcome. For this reason we shall first of all give a 
short discussion of that subject. 

The idea of number is. formed*by a series of generalisa- 
tions. We begin with the positive integers. The operations 
of addition and multiplication upon these numbers are always 
possible; but if a and b are two positive integers, we cannot 
determine positive integers « and y, so that the equations 
a=b+a and a=by. are satisfied, unless, in the first case, @ is 
greater than 6b, and, in the second case, a is a multiple of 6. 
To overcome this difficulty fractional and negative numbers are 
introduced, and the system of rational numbers placed at our 
disposal.* 

The system of rational numbers is ordered, 7.e. if we have two 
different numbers a and 6 of this system, one of them is greater 
than the other. Also, if a>b and b> ec, then a> c, when a, b 
and ¢ are numbers of the system. 

Further, if two different rational numbers a and b are given, 
we can always find another rational number greater than the 
one and less than the other. It follows from this that between 


*The reader who wishes an extended treatment of the system of rational 
numbers is referred to Stolz und Gmeiner, Z'heoretische Arithmetik, Leipzig, 
1900-1902, and Pringsheim, Vorlesungen tiber Zahlen- und Funktionenlehre, 
Leipzig, 1916. 
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any two different rational numbers there are an infinite number 
of rational numbers.* 


2. The introduction of fractional and negative rational num- 
bers may be justified from two points of view. The fractional 
numbers are necessary for the representation of the subdivision 
of a unit magnitude into several equal parts, and the negative 
numbers form a valuable instrument for the measurement of 
magnitudes which may be counted in opposite directions. This 
may be taken as the argument of the applied mathematician. 
On the other hand there is the argument of the pure mathe- 
matician, with whom the notion of number, positive and negative, 
integral and fractional, rests upon a foundation independent 
of measurable magnitude, and in whose eyes analysis is a 
scheme which deals with numbers only, and has no concern 
per se with measurable quantity. It is possible to found mathe- 
matical analysis upon the notion of positive integral number. 
Thereafter the successive definitions of the different kinds of num- 
ber, of equality and inequality among these numbers, and of the 
four fundamental operations, may be presented abstractly.t 


3. Irrational Numbers. The extension of the idea of number 
from the rational to the irrational is as natural, if not as easy, as* 
is that from the positive integers to the fractional and negative 
rational numbers. 

Let a and b be any two positive integers. The equation 2 =a 
cannot be solved in terms of positive integers unless « is a perfect 
b™ power. - To make the solution possible in general the irrational 
numbers are introduced. But it will be seen below that the system 
of irrational numbers is not confined to numbers which arise as 
the roots of algebraical equations whose coefficients are integers. 

So much for the desirability of the extension from the abstract 
side. From the concrete the need for the extension is also evident. 
We have only to consider the measurement of any quantity to 


*When we say that a set of things has a finite number of members, we mean 
that there is a positive integer , such that the total number of members of the 


set is less than n. 
When we say that it has an infinite number of members, we mean that it has 


not a finite number. In other words, however large n may be, there are more 


members of the set than 7. 
+Cf£. Hobson, London, Proc. Math. Soc. (Ser. 1), 35, p. 126, 1913; also the same 


author’s Theory of Functions of a Real Variable, p. 13. 
Cc. I B 
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which the property of unlimited divisibility is assigned, eg. a 
straight line LZ produced indefinitely. Take any segment of this 
line as unit of length, a definite point of the line as origin or 
zero point, and the directions of right and left for the positive 
and negative senses. To every rational number corresponds a 


-2 =1 10) 1 2 
Fie. 1. 


definite point on the line. If the number is an integer, the point 
is obtained by taking the required number of unit segments one 
after the other in the proper direction. If it is a fraction +p/q, 
it is obtained by dividing the unit of length into q equal parts 
and taking p of these to the right or left according as the sign is 
positive or negative. These numbers are called the measures of 
the corresponding segments, and the segments are said to be 
commensurable with the unit of length. The points correspond- 
ing to rational numbers may be called rational pornts. 

There wre, however, an infinite number of points on the line 
L which wre not rational points. Although we may approach 
them as nearly as we please by choosing more and more 
rational points on the line, we can never quite reach them in 
this way. The simplest example is the case of the points coin- 
ciding with one end of the diagonal of a square, the sides of 
which are the unit of length, when the diagonal lies along the 
line / and its other end coincides with any rational point. 

Thus, without considering any other case of incommensur- 
ability, we see that the line L is infinitely richer in points than 
the system of rational numbers in numbers. 

Hence it is clear that if we desire to follow arithmetically all 
the properties of the straight line, the rational numbers are 
insufficient, and it will be necessary to extend this system by the 
creation of other numbers. 


4. Returning to the point of view of the pure mathematician, 
we shall now describe Dedekind’s method of introducing the 
irrational number, in its most general form, into analysis.* 


* Dedekind (1831-1916) published his theory in Stetighkeit und irrationale 
Zahlen, Braunschweig, 1872 (Knglish translation in Dedekind’s Hssays on Number, 
Chicago, 1901). 
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Let us suppose that by some method or other we have divided 
all the rational numbers into two classes, a lower class A and an 
upper class B, such that every number a of the lower class is less 
than every number 8 of the upper class. 

When this division has been made, if a number « belongs to 
the class A, every number less than a does so also; and if 
a number @ belongs to the class B, every number greater than B 
does so also. 

Three different cases can arise : 


(1) The lower class can have a greatest nwmber and the wpper 
class no smallest number. 
This would occur if, for example, we put the number 5 and 
every number less than 5 in the lower class, and if we put in the 
upper class all the numbers greater than 5. 


(Il) The wpper class can have a smallest nwmber and the 

lower class no greatest number. 

This would occur if, for example, we put the number 5 and 
all the numbers greater than 5 in-the upper class, while in the 
lower class we put all the numbers less than 5. 

It is impossible that the lower class can have a greatest 
number m, and the upper class a smallest number 1, in the 
same division of the rational numbers; for between the rational 
numbers m and n there are rational numbers, so that our hypo- 
thesis that the two classes contain all the rational numbers is 
contradicted. 

But a third case can arise: 

(III) The lower class cam have no greatest number and the 

upper class no smallest wumber. 

For example, let us arrange the positive integers and their 
squares in two rows, so that the squares are underneath the 
numbers to which they correspond. Since the square of a frac- 
tion in its lowest terms is a fraction whose numerator and deno- 
minator are perfect squares,* we see that there are not rational 
numbers whose squares are 2, 3, 5, Gre on LU blake 

1 2 3 Asse 
mo, 4 606-78 9 10-10 12 18.14 15 16... 


e 


*Tf a formal proof of this statement is needed, see Dedekind, Joc. cil., English 
translation, p. 14, or Hardy, Cowrse of Pure Mathematics (2nd Kd.), p. 6. 
Cc > . 
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However, there are rational numbers whose squares are as near 
these numbers as we please. For instance, the numbers 

2, 1:5, 1:42,-1:415, 14143, ..., 

1, 1:4, 1:41, 1414, 14142, ..., 
form an upper and a lower set in which the squares of the terms 
in the lower are less than 2, and the squares of the terms in the 
upper are greater than. 2. We can find a number in the upper 
set and a number in the lower set such that their squares differ 
from 2 by as little as we please.* 

Now form a lower class, as described above, containing all 
negative rational numbers, zero and all the positive rational 
numbers whose squares are less than 2; and an upper class 
containing all the positive rational numbers whose squares are 
greater than 2. Then every rational number belongs to one class 
or the other. Also every number in the lower class is less than 
every number in the upper. The lower class has no greatest 
number and the upper class has no smallest number. 


5. When by any means we have obtained a division of all the 
rational numbers into two classes of this kind, the lower class 
having no greatest number and the upper class no smallest 
number, we create a new number defined by this division. We 
call it an irrational number, and we say that it is greater than 
all the rational numbers of its lower class, and less than all the 
rational numbers ofvits upper class. 

Such divisions are usually called sections.t The irrational 
number ,/2 is defined by the section of the rational numbers 
described above. Similar sections would define the irrational 
numbers 2/3, 4/5, ete. The system of irrational numbers is 
given by all the possible divisions of the rational numbers into a 
lower class A and an upper class B, such that every rational 
number is in one class or the other, the numbers of the lower 
class being less than the numbers of the upper class, while the 
lower class has no greatest number, and the upper class no 
smallest number. 

In other words, every irrational number is defined by its 
section (A, B). It may be said to “correspond ” to this section. 


*Cf. Hardy, loc. cit., p. 8: 
|} French, cowpure; German, Schnitt. 
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The system of rational numbers and irrational numbers 
together make up the system of real numbers. 


The rational numbers themselves “correspond” to divisions of rational 
numbers. 

For instance, take the rational number m. In the lower class A put 
the rational numbers less than m, and m itself. In the upper class B put all 
the rational numbers greater than m. Then m corresponds to this division 
of the rational numbers. | 

Extending the meaning of the term section, as used above in the definition 
of the irrational number, to divisions in which the: lower and upper classes 
have greatest or smallest numbers, we may say that the rational number m 
corresponds to a rational section (A, B),* and that the irrational numbers 
correspond to irrational sections. When the rational and irrational numbers 
are defined in this way, and together form the system of real numbers, the 
real number which corresponds to the rational number m (to save confusion 
it 1s sometimes called the ratconal-real number) is conceptually distinct from 
m. However, the relations of magnitude, and the fundamental operations 
for the real numbers, are defined in such a way that this rational-real number 
has no properties distinct from those of m, and it is usually denoted by the 


Pei 


same symbol. 


6. Relations of Magnitude for Real Numbers. We have extended our 
conception of number. We must now arrange the system of real numbers 
in order; @.e. we must say when two numbers are equal or unequal to, 
greater or less than, each other. 

In this place we need only deal with cases where at least one of the 
numbers is irrational. 

An irrational number is never equal to a rational number. They are 
always different or unequal. 

Next, in § 5, we have seen that the ¢rrational number given by the section 
(A, B) is said to be greater than the rational number m, when m is a member 
of the lower class A, and that the rational number m is said to be greater than 
the zrrational number given by the section (A, B), when m is a member of 
the upper class B. 

Two irrational numbers are egual, when they are both given by the same 
section. They are different or unequal, when they are given by different 
sections. 

The crrational number a given by the section (A, B) is greater than the 
irrational number a’ given by the section (A’, B’), when the class A contains 
numbers of the class B’. Now the class A has no greatest number. But if 
a certain number of the class A. belongs to the class B’, all the numbers of A 


*The rational number m could correspond to two sections: the one named in 
the text, and that in which the lower class A contains all the rational numbers 
less than m, and the upper class B, m and all the rational numbers greater than m. 
To save ambiguity, one of these sections only nust be chosen. 


22 RATIONAL AND IRRATIONAL NUMBERS 


greater than this number also belong to B’. The class A thus contains an 
infinite number of members of the class B’, when a> a’. 

If a real number a is greater than another real number a’, then a’ is less 
than a. 

It will be observed that the notation >, =, < is used in dealing with real 
numbers as in dealing with rational numbers. 

The real number £ is said to lie between the real numbers a and y, when 
one of them is greater than § and the other less. 

With these definitions the system of real numbers is ordered. If we have 
two different real numbers, one of them is greater than the other ; and if we 
have three real numbers such that a > 6 and B>y, then a>y. 

These definitions can be simplified when the rational numbers themselves 
are given by sections, as explained at the end of § 5. 


7. Between any two different rational numbers there is an infinite number 
of rational numbers. A similar property holds for the system of real 
numbers, as will now be shown : 


(1) Between any two different real numbers a, a' there are an infinite number 

of rational numbers. 

If a and a’ are rational, the property is known, 

If a is rational and a’ irrational, let us assume a> a’. Let a’ be given by 
the section (A’, B’). Then the rational number a is a member of the upper 
class B’, and B’ has no least number. Therefore an infinite number of 
inemmbers of the class B’ are less than a. It follows from the definitions — 
of § 5 that there are an infinite number of rational numbers greater than a’ 
and Jess than a. 

A similar proof applies to the case when the irrational number a’ is greater 
than the rational number a. 

There remains the cafe when a and a’ are both irrational. Let a be 
given by the section (A, B) and a’ by the section (A’, B’). Also let 
C20 

Then the class A of a contains an infinite number of members of the 
class B’ of a’ ; and these numbers are less than a and greater than a’. 

A similar proof applies to the case when a< a’. 

The result which has just been proved can be made more general :— 

(11) Between any two different real numbers there are an infinite number of 

wrrational numbers. 

Let a, a be the two given numbers, and suppose a<a’. 

Take any two rational numbers (3 and f’, such that a<B<f’<a’. If we 
can show that between 6 and f’ there must be an irrational number, the 
theorem is established. 

Let 7 be an irrational number. If this does not lie between 6 and [’, by 
adding to ita suitable rational number we can make it do so, [For we 
can find two rational numbers m, 2, such that m<i<n and (x—m) is 
less than ($’—f). The number B—m-+7 is irrational, and lies between 


Band fs’. 
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8. Dedekind’s Theorem. We shall now prove a very im- 
portant property of the system of real* numbers, which will be 
used frequently in the pages which follow. 

Lf the system of real numbers is divided into two clusses A 
and B, in such a way that 

G) each class contains at least one number, 
(i) every number belongs to one cluss or the other, 
(il) every number in the lower class A is less than every 
number in the wpper class B ; 
then there is a number a such that ; 
every number less than a belongs to the lower class A, and 
every number greater than a belongs to the upper class B. 

The separating number a itself may belong to either class. 

Consider the rational numbers in A and B. 

These form two classes—eg. A’ and B’—such that every 
rational number is in one class or the other, and the numbers in 
the lower class A’ are all less than the numbers in the upper 
class B’. —? 

As we have seen in § 4, three cases, and only three, can arise. 


(i) The lower class A’ can have uw greatest number m and the 

upper class B’ no smallest nwmber. 

The rational number m is the number a of the theorem. For 
it is clear that every real number a less than m belongs to the 
class A, since m is a member of this class. Also every real 
number b, greater than m, belongs to the class B. This is evident 
if b is rational, since b then belongs to the class B’, and B’ is part 
of B. If 5 is irrational, we can take a rational number n between 
mand b. Then 7 belongs to B, and therefore 6 does so also. 

(ii) The upper class B’ can have w smallest number m and - 

the lower class A’ no greatest number. 

It follows, as above, that the rational number ™ is the number 
a of our theorem. 

(iii) The lower class A’ cun have no greatest number und the 

upper class B’ no smallest number. 

Let m be the irrational number defined by this section (A’, B’). 
Kyery rational number less than mm belongs to the class A, 


*Jt will be observed that the system of rational numbers does not possess this 


property. © 
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and every rational number greater than m belongs to the 
class B, 

We have yet to show that every irrational number less than m 
belongs to the class A, and every irrational number greater than 
m to the class B, 

But this follows at once from $6. For if m/ is an irrational 
number less than m, we know that there are rational numbers 
between m and m’. These belong to the class A, and therefore 
m’ does so also. 

A similar argument applies to the case when m/>m. 

In the above discussion the separating number a belongs to 
the lower class, and is rational, in case (i); 1t belongs to the 
upper class, and is again rational, in case (ii); it is irrational, 
and may belong to either class, in case (111). 


9. The Linear Continuum. Dedekind’s Axiom. We return 
now to the straight line L of $38, in which a definite point O has 
been taken as origin and a definite segment as the unit of length. 

We have seen how to effect a correspondence between the 
rational numbers and the “rational points” of this line. The 
“rational points” are the ends of segments obtained by marking 

+++ 


oO 1 A 
Fie. 2. 


off from O on the line lengths equal to multiples or sub-multiples 
of the unit segment, and the numbers are the measures of the 
corresponding segments. 

Let OA be a segment incommensurable with the unit segment. 
The point A divides the rational points of the line into two 
classes, such that all the points of the lower class are to the left 
of all the points of the upper class. The lower class has no last 
point, and the upper class no first point. 

We then say that A is an wrrational pornt of the line, and 
that the measure of the segment OA is the irrational number 
defined by this section of the rational numbers. 

Thus to any point of the line Z corresponds a real number, and 
to different points of the line correspond different real numbers. 

There remains the question—Zo every real number does there 
correspond a point of the line? 
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For all rational numbers we can answer the question in the 
affirmative. When we turn to the irrational numbers, the 
question amounts to this: Jf all the rational points of the line 
are divided into two classes, uw lower and an wpper, so that the 
lower class has no last point and the wpper class no Jirst pownt, 
is there one, and only one, point on the line which brings about 
this ee y 

The existence of such a point on the line cannot be proved. 
The assumption that there is one, and only one, for every section 
of the rational points is nothing less than an axiom by means of 
which we assign its continuity to the line. 

This assumption is Dedekind’s Axiom of Continuity for the 
line. In adopting it we may now say that to every point P of 
the line corresponds a number, rational or irrational, the 
measure of the segment OP, and that to every real number 
corresponds a point P of the line, such that the measwre of OP 
as that number. 

The correspondence between the points of the line L (the linear 
continuum) and the system of real numbers (the arithmetical 
continuum) is now perfect. The points can be taken as the 
images of the numbers, and the numbers as the signs of the 
points. In consequence of this perfect correspondence, we may, 
in future, use the terms number and point in this connection as 
identical. 


10. The Development of the System of Real Numbers. It 
is instructive to see how the idea of the system of real numbers, 
as we have described it, has grown.* The irrational numbers, 
belonging as they do in modern arithmetical theory to the 
realm of arithmetic, arose from the geometrical problems which 
required their aid. They appeared first as an expression for the 
ratios of incommensurable pairs of lines. In this sense the Fifth 
Book of Euclid, in which the general theory of Ratio is 
developed, and the Tenth Book, which deals with Incom- 
mensurable Magnitudes, may be taken as the starting point of 
the theory. But the irrationalities which Kuclid examines are 
only definite cases of the ratios of incommensurable lines, such 


* Of. Pringsheim, ‘Irrationalzahlen u. Konvergenz unendlicher Prozesse,” 
Enc. d. math. Wiss., Bd. I., Tl. 1, p. 49 e¢ seq., 1898. 
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as may be obtained with the aid of ruler and compass; that 
is to say, they depend on square roots alone. The idea that 
the ratio of any two such incommensurable lines determined 
a definite (irrational) number did not occur to him, nor to any 
of the mathematicians of that age. 

Although there are traces in the writings of at least one of 
the mathematicians of the sixteenth century of the idea that 
every irrational number, just as much as every rational number, 
possesses a determinate and unique place in the ordered sequence 
of numbers, these irrational numbers were still considered to 
arise only from certain cases of evolution, a limitation which is 
partly due to the commanding position of Euclid’s methods in 
Geometry, and partly to the belief that the problem of finding 
the nth root of an integer, which lies between the nth powers of 
two consecutive integers, was the only problem whose solution 
could not be obtained in terms of rational numbefs. 

The introduction of the methods of Coordinate Geometry by 
Descartes in 1637, and the discovery of the Infinitesimal Calculus 
by Leibnitz and Newton in 1684-7, made mathematicians regard 
this question in another light, since the applicability of number 
to spatial magnitude is a fundamental postulate of Coordinate 
Geometry. “The view now prevailed that number and quantity 
were the objects of mathematical investigation, and that the two 
were ‘so similar as, not to require careful separation. Thus 
number was applied to quantity without any hesitation, and, 
conversely, where existing numbers were found inadequate to 
measurement, new ones were created on the sole ground that 
every quantity must have a numerical measure.” * 

It was reserved for the mathematicians of the nineteenth 
century—notably Weierstrass, Cantor, Dedekind and Heine—to 
establish the theory on a proper basis. Until their writings 
appeared, a number was looked upon as an expression for the 
result of the measurement of a line by another which was 
regarded as the unit of length. ‘To every segment, or, with the 
natural modification, to every point, of a line corresponded a 
definite number, which was either rational or irrational ; and by 
the term irrational number was meant a number defined by an 


* Cf. Russell, Principles of Mathematics, Ch. XIX., p. 417, 1903. 
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infinite set of arithmetical operations (e.g. infinite decimals or 
continued fractions). The justification for regarding such an 
unending sequence of rational numbers as a definite number was 
considered to be the fact that this system was obtained as the 
equivalent of a given segment by the aid of the same methods of 
measurement as those which gave a definite rational number for 
other segments. However it does not in any way follow from 
this that, conversely, any arbitrarily given arithmetical represen- 
tation of this kind can be regarded in the above sense as an 
irrational number ; that is to say, that we can consider as evident 
the existence of a segment which would produce by suitable 
measurement the given arithmetical representation. Cantor * 
has the credit of first pointing out that the assumption that a 
definite segment must correspond to every such sequence is 
neither self-evident nor does it admit of proof, but involves an 
actual axiom of Geometry. Almost at the same time Dedekind 
showed that the axiom in question (or more exactly one which is 
equivalent to it) first gave a meaning, which we can comprehend, 
to that property which, so far without any sufficient definition, 
had been spoken of as the continuity of the line. 

To make the theory of number independent of any geometrical 
axiom and to place it upon a basis entirely independent of 
measurable magnitude was the object of the arithmetical theories 
associated with the names of Weierstrass, Dedekind and Cantor. 
The theory of Dedekind has been followed in the previous pages. 
Those of Weierstrass and Cantor, which regard irrational 
numbers as the limits of convergent sequences, may be deduced 
from that of Dekekind. In all these theories irrational numbers 
appear as new numbers, to each of ‘which a definite place in 
the domain of rational numbers is assigned, and with which we 
can operate according to definite rules. The ordinary operations 
of arithmetic for these numbers are defined in such a way as to 
be in agreement with the ordinary operations upon the rational 
numbers. They can be used for the representation of definite 
quantities, and to them can be ascribed definite quantities, ac- 
cording to the axiom of continuity to which we have already 


referred. 


* Math. Ann., Leipzig, 5, p. 127, 1872. 
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CHAPTER I 
INFINITE SEQUENCES AND SERIES 


11. Infinite Aggregates. We are accustomed to speak of the 
positive integral numbers, the prime numbers, the integers which 
are perfect squares, etc. These are all examples of infinite sets 
of numbers or sets which have more than a finite number of terms. 
In mathematical language they are termed aggregates, and the 
theory of such infinite aggregatés forms an important branch of 
modern pure mathematics.* 

‘The terms of an aggregate are all different. Their number 
may be finite or infinite. In the latter case the aggregates are 
usually called infinite aggregates, but sometimes we shall refer to 
them simply as aggregates. After the discussion in the previous 
chapter, there will be no confusion if we speak of an aggregate 
of points on a line instead of an aggregate of numbers. The 
two notions are identical. We associate with each number the 
point of which it is the abscissa. It may happen that, however 
far we go along the line, there are points of the aggregate further 
on. In this case we say that it extends to infinity. An aggregate 
is said to be bounded on the right, or bownded above, when 
there is no point of it to the right of some fixed point. It is 
said to be bownded on the left, or bownded below, when there 
is no point of it to the left of some fixed point. The aggregate 


* Cantor may be taken as the founder of this theory, which the Germans call 
Menge-Lehre. In a series of papers published from 1870 onward he showed its 
importance in the Theory of Functions of a Real Variable, and especially in 
the rigorous discussion of the conditions for the development of an arbitrary 
function in trigonometric series. 

Reference may be made to the standard treatise on the subject by W. H. and 
Grace Chisholm Young, Theory of Sets of Points, Cambridge, 1906. 
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of rational numbers greater than zero is bounded on the left. 
The aggregate of rational numbers less than zero is bounded on 
the right. The aggregate of real positive numbers less than 
unity is bounded above and below; in such a case we simply 
say that it is bounded. The aggregate of integral numbers is 
unbounded. 


12. The Upper and Lower Bounds of an Aggregate. When 
an aggregate (H)* is bounded on the right, there is a number M 
which possesses the following properties : 

no number of (£) vs greater than M ; 

however small the positive number « may be, there is a number 

of (£) greater than M—e. 

We can arrange all the real numbers in two classes, A and B, 
relative to the aggregate. A number « will be put in the class A 
if one or more numbers of (/) are greater than a. It will be put 
in the class B if no number of (/) is greater than w Since the 
aggregate is bounded on the right, there are members of both 
classes, and any number of the class A is smaller than any 
number of the class B. 

By Dedekind’s Theorem (§8) there is a number M separating 
the two classes, such that every number less than M belongs to 
the class A, and every number greater than M to the class B. 
We shall now show that this is the number M/ of our theorem. 

In the first place, there is no number of (/) greater than J/, 
For suppose there is such a number M+h (h>0). Then the 
number M+4h, which is also greater than M, would belong to 
the class A, and M would not separate the two classes A and B. 

In the second place, whatever the positive number e may be, the 
number M—e belongs to the class A. It follows from the way 
in which the class A is defined that there is at least one number 
of (/) greater than M—e. 

This number M is called the woper bound of the aggregate (1). 
It may belong to the aggregate. This occurs when the aggregate 
contains a finite number of terms. But when the aggregate 
contains an infinite number of terms, the upper bound need not 
belong to it. For example, consider the rational numbers whose 


* This notation is convenient, the letter Z being the first letter of the French 
term ensemble, 
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Squares are not greater than 2. This aggregate is bounded on 
the right, its upper bound being the irrational number »/2, which 
does not belong to the aggregate. On the other hand, the agere- 
gate of real numbers whose squares are not greater than 2 is 
also bounded on the right, and has the same upper bound. But 
,/2 belongs to this aggregate. 

If the upper bound M of the aggregate (#) does not belong to 
it, there must be an infinite number of terms of the aggregate 
between M and M-—e, however small the positive number e may 
be. If there were only a finite number of such terms, there 
would be no term of (#) between the greatest of them and J, 
which is contrary to our hypothesis. 

It can be shown in the same way that when an aggregute (FE) 
is bounded on the left, there 1s a nwmber m possessing the follow- 
ing properties : 

no number of (£) ws smaller than m ; 

however small the positive number « may be, there is a number 

of (E) less than m-+e. 


The number m defined in this way is called the lower bound 
of the aggregate (#). As above, it may, or may not, belong to 
the aggregate when it has an infinite number of terms. But 
when the aggregate has only a finite number of terms it must 
belong to it. 


13. Limiting Points of an Aggregate. Consider the aggregate 
be gd 1 

57 9 

There are an infinite number of points of this aggregate in any 
interval, however small, extending from the origin to the right. 
Such a point round which an infinite number of points of an 
aggregate cluster, is called a limiting point™ of the aggregate. 
More definitely, a will be a limiting point of the aggregate (EF) 
if, however small the positive number « may be, there is mm (E) 
a point other than a whose distance from a is less than e. If 
there be one such point within the interval (a—e, a+e), there 
will be an infinite number, since, if there were only 7 of them, 


1, 


* Sometimes the term point of condensation is used; French, point-limite, point 
@accumulation ; German, Hiiufungspunkt, Verdichtungspunkt. 
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and a, were the nearest to a, there would not be in (/) a point 
other than a whose distance from a was less than |a~—a,|.* In 
that case a would not be a limiting point, contrary to our. 
hypothesis. 

An aggregate may have more than one limiting point. The 
rational numbers between zero and unity form an aggregate with 
an infinite number of limiting points, since every point of the 
segment-(0, 1) is a limiting point. It will be noticed that some 
of the limiting points of this aggregate belong to it, and some, 
namely the irrational points of the segment and its end-points, 
do not. 

In the example at the beginning of this section, 

fees 1 
yp greg 
the lower bound, zero, is a limiting point, and does not belong to 
the aggregate. The upper bound, unity, belongs to the aggregate, 
and is not a limiting point. 

The set of real numbers from 0 to 1, inclusive, is an aggregate 

which is identical with its limiting points. 


14. Weierstrass’s Theorem. An infinite aggregate, bownded 
above and below, has at least one limiting pornt. 

Let the infinite aggregate (#) be bounded, and have M and m 
for its upper and lower bounds. 

We can arrange all the real numbers in two classes relative to 
the aggregate (#). A number « will be said to belong to the 
class A when an infinite number of terms of (/) are greater than 
w. It will be said to belong to the class B in the contrary case. 

Since m belongs to the class A and J/ to the class B, there are 
members of both classes. Also any number in the class A is less 
than any number in the class B. 

By Dedekind’s Theorem, there is a number « separating the 
two classes. However small the positive number e may be, u—e 
belongs to the class A, and w+e to the class B. Thus the 
interval («—e, w+e) contains an infinite number of terms of the 
ageregate. 


*Tt is usual to denote the difference between two real numbers a and b, taken 
positive, by |a—b], and to call it the absolute value or modulus of (a—b). With 
this notation |a + y|=|a|+]y], and |ay|=|x||yI- 
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| Hence « is a limiting point. 
| As will be seen fon the example of § 13, this point may 
coincide with M or m. 

An infinite aggregate, when unbounded, need not have a limit- 
ing point; eg. the set of integers, positive or negative. But if 
the aggregate has an infinite number of points in an interval of 
finite length, then it must have at least one limiting point. 


15. Convergent Sequences. We speak of an infinite sequence 


of numbers LY ae ae ee 


when some law is given according to which the general term w,, 
may be written down. 

The sequence LE ORR Sparen: 
is said to be convergent and to have the limit A, when, by 
indefinitely wmereasing n, the difference between A and uy 
becomes, und thereafter remains, as small as we please. 

This property is so fundamental that it is well to put it more 
precisely, as follows: The sequenceis said to be convergent and 
to have the limit A, when, any posite number ¢ having been 
chosen, as small as we please, there is a positive integer v such that 

|A-—u,|<e, provided that n=v 

For example, the sequence 

Bk uf 


has the limit zero, since 1/n is less than e for all values of 1 
greater than 1/e. 
The notation that is employed in this connection is 
Lt u,=A, 


nN >on 
and we say that as n tends to infinity, w, has the lumit A.* 

The letter ¢ is usually employed to denote an arbitrarily small 
positive number, as in the above definition of convergence to a 
limit as 7 tends to infinity. Strictly speaking, the words as 
small as we please are unnecessary in the definition, but they are 
inserted as making clearer the property that is being defined. 

We shall very frequently have to employ the form of words 
which occurs in this definition, or words analogous to them, and 


bees ey: Rees 
* The phrase ‘‘ a,» tends to the limit A as 2 tends to infinity ” is also used, 


Cat C 
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the beginner is advised ti make himself familiar with them by 
formally testing whether the following sequences are convergent 
or not: 


Pst 1 Garey 
tay 9? gett Ce i 1+5 + 5p : 
ibe ai 
(d) 1, ~ 9? are (d) i —1, ie == Theis 
A sequence cannot converge to two distinet limits A and B. 


le ae 


If this were possible, let e<(—~—. Then there are only 


a finite number of terms of the sequence outside the interval 
(A —e, A+e), since the sequence converges to the value A. This 
contradicts the statement that the sequence has also the limit B, 
for we would only have a finite number of terms in the interval 
of the same length with B as centre. 

The application of the test of convergency contained in the 
definition involves the knowledge of the limit A. Thus it will 
frequently be impossible to use it. The required criterion for 
the convergence of a sequence, when we are not simply asked to 
test whether a given number is or is not the limit, is contained 
in the fundamental general principle of convergence :—* 

A necessary and sufficient condition for the existence of a 


limit to the seqwenrce Wie cane eee. 


as that a positive integer v exists such that \uns. p—Uy| becomes as 
small as we please when n=v, for every positive integer p. 

More exactly : 

A necessary and sufficient condition for the ewistence of a 
linut to the sequence tb; £2 thas ant 
is that, if any positive number ¢ has been chosen, as small as 
we pleuse, there shall be a positive integer v such that 


|Un4p—Un| <e, when n=y, for every positive integer pp. 


* This is one of the most important theorems of analysis. In the words of 
Pringsheim, ‘‘ Dieser Satz, mit seiner Ubertragung auf beliebige (zB. stetige) 
Zahlenmengen—von du Bois-Reymond als das ‘allgemeine Convergenzprinzip’ 
bezeichnet (Allg. Funct.-Theorie, pp. 6, 260)—ist der eigentliche Pundamentalsatz 
der gesamten Analysis und sollte mit geniigender Betonung scines fundamentalen 
Characters an der Spitze jedes rationellen Lehrbuches der Analysis stehen,” 
loc, cit., Enc, d. math. Wiss. p. 66, 
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We shall(first_of all show that the condition is\ necessary 
i.e. if the sequence converges, this condition is satisfied ; secondly 
that, if this condition is satisfied, the sequence converges; in 
other sr words, the condition. is ey 


G) The condition is necessary. 

Let the sequence converge to the limit A. 

Having chosen the arbitrary positive number e, then take de. 
We know that there is a positive integer y such that 


|A —w,|< de, when n=». 
But (Un+p— Un) = (Untp— A)+(A — Un). 
Wn+p — Un| = |Un+-p =A | oe | A —Un| 


as | Ons Pai 
if n =», for every positive integer p, 
<e. ; 
(ii) The condition is sufficient. 
We must examine two cases; first, when the sequence contains 
an infinite number of terms equal to one another; second, when 


Therefore 


it does not. 
(a) Let there be an infinite number of terms equal to A. 


Then, if 
|Unsp—Un| <e, When n=», and p is any positive integer, 
we may take u,,,=A for some value of p, and we have 
|A—u,|<e, when n=», 


Therefore the sequence converges, and has A for its limit. 
(b) Let there be only a finite number of terms equal to one 


-another. 
Having chosen the arbitrary positive number e, then take Je. 
We know that there is a positive integer V such that 


[n+p —Un| < de, when n =, for every positive integer /p. 
It follows that we have 
[tn— Uy| < de, when n= N. 
Therefore all the terms of the sequence 
Unt, Un+o, Unts>- 


lie within the interval whose end-points are wy—te and wy+ te. 
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There must be an infinite number of distinct terms in this 
sequence. Otherwise we would have an infinite number of 
terms equal to one another. 

Consider the infinite aggregate (#) formed by the distinct 


ms 1 
terms in Angi Woy “Wegner 


This aggregate is bounded and must have at least one 
limiting point A within, or at an end of, the above interval. 
(Cf. $14.) 

There cannot be another limiting point A’, for if there were, 
we could choose e equal to + |A—A’| say, and the formula 


| n+ p—Unl <e, when n=y, for every positive integer p, 
shows that all the terms of the sequence 
Us; Uh «Wer 2s 


oan a finite number, would lie within an interval of length 
L|A—A’|. This is impossible if A, A’ are limiting points of the 
aggregate. 
Thus the aggregate (#7) has one and only one limiting point A. 
We shall now show that the sequence 


Rig Ua 


converges to A as 7 tends to «. 


We have Ya A =(Un— Uy) + (Wy —A). 

Therefore leurs A|=|tn—Uy|+|uy—A| 
<< +e + te, when n= WN, 
= 6, when n= JN. 


Thus the sequence converges, and has A for its limit. 
We have therefore proved this theorem : 


A necessary and sufficient condition for the convergence of 


the sequence 
geen’ Abs =) Wha Cees 


. . s7us \ 
is that, to the arbitrary positive number e, there shall correspond 
a positive integer v such that 
|nip—Un| <<e, when n=», for every positive integer p. 
It is easy to show that the above condition may be replaced by the 
following : 


In order that the sequence 
Ee ime hse sxe 
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may converge, it is necessary and sufficient that, to the arbitrary positive 
number ¢, there shall correspond a positive integer n such that 
|Un+p—Uni| <€ for every positive integer p. 
It is clear that if the sequence converges, this condition is satisfied by n=v. 
Further, if this condition is satisfied, and ¢ is an arbitrary positive number, 
to the number 3¢ there corresponds a positive integer » such that 
[n+p —Un| < ge for every positive integer p. 
But | Unt” — Untp! | =| Untpy — Un| + [trey — Un| 
1 1 
< Ze ar 2S 
when p’, p” are any positive integers. 
Therefore the condition in the text is also satisfied, and the sequence 
converges. 


16. Divergent and Oscillatory Sequences.* When the 
sequence Aah aoe 
does not converge, several different cases arise. 

Gi) In the first place, the terms may have the property that 
if any positive number A, however large, is chosen, there is 
a positive integer y such that 

Un > A, when n=». 
In this case we say that the sequence is divergent, and that it 
diverges to + 2«, and we write this 
Lt un= +0. 


n> 
(ii) In the second place, the terms may have the property that 
if any negative number —A is chosen, however large A may 
be, there is a positive integer vy such that y 
Wn<—A, when n=». 
In this case we say that the sequence is divergent, and that it 
diverges to —«, and we write this 


Lt u,=—®. 
u——> an 


The terms of a sequence may all be very large in absolute 
value, when 7 is very large, yet the sequence may not diverge 
to +0 orto —o. A sufficient illustration of this is given by 
the sequence whose general term is (—1)"n. 


*In the first edition of this book, the term divergent was used as meaning 
merely not convergent. In this edition the term is applied only to the case of 
divergence to +# or to —#, and sequences which oscillate infinitely are placed 


among the oscillatory sequences. 
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After some value of 7 the terms must all have the same sign, — 
if the sequence is to diverge to + or to —, the sign being 
positive in the first alternative, and negative in the second. 

(iii). When the sequence does not converge, and does not diverge 
to +x orto —~%, it is said to oscillate. 

An oscillatory sequence is said to oscillate finitely, if there is 
a positive number A such that |un|< A, for all values of n; 
and it is said to oscillate infinitely when there is no such number. 
For example, the sequence whose general term is (— 1)” oscillates 
finitely; the sequence whose general term is (—1)"7 oscillates 
infinitely. 

We may distinguish between convergent and divergent se- 
quences by saying that a convergent sequence has a finite lwmit, 


i.e. Lit %,= A, where A is a definite number ; a divergent sequence 
n> 


has an infinite mit, v.e. Lt uy,=+e or Lt u,=—o. 
>on > 


But it must be remembered that the symbol « , and the terms 
infinite, infinity and tend to infinity, have purely conventional 
meanings. There is no number infinity. Phrases in which the 
term is used have only a meaning for us when we have previously, 
by definition, attached a meaning to them, 

When we say that n tends to infinity, we are using a short 
and convenient phrase to express the fact that 2 assumes an 
endless series of values which eventually become and remain 
greater than any arbitrary (large) positive number. So far we 
have supposed 7, in this connection, to advance through integral 
values only. ‘This restriction will be removed later. 

A similar remark applies to the phrases divergence to +0 or 
to —o, and oscillating infinitely, as well as to our earlier 
use of the terms an infinite number, infinite sequence and 
infinite aggregates. In each case a definite meaning has 
been attached to the term, and it is employed only with that 


meaning. 
It is true that much of our work might be simplified by the 
introduction of new numbers +2, —, and by assuming the 


existence of corresponding points upon the line which we have 
used as the domain of the numbers. But the creation of these 
numbers, and the introduction of these points, would be a matter 
for separate definition. 
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17. Monotonic Sequences. / f the terms of the sequence 
Bye ~My Ss Ug ink 
satisfy either of the following relations 
Uy Ug = Ug .5. Uns, 00 
or Uy = Un = Uy 1. ZU + 
the sequence is suid to be monotonic. 

In the first case, the terms never decrease, and the sequence 
may be called monotonic increasing; in the second ease, the 
terms never increase, and the sequence may be called monotonic 
decreasing.* . 

Obviously, when we are concerned with the convergence or 
divergence of a sequence, the monotonic property, if such exist, 
need not enter till after a certain stage. 

The tests for convergence or divergence are extremely simple 
in the case of monotonic sequences. 


T BS pale ae 
f the sequence Die alae. 


is monotonic increasing, and its terms are all less than some fied 
number B, the sequence is convergent und has for its limit a 
number B such that u,= B= B for every positive integer n. 

Consider the aggregate formed by distinct terms of the 
sequence. It is bounded by wu, on the left and by B on the 
right. Thus it must have an upper bound £6 (cf. $12) equal to or 
less than B, and, however small the positive number e may be 
there will be a term of the sequence greater than B—e. 

Let this term be w,. Then all the terms after w,_, are to the 
right of 8—e and not to the right of 8. If any of them coincide 
with @, from that stage on the terms must be equal. 

Thus we have shown that 

|B—u,|<e, when n=», 
and therefore the sequence is convergent and has @ for its limit. 

The following test may be proved in the same way : 

If the sequence Dig bay tgp 227 
is monotonic decreasing, and its terms wre all greater than some 

fixed number A, then the sequence is convergent and has for 


*The words steadily increasing and steadily decreasing are sometimes employed 
in this connection, and when none of the terms of the sequence are equal, the 


words in the stricter sense are added. 
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its limit a number a such that u,ZaZA for every posite 
integer n. 
It is an immediate consequence of these theorems that a 


monotonic sequence either tends to a limit or diverges to + or 
tO =o" 


18. Let A,, Ay, Ag,... be an infinite set of intervals, each lying 
entirely within the preceding, or lying within it and having 
with it a common end-point; also let the length of A, tend to 
zero as n tends to infinity. Then there is one, and only one, 
point which belongs to all the intervals, either as an internal 
pont of all, or from and after a definite stage, as a common 
end-point of all. 


Let the representative interval A, be given by 


<= i 
; Cte. 
Then we have Ci Cg On ees 
= — 
and 6 2b, =), sg he 


Thus the sequence of end-points — . 


yy. Ons > Ce & | ngasenan ea aadaniets lta (1) 


has a limit, say a, and w, =a for every positive integer 7 (§ 17). 


a, a, ay a B bn b, 6b 
‘ Fie. 3. 


Also the sequence of end-points 


bys by, Dy aE es ee 
has a limit, say 6, and b,=£ for every positive integer n 
($ 17). 
Now it is clear that, under the given conditions, 8 cannot be 
less than a. 
Therefore, for every value of n, 
Dy— Gn = B—a=0. 
But Lt (by— dp) = 0. 


Nn >n 


It follows that a= .* 


* This result also follows at once from the fact that, if Lt a,=a and Lt br=B, 
then Lt (a, —bn)=a-B. (Cf. $26, Theorem I.) 
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Therefore this common limit of the sequences (1) and (2) 
satisties the inequalities 
Gn =a=b, for every positive integer 7, 
and thus belongs to all the intervals. 
Further, no other point (eg. y) can satisfy ae y=b, for 
all values of n. 
Since we would have at the same time. 


It G=y and Lt b,=y 


N>o u->n 


which is impossible unless y= a. 


e 


19. The Sum of an Infinite Series. 
Let ete © lls a: 


be an infinite sequence, and let the successive swms 


Hee eee eee eee wee weds 


Sy =U, + Ugtagt... +n 


be formed. 

If the sequence Sn om aoa es 
is convergent und has the limit S, then S is called the sum of the 
infinite series ph fp eee 


and this series vs said to be convergent. 
It must be carefully noted that what we call the sum of the 
infinite series is a limit, the limit of the sum of n terms of 


UW, + Ug + Ug H+. 5 
as 7 tends to infinity. Thus we have no right to assume without 
proof that familiar properties of finite sums are necessarily true 
for sums such as S. 
When Lt S,=+o or Lt S,=—o, we shall say that the 


uM>n Nn>D 
infinite series is divergent, or diverges to +% or —x,as the case 
may be. 
If S, does not tend to a limit, or to +% or to —», then it 
oscillates finitely or infinitely according to the definitions of these 
terms in $16. In this case we shall say that the series oscillates 


finitely or nfinitely.* 


* Cf. footnote, p. 37. 
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The conditions obtained in $15 for the convergence of a 
sequence allow us to state the criteria for the convergence of the 
series in either of the following ways: 


(i) The series converges and has S for its swum, if, any 
positive number ¢ having been chosen, as small as we please, 
there is a positive integer v such that 


|S—S,|<e, when an 


(ii) A necessary and sufficient condition for the convergence 
of the series is that, if any positive nwmber e has been chosen, 
as small as we please, there shall_be a positive integer v such 
that 

|Snip—Sn|<e, when n=v, for every positive integer p.* 
It is clear that, of the series converges, Lt u,=0. This is con- 
n-—>P 
tained in the second criterion. It is a necessary condition for 
convergence, but it is not a sufficient condition ; e.g. the series 


‘ 


Se ease ee 
is divergent, though Lt 


If we denote 
oy p 
Un+1 a Un+e Te Un+p, OF Sip Fa. Sy> by pt, 


the above necessary and sufficient condition for convergence of 
the series may be written 


|pR»| <Ce, when n=», for every positive integer p. 
Again, if the series uy +Uy+Ust+. 
converges and has S for its sum, the series 
Un+1 5 Un-+9 + Un+3 gt 
converges wand has S—S8,, for its sum. 
For we have Snap = Once plas 


Also keeping 7 fixed, it is clear that 


Lt Suan — sy 
p>n 
Therefore - Lt (,R,)=S—S),. 
p> na 


_ *As remarked in $15, this condition can be replaced by: Vo the arbitrary 
positive number.e there must correspond a positive integer n such that 


|Snip-Sn| << for every positive integer p. 
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Thus if we write R,, for the sum of the series 


MW ti Uy tig 2 on 


we have S=S,,-+ &,. 
The first criterion for convergence can now be put in the form 
eee tte 


; | F.,| Gs when n=». 


f, is usually called the remainder of the series after terms, 
and ,R, a partial remainder. 


20. Series whose Terms are all Positive. 
Let Uz, +UotUst... 
be a series whose terms wre all positive. The swm of n terms of 
this serves either tends to a limit, or it diverges to +a. 
Since the terms are all positive, the successive sums 
8, =, 
Ss =U; 7 Us, 
S, =U, Ku, tus, 


form a monotonic increasing sequence, and the theorem stated 
above follows from § 17. 

When a series whose terms are all positive is convergent, the 
series we obtain when we take the terms im any order we please 
is also convergent and has the same sum. 

This change of the order of the terms is to be such that 
there will be a one-one correspondence between the terms of the 
old series and the new. The term in any assigned place in the 
one series is to have a detinite place in the other. 


sf 
Let Sh; 
S,=U,+Ue, 
S3=U,+U.+ Us, 
Then the aggregate (U), which corresponds to the sequence 
De nts ge ans 
is bounded and its upper bound S is the sum of the series. 
Let (U’) be the corresponding aggregate for the series ob- 
tained by taking the terms in any order we please, on the 
understanding we have explained above. Every number in 
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(U’) is less than S. In addition, if A is any number less than 
S, there must be a number of (U) greater than A, and a fortiort 
a number of (U’) greater than A. The aggregate (U’) is thus 
bounded on the right, and its upper bound is S. The sum of 
the new series is therefore the same as the sum of the old. 

It follows that af the series 


aby Ug Aap rae 
whose terms are all positive, diverges, the series we obtain by 
changing the order of the terms must also diverge. 
The following theorems may be proved at once by the use 
of the second condition for convergence (§ 19): 


If the series Uy eaigeh tigate ee 
is convergent and all its terms wre positive, the series we obtain 
from this, either 
(1) by keeping only a part of its terms, 
or (2) by replacing certain of its terms by others, either 
positive or zero, which are respectively equal or wm 
ferior to them, 
or (3) by changing the signs of some of its terms, 
are also convergent. 


21. Absolute and Conditional Convergence. The trigono- 
metrical series, whose properties we shall investigate later, belong 
to the class of series whose convergence is due to the presence of 
both positive and negative terms, in the sense that the series 
would diverge if all the terms were taken with the same sign. 

A series with positive and negative terms is said to be 
absolutely convergent, when the series in which all the terms 


ure taken with the same sign converges. 


1 


= 


In other words, the series 
Uy FUsg+ gt... 
is absolutely convergent when the series of absolute values 


3 [45] + [etal + [eal 
1s convergent. 

It is obvious that an absolutely convergent series is also con- 
vergent in the ordinary sense, since the absolute values of the 
partial remainders of the original series cannot be greater than 
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those of the second series. There are, however, convergent 
series which are not absolutely convergent : 


eg. 1—+4...is convergent. 
1-++3+1...1is divergent. 


Series in which the convergence depends wpon the presence 
of both positive and negative terms are said to be conditionally 
convergent. 

The reason for this name is that, as we shall now prove, an 
absolutely convergent series remains convergent, and has the 
same sum, even although we alter the order in which its terms 
are taken; while a conditionally convergent series may con- 
verge for one arrangement of the terms and diverge for another. 
Indeed we shall see that we can make a conditionally convergent 
series have any sum we please, or be greater than any number 
we care to name, by changing the order of its terms. There is 
nothing very extraordinary in this statement. The rearrange- 
ment of the terms introduces “a. new function of n, say N’,, 
instead of the old function S,, as the sum of the first n terms. 
There is no @ prior reason why this function S’,, should have 
a limit as 1 tends to infinity, or, if it has a limit, that this 
should be the same as the limit of S,,.* 


22. Absolutely Convergent Series. Zhe swm of an absolutely 
convergent series remains the same when the order of the 
terms is changed. 

Let (S) be the given absolutely convergent series; (S’) the 
series formed with the positive terms of (S) in the order in 
which they appear; (S”) the series formed with the absolute 
values of the negative terms of (S), also in the order in which 
they appear. 

If the number of terms either in (S’) or (S”) is limited, the 
theorem requires no proof, since we can change the order of 
the terms in the finite sum, which includes the terms of (S) up to 
the last of the class which is limited in number, without altering 
its sum, and we have just seen that when the terms are of the 
same sign, as in those which follow, the alteration in the order 
in the convergent series does not affect its sum. 


* Of. Osgood, Introduction to Infinite Series, p. 44, 1897. 
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Let > be the sum of the infinite series formed by the absolute 
values of the terms of (S). 

Let S,, be the sum of the first m terms of (S). 

In this sum let 7’ terms be positive and n” negative. 

Let S,, be the sum of these 7’ terms. 

Let S,,, be the sum of the absolute values of these n” terms, 
taking in each case these terms in the order in which they 
appear in (8). 

Then S,=8,—Syv, 


es 2, 
Sy< 2, 


Now, as 7 increases S,,, S,, never diminish. Thus, as 1 
increases without limit, the successive values of S,,, S,, form two 
infinite monotonic sequences such as we have examined in § 17, 
whose terms do not exceed the fixed number ¥. These sequences, 
therefore, tend to fixed limits, say, S’ and 8”. 

pee <Lt (S,)=S’—8”. 

n—>o ~ 

Hence the sum of the absolutely convergent series (S) is equal 
to the difference between the sums of the two infinite series 
formed one with the positive terms wn the order in which they 
appear, and the other with the absolute values of the negative 
terms, also vm the order in which they appear im (8). 

Now any alteration in the order of the terms of (8) does 
not change the values of S’ and 8S”; since we have seen that in 
the case of a convergent series whose terms are all positive we do 
not alter the sum by rearranging the terms. It follows that 
(S) remains convergent and has the same sum when the order of 
its terms is changed in any way we please, provided that a one- 
one correspondence exists between the terms of the old series 
and the new. 

We add some other results with regard to absolutely con- 
vergent series which admit of simple demonstration : 

Any series whose terms are either equal or inferior in 
absolute value to the corresponding terms of an absolutely 
convergent serves is also absolutely convergent. 

An absolutely convergent series remains absolutely convergent 
when we suppress a certain number of its terms, 
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tha UW+Ust..., 
Ors Oar oan = 
are two absolutely convergent series whose swms are U and V, 
the series (Uy HO) + (ty $05) be: 
and (Uy — Uy) + (Ug = U5) + ee. 


are also absolutely convergent and their swms are equal to 
U+V respectively. 


23. Conditionally Convergent Series. Zhe swm of a condi- 
tionally convergent series depends essentially on the order of its 
terms. 

Let (S) be such a series. The positive and negative terms 
must both be infinite in number, since otherwise the series 
would converge absolutely. 

Further, the series formed by the positive terms in. the order 
in which they occur in (8), and the series formed in the same 
way by the negative terms, must*both be divergent. 

Both could not converge, since in that case our series would 
be equal to the difference of two absolutely convergent series, 
some of whose terms might be zero, and therefore would be 
absolutely convergent (§ 22). Also (S) could not converge, if 
one of these series converged and the other diverged. 

We can therefore take sufficient terms from the positive 
terms to make their sum exceed any positive number we care 
to name. In the same way we can take sufficient terms from 
the negative terms to make the sum of their absolute values 
exceed any number we care to name. 

Let a be any positive number. 

First take positive numbers from (S) in the order in which 
they appear, stopping whenever the sum is greater than «. 
Then take negative terms from (S), in the order in which they 
appear, stopping whenever the combined sum is less than a. 
Then add on as many from the remaining positive terms as 
will make the sum exceed «, stopping when the sum first exceeds 
a; and then proceed to the negative terms; and so on. 

In this way we form a new series (S’) composed of the same 
terms as (8), in which the sum of 7 terms is sometimes greater 
than @ and sometimes less than a, 
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Now the series (S) converges. Let its terms bé w,, Uy, Us, +--- 
Then, with the usual notation, 

|tn| <e, when n=». 
Let the points B, and A, (Fig. 4) correspond to the sums 


obtained in (S’), as described above, when y groups of positive 
terms and y groups of negative terms have been taken. 


Ny a By 
Fig. 4. ; 

Then it is clear that (a—A,) and (B,—a) are each less than 
|w,|, Since each of these groups contains at least one term of (S), 
and (#—A,), (B,—a) are at most equal to the absolute value of 
the last term in each group. 

Let these 2v groups contain in all »’ terms. 

The term w’,, in (S’), when »’=y’, is less in absolute value 
than «. Thus,if we proceed from A,, the sums S’,, lie within 
the interval (a—e, @+e), when 7’ =)’. 

In other words, |S’—a| <e, when n’ =’. 


Therefore Lt S’y=@ 


n>n 
A similar argument holds for the case of a negative number, 
the only difference being that now we begin with the negative 
terms of the series. 
We have thus established the following theorem : 


If a conditional’y convergent series is given, we can so 
arrange the order of the terms as to make the sum of the new 
series converge to any value we care to name. 
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CHAPTER ITI 


FUNCTIONS OF A SINGLE VARIABLE 
LIMITS AND CONTINUITY 


24. The Idea of a Function. In Elementary Mathematics, 
when we speak of a function of «, we usually mean a real 
expression obtained by certain operations, e.g. 2%, ./a, log a, 
sin-'w. In some cases, from the nature of the operations, the 
range of the variable w is indicated. In the first of the above 
examples, the range is unlimited; in the second, 7=0; in the 
third x > 0; and in the last 0O=¢=1. 

In Higher Mathematics the term “function of «” has a much 
more general meaning. Let a and b be any two real numbers, 
where b>a. If to every value of x in the interval a=a=b 
there corresponds a (real) number y, then we say that y is a 
function of « in the interval (a, b), and we write y=f (a). 

Sometimes the end-points of the interval are excluded from 
the domain of x, which is then given bya<a<b. In this case 
the interval is said to be open at both ends; when both ends 
are included (7.c. a=a=b) it is said to be closed. An interval 
may be open at one.end and closed at the other (e.g.a<a=b). - 

Unless otherwise stated, when we speak of an interval in the 
rest of this work, we shall refer to an interval closed at both 
ends. And when we say that w lies in the interval (a,b), 
we mean that a=a=b, but when =~ is to lie between a and b, 
and not to coincide with either, we shall say that a lies in 


the open interval (a, b).* 


*In Ch. II., when a point a lies between a and }, and does not coincide with 
either, we have referred to it as within the interval (a, b). This form of words is 


convenient, and not likely to give rise to confusion. 
Cc. 1 49 D 
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Consider the aggregate formed by the values of a function 
f(x), given in an interval (a, b). If this aggregate is bounded 
(cf. $11), we say that the function f(«) is bownded in the interval. 
The numbers M and m, the wpper and lower bownds of the 
aggregate (cf. $12), are called the wpper and lower bounds of 
the function in the interval.. And a function can have an upper 
bound and no lower bound, and vice versa. 

The difference (IM —) is called the oscillation of the function 
in the interval. 

It should be noticed that a function may be determinate 
in an interval, and yet not bounded in the interval. 


Eg. let f(0)=0, and f@)=* when «> 0, 


Then f(#) has a definite value for every x in the interval 
0=a=a, where « is any given positive'number. But /(«) is 
not bounded in this interval, for we can make /(#) exceed any 
number we care to name, by letting # approach sufficiently near 
to zero. 

Further, a bounded function need not attain its upper and 
lower bounds; in other words, J/ and m need not be members of 
the aggregate formed by the values of /(«) in the interval. 


Hg. \et f(0)=0, and f(#)=1—a# when 0<a@=l. 


This function, given in the interval (0, 1), abbatas its lower 
bound zero, but not Its upper bound unity. 


25. Lt f(x). In the previous chapter we have dealt with the 


w—>a 
limit when n—>x of a sequence 2%,, U,, %g,.... In other words, 
we have been dealing with a function (7), where 7 is a positive 
integer, and we have considered the limit of this function as 
N>D. 

We pass now to the function of the real variable x and the 
limit of f(@) when w—-a. The idea is familiar enough. The 
Differential Calculus rests upon it. But for our purpose we 
must put the matter on a precise arithmetical footing, and a 
definition of what exactly is meant by the limit of a function 
of #, as w tends to a definite value, must be given. 

(a) ws said to have the limit b as a tends to a, when, any 
positive number ¢ having been chosen, as small as we please, 
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there is positive number y such that |f(a)— bl <e, for all 
values of « for which 0 <|a—a|Sn 

In other words |/(#)—6| must be less than ¢ for all points in 
the interval (a —», a+y) except the point a. 

When this condition is satisfied, we employ the notation 
Lt f(z) =b, for the phrase the limit of f(«), as « tends to a, is b, 
zt >a 


and we say that f(x) converges to b as x tends to a. 
One advantage of this notation, as opposed to Lt f(x)=b, 


is that it brings out the fact that we say nothing about 
what happens when «@ is equal to a. In the definition it will be 
observed that a statement is made about the behaviour of f(z) 
for all values of w such that 0<|w—a|=y. The first of these 
inequalities is inserted expressly to exclude w=a. 

Sometimes « tends to a from the right hand only (4.e. «> a), 

or from the left hand only (ae. «7 < @). 

In these cases, instead of 0 <|a—a|=y, we have0<(w—-a)=y 
(right hand) and 0 << (a—«#) =n (left hand), in the definition. 

The notation adopted for these right-hand and left-hand limits 


is it f) and Lt f(@). 


—>a-0 * 


The assertion that ie /(«)=6 thus includes 
a“ 
Le fie Lt f@)=0. 
r—>a+o z—>a-0 


It is convenient to use f(a+0) for Lt /(#) when this limit 
a—>a+0 
exists, and similarly f(w—0) for Lt /(#) when this limit exists. 
z>a-0 


When f(x) has not a limit as #—a, it may happen that it 
diverges to +”, or to—o, in the sense in which these terms 
were used in $16. Or, more precisely, it may happen that <f 
any positive number A, however large, 1s chosen, there corre- 
sponds to it a positive number n such that 


Fay> A, when 0< |e—alSn. 
In this case we say that Lt f(a)= +o. 


Again, it may happen that if any negative number —A is 
chosen, however large A may be, there corresponds to it w positive 
number yn such that flv) <—A, when 0<|w-a] Sn 
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In this case we say that Lt f(a)=—o. 
oa 


The modifications when f(w+0)= +0 are obvious. 
When Lt f(z) does not exist, and when f(z) does not diverge 


to +#,or to —«o,as xa, it is said to oscillate as a>a. It 
oscillates finitely if f(a) is bounded in some neighbourhood of 
that point.* It oscillates infinitely if there is no neighbourhood 
of a in which f(a) is bounded. (Cf. § 16.) 

The modifications to be made in these definitions when 2>a 
only from the right, or only from the left, are obvious. 


26. Some General Theorems on Limits. I. The Limit of a Sum. 
If Lt f(w)=a and Lt g(a)=8, then Lt [f(w~)+9(2)]=a+ 8.4 
Lo, ta 


Ia 


Let the positive number ¢ be chosen, as small as we please. 
Then to ¢/2 there correspond the positive numbers y,, 7, such that 


| f(@)—a os when 0<|e#—-a|=m, 


\ 


€ 


lg(w)—8B| <5, when 0<|e—a|=n,. 
Thus, if 7 is not greater than y, or 7, 


|f(@)+9(@)—a—B|=|f(z)—a| + |g(@)-—B|, 


x ; =e . when 0<|w—a|=y, 
4 oe when 0<|e—-a|=y. 
Therefore Lt [f(v)+9(@)]=at+ 8. 


This result can be extended to the sum of any number of 


functions. The Limit of a Sum is equal to the Sum of the 
Limits. 


* f(x) is said to satisfy a certain condition i the neighbourhood of x=a 
when there is a positive number i such that the condition is satisfied when 
O<|e-a(=h. 

Sometimes the neighbourhood is meant to include the point w=a itself. In 
this case it is defined by |w-a|=h. 


+ The corresponding theorem for functions of the positive integer n, as n>, 
is proved in the same way, and is useful in the argument of certain sections of 
the previous chapter. 
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II. The Limit of a Product. Jf Lt f(x)=a and Lt g(«)=B, 
LU L—> 
then Lt [f(x)g(x)]=a8. 
2a 


a fl~)=atg(w) amd g(a)=B+Y¥-(a). 
Then a o(#)=0 and Bs Wey = 0) 


Bie a(n) 08 GE te) eo (a) OG) vila) 
From Theorem I. our result follows if Lt [6(x) W-(«)]=0. 


Since ¢(a) tends to zero as wa and y/(«) tends to zero as 
x—>a, a proof of this might appear unnecessary. But if a formal 
proof is required, it could run as follows: 

Given the arbitrary position number e, we have, as in L, 

|p (@)|<,/e, when 0< |x—a]=y,, 
lW(w)|< ~/e, when 0 < |x—-a| Sy. 
~ Thus, if 7 is not greater than y, or a,, 
|p(x) W(@)| <e, 
Therefore Lt [¢(@) y-(«)]=0. 
“> o 


This result can be extended to any number of functions. The 
Limit of a Product is equal to the Product of the Limits. 


III. The Limit of a Quotient. 
1 
(i) if. It (f(a)=a20, then Lt om =-. 


This hs easily on ae f(@2)=9(@)+a and examining 
the expression 1 1 
; a (“)+a 


(ii) If oa, and its g(x) =B =), then Abs Eales 


This falicies from II. a ‘it (i). 


This result can obviously be generalised as above. 


IV. The Limit of a Function of a Function. it f[(x)]. 


Let Lt f(z)=b and Lt S(w=f(0). 
Then Lt /[ory=fl Lt $@) 


We are given that A) = (0): 
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Therefore to the arbitrary positive number ¢ there corresponds a positive 
number 7, such that 


| fLb(@)]-—f(B)| <€, when |f(w)—B] Simp. veeeeseeerererseee (1) 
Also we are given that Lt f(w)=6. 


Therefore to this positive number 7, there corresponds a positive number 
7 such that (h(a) b[ yy when O= [¢—a@|=y. nc ee (2) 


Combining (1) and (2), to the arbitrary positive number ¢ there corre- 
sponds a positive number 7 such that 


| Edw) -f0)| <6 when 0<|x-a|Sn 
Thus Le AP@I=/O=SL Lt 6)] 


EXAMPLES. 
1. If x is a positive integer, Je Gk (0) 
2, If n is a negative integer, Lt ae Suey ; and Lt 2*=—o or +0 
according as 2 is odd or even. a aT 


[If »=0, then #”=1 and Lt #”=1.] 
x—>0 


: \ 
3h ee (a + AU" +. A Ap AU + An) =n: 
<—" 


4, Lt ee Cyn 
x—>0 


Ware die ba ele eet pare b, 3 Be ,Uu nless by, =(, 


5. Lt #” =a", if n is any positive or negative integer. 


(Gy Bh P (= ag + 014 +m + Ons 
then Lt P(«)=P(a). 

7. Let PR) SO Haye on nage tony 
and Q(x) = dou” + bx" +... +0, 40 + dp. 

: PQ) P@ 
Tl 
Ler Lt Gia) aay if O(a) #0. 

8. If Lt /(x) exists, it is the same as ue S(e@+a). 

Gh dbs S(@) <g(w) for a~-h<u<ath, 
and Lot ie) a5) ibaa) roe 
then OSI, 


10. If Lt /(~)=0, then Lt | /(v)| =0, and conversely. 


11. If Lt /(e)==0, then Lt |f(~)|=lU) 


x—>a 


The converse does not hold. 
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12. Let /(x) be defined as follows : 
J(#)=# sin 1/x, when #=0) 
= 0 ; 
Then Lt f(x)=f(a) for all values of a. 


27. it f(x). A precise definition of the meaning of the term 


“the limit of f(~) when x tends to +0 (or to —»)” is also 
needed. 

F(x) is said to have the nee b as x tends to +o, uf, any 
positive number ¢ having been chosen, as small as we please, 
there 1s a positive number X such that 

[f(x)—b| <e, when w=7X. 
When this condition is satisfied, we write 


Lt f(@)=6. 
tZ—>+n 
A similar notation, it pes b, 


is used when f(x) has the limit 6 as « tends to —#, and the 
precise definition of the term can be obtained by substituting 
“a negative number —X” and “x=—X” in the corresponding» 
places in the above. 

When it is clear that only positive values of w are in question the notation 
yt F(z) is used instead of abe AC Bs 

Se oth the definition of she limit of f(v) as vw tends to +, it follows that 


Lt f(e)=b 
I+ 
carries with it Lt fC 6. 
“—>+0 a 
And, conversely, if Sok (a) =O; 
then Lt Mm )=6 
I+ 
Similarly we have pee PAC alee - mit ) 
The modifications in fis ae ee when 
(i) Lt f(#)=+o or 0, 
a—>-+oo 
and (ii) Lt f@)=+o or -%, 


will be obvious, on referring to § 25. 
And oscillation, finite or infinite, as « tends to +2 or to —, 1s treate 


as before. 
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28. A necessary and sufficient condition for the existence 
of a limit to f(x) as x tends to a. The general principle of 
convergence.* 

A necessary and sufficient condition for the eaistence of a 
limit to f(x) as « tends to a, is that, when any positive number 
e has been chosen, as small as we please, there shall be a positive 
number yn such that |f(a")—f(a’)|<e for all values of a’, x" 
for which 0 < |x” —a| < |a’-—a| Sy. 


(i) The condition is necessary. 


Let Lt f(x)=b. 


LS 
Let e be a positive number, as small as we please, 
Then to e/2 there corresponds a positive number y such that 


If@)-b| <5 when 0<|e—a|=n. 


Now let a’, x” be any two values of w satisfying 
0<|a”-—a|<|a’—e|=n. 


Then f(a) —fla’)| S| fe”) — b +| f(w’) — b | 
= aes ete 
<a é. ' 


(1) The condition is sufficient. 
Let Bi €r5 16s aaa ook 
be a sequence of positive numbers such that 
Gin ex ond bie, =O: 


RN > DP 

Let Ms Mos, Mas.» 

be corresponding positive numbers such that 
| f(a") — f(w’)| < en, when 0 <|a”—a| < |a’—al= Mn) (1) 
eae er Een Re 

Then, since €,,,< en, we can obviously assume that 7, = ,+,. 

Now take e, and the corresponding »,. 

In the inequalities (1) put w =a+y, and a” =a. 

Then we have 


0< |f(x)—f(a+n,)| <<, when 0< 


a—a| <n. 


* See footnote, p. 34. 
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Therefore 


S(@+m)—e, << f(x) < f(at+m)+e,, when 0< |a—a| < m,. (2) 
In Fig. 5 f(«) lies within the interval A, of length 2e,, with 
centre at f(a+m,), when 0<|xv—a| <n. 
A, 
ss] 
: S(atn,)-€, S(a+n,) S (x) S (atn,)+¢, 


Fie. 5. 

Now take e¢, and the corresponding »,, remembering that 
No =n: 

We have, as above, 

F(G+ 0) 6 << f(x) << f(a+n) +e, when 0< | x—-a| < »,. (8) 

Since 7, —=y,, the interval for a in (8) cannot extend beyond 
the interval for x in (2), and f(a@+y,) is in the open interval A,. 

Therefore, in Fig. 6, f(a) now, lies within the interval A,, 
which lies entirely within A,, or lies within it and has with it a 
common end-point. An overlapping part of 


{P(G+1)—€, f(a+2) +e } 
could be cut off, in virtue of (2). 


A, 
/ A, _ 
a ee eee seer oat ee 
S(atny)-€, f(a+n2)-€2 S (ano) f(atn,) f(atn,)+€ S(atm)+, 
Fig. 6. 


In this way we obtain a series of intervals 
| a, Sees ee ea 
each lying entirely within the preceding, or lying within it and 
having with it a common end-point ; and, since the length of 
A, =2e,, we have Lt A,=0, for we are given that Lt ¢,=0. 
n—>n N—>n 
If we denote the end-points of these intervals by a,, ay, ag, ... 
and B,, 6, Bs, +... Where Bn > an, then we know from 18 that 
ta, = Lit - Gp: 
n—->o n>” 
Denote this common limit by a. 
We shall now show that a is the limit of /(#) as 7a. 
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We can choose ey in the sequence ¢,, €,, €3,... 80 that 2e, <e, 
where ¢ is any given positive number. 
Then we have, as above in (2) and (3), 


an, < f(x) << coe when 0< |a—a| <m- 


But Gite eee fein 
Therefore |f(z)-a| << Br-a 
ee a, : 
the when 0 < |a—a| <m. 
It follows that Lt f@)=a. 
we 


As a matter of fact, we have not obtained 
| f(2)-—a| <«€, when 0<|x-al=ny, 
in the above, but when 0 < |w—a| < np. 
However, we need only take 7 smaller than Gun Nn) ead we obtain the 
eequalitios used in our definition of a limit. 


29. In the previous section we have supposed that # tends to 
a from both sides. The slight modification in the condition for 
convergence when it tends to a from one side only can easily 
be made. : 

Similarly, a necessary and sufficient condition for the existence 
of a limit to f(x) as w tends to +a, is that, if the positive 
number e has been chosen, as snall as we please, there shall be w 
positive number X such that 

| F(a" when a" >a =X 


In the case of Lt /(x), we have, in the same way, the condition 
t—>- 0 


| f(a") —f(e’)| <e, when aw” <aw’S— X. 

The conditions for the existence of a limit to f(#) as a tends 
to +0 or to —o can, of course, be deduced from those for the 
existence of a limit as a tends to +0 or to —0. 

Actually the argument given in the preceding section is simpler 
when we deal with + or —o ,* and the case when the variable 
tends to zero from the right or left can be deduced from these 


two, by substituting nas; when it tends to.a, we must sub- 


stitute c=a+ S 
aw 


* Cf. Osgood, Lehrbuch der Funktionentheorie, Bd. I., p. 27, Leipzig, 1907. 
The general principle of convergence of § 15 can also be established in this way. 
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30. Continuous Functions. The function f(a) is said to be 
continuous when w=a,, if Aw) has a limit as x tends to xy from 
either side, and each of these limits is equal to F(x). 

Thus f(«) is continuous when «=«,, if, to the arbitrary posi- 
tive number e, there corresponds a positive number n such that 

F@)—F(@)| <6, when |e—a)| Sn. 

When /(«) is defined in an interval (a, b), we shall say that it 
is continuous in the interval (a, b), if it is continwous for every 
value of x between a and b (ax<a<b), and if f(a+0) ewists 
and is equal to f(a), and f(b—0) exists and is equal to f(b). 

In such cases it is convenient to make a slight change in our 
definition of continuity at a point, and to say that f(x) is con- 
tinuous at the end-points a and } when these conditions are 
satisfied. 

It follows from the definition of continuity that the sum or 
product of any number of functions, which are continuous at a 
point, is also continuous at that-point. The same holds for the 
quotient of two functions, continuous at a point, unless the 
denominator vanishes at that point (cf. § 26). A continuous 
function of a continuous function is also a continuous function 
(cf. § 26 (IV.)). 

The polynomial 

Pa) =a" + 4,0" 1+...+0,_ +4, 
is continuous for all values of a. 


The rational function 
R(x) = P(@)/Q(«) 
is continuous in any interval which does not include values 
of w making the polynomial Q(z) zero. 

The functions sinz, cosa, tana, etc. and the corresponding 
functions sin-!z, cos-'z, tan~!x, etc. are continuous except, in 
certain cases, at particular points. 

e* is continuous everywhere; log is continuous for the in- 
terval «> 0. 


31. Properties of Continuous Functions.* We shall now 
prove several important theorems on continuous functions, to 


V 


* This section follows closely the treatment given by Goursat UGGnCtGn)s seen 
(8° éd.), § 8. 
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which reference will frequently be made later. It will be seen 
that in these proofs we rely only on the definition of continuity 
and the results obtained in the previous pages. 


THeorem I. Let f(w) be continwous in the interval (a, b)*, 
and let the positive number e be chosen, as small as we please. 
Then the interval (a, b) can always be broken wp into a finite 
number of partial intervals, such that |f(a@’)—f(x")|<«, when 
xe and x" are any two points in the same partial interval. 

Let us suppose that this is not true. Then let c=(a+6)/2. 
At least one of the intervals (a, c), (¢, b) must be such that it 
is impossible to break it up into a finite number of partial inter- 
vals which satisfy the condition named in the theorem. Denote 
by (a,, 6,) this new interval, which is half of (a, b). Operating 
on (a,, b,) in the same way as we have done with (a, b), and 
then proceeding as before, we obtain an infinite set of intervals 
such as we have met in the theorem of §18. The sequence of 
end-points @, @,, @,, ... converges, and the sequence of end- 
points 6, b,, 6,, ... also converges, the limit of each being the 
same, say a. Also each of the interteals (Gn, 6») has the property 
we have ascribed to the original interval (a, b). It is im- 
possible to break it up into a finite nutmber of partial intervals 
which satisfy the condition named in the theorem. 

Let us suppose that a does not coincide with « or b. Since the 
function f(x) is contiguous when «=a, we know that there is a 
positive number y such that |/(7)—f(a)| < ¢/2 when |w—a|=y 
Let us choose 7 so large that (b,—a,) is less than y. Then the 
interval (a@,, b,) is contained entirely within (a— 7, a+y), for we 
know that a,=a=b,. Therefore, if w and x” are any two 
points in the interval (a, b,), it follows from the above that 


If@)-fla|<5 and | f(e")—fla)| <5. 
But (f@)-FOE)|SIF@)-H@)|+1F@)-f(a)|- 
Thus we have | f(a’) — f(a") | <e, 


and our hypothesis leads to a contradiction. 


*In these theorems the continuity of f(x) is supposed given in the closed 
interval (a= a=db), as explained in § 30. 
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There remains the possibility that a might coincide with either 
«orb. The slight modification required in the above argument 
is obvious. 

Hence the assumption that the theorem is untrue leads in 


every case to a contradiction, and its truth is established. 

Corotiary I. Leta, Hy, Ly, +... £, 1,0 be a mode of subdivision 
of (a,b) into partial intervals satisfying the conditions of 
Theorem J. 


Then 
fe) | S| f@) |+|f@)-f@| 
<| f(a) |+ €, when 0 <(@—a) =(a,—«a). 
Therefore 


| H(@)| <| f(a) |+ €. 
In the same way 
<|f(x,)|+ é, when 0 <(«x—2,) =(#,—«,) 
<| f(a) |+ 2; when 0 < (a#—a,) = («%,—%,). 
Therefore 
|F(@2)|<| f(a) |+ ee. 


Proceeding in the same way for each successive partial interval, 
we obtain from the 7‘ interval 


| f(a)|<| f(a)|+ne, when 0< (#—a@,_,)=(b—2,_,). 
Thus we see that in the whole interval (a, b) 
|F@)| <I f(a) | +m. 


It follows that a function which is continuous im a given 
interval is bounded in that interval. 


Corotiary II. Let us suppose the interval (a, b) divided up 
into n partial intervals (a, %), (#1, 2), .-- (®,-1, 9), such that 
| f(a’) —f(w")| </2 for any two points in the same partial inter- 
val. Let » be a positive number smaller than the least of the 
numbers (#, —@), (@,—@,), ... (b—@,_,). Now take any two points 
a and x’ in the interval (a, b), such that |a’—a”|=y. If these 
two points belong to the same partial interval, we have 


fw) —f@) | <¢/2. 
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On the other hand, if they do not belong to the same partial 
interval, they must lie in two consecutive partial intervals. In 
this case it is clear that | f(a’)—f(a@’)| << e/2+¢/2=e 

Hence, the positive number e having been chosen, as small as 
we please, there is a positive wumber y such that | f(a’) —f(@")|<e, 
when a’, x” are any two values of « in the interval (a, b) for 
which |x’ —2"| =n. 

We started with the assumption that /(w) was continuous in 
(a, b). It follows from this assumption that if @ is any point in 
this interval, and ¢ any arbitrary positive number, then there is 
a positive number 7 such that 

f(a’) —fl@)| <e, when |2/— a] Sy. 

To begin with, we have no justification for supposing that the 
same » could do for all values of # in the interval. But the 
theorem proved in this corollary establishes ‘that this is the case. 
This result is usually expressed by saying that f(x) is wniformly 
continuous in the interval (a, 6). 

We have thus shown that a function which is continuous in 
an interval is also uniformly continuous in the interval. 


THEOREM IT. If f(a) and f(b) are wnequal and f(a) is con- 
tinuous in the interval (a, b), as « passes from a to b, f(«) takes 
at least once every value between f(a) and f(b). 

First, let us suppose that f(a) and f(b) have different signs, 
eg. f(a) <0 and f(b) 0. We shall show that for at least one 
value of « between a and b, f(x) =0. 

From the continuity of f(w), we see that it is negative in the 
neighbourhood of «@ and positive in the neighbourhood of b. 
Consider the set of values of # between a@ and b which make 
f(x) positive. Let A be the lower bound of this aggregate. 
Then a<A<b. From the definition of the lower bound 


f(@) is negative or zero ina=a<). But Lt f(x) exists and 
x2—>A-0 


is equal to f(A). Therefore f(A) is also negative or zero. But 
F(A) cannot be negative. For if f(A)=—m, m being a positive 
number, then there is a positive number y such that 


If(@)-f)| <m, when |x~—)| Sy, 


since f(«) is continuous when w=). The function f(@) would 
then be negative for the values of « in (a, b) between )\ and \+y 
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and X would not be the lower bound of the above ageregate. 
We must therefore have f(A) =0. 

Now let WV be any number between f(a) and f(b), which may 
be of the same or different signs. The continuous function 
$(x)=}(x)—N has opposite signs when =a and a=b. By the 
case we have just discussed, ¢(a) vanishes for at least one value 
of « between a and 8, 7.e: in the open interval (a, b). 

Thus our theorem is established. 

Again, if f() is continuous in (a, b), we know from Corollary I. 
above that it is bounded in that interval. In the next theorem 
we show that it attains these bounds. 


THEOREM III. If f(x) is continuous in the interval (a, b), and 
M, m are its wpper and lower bownds, then f(x) takes the value 
M and the value m at least once in the interval. 

We shall show first that {(@)= MM at least once in the interval. 

Let c=(a+b)/2; the upper bound of /() is equal to MV, for at 
least one of the intervals (a, ¢), (¢, b). Replacing (a, b) by this 
interval, we bisect it, and proceed as before. In this way, as in 
Theorem I., we obtain an infinite set of intervals (a, b), (a,, b,), 
(a5, b,),... tending to zero in the limit, each lying entirely 
within the preceding, or lying within it and having with it a 
common end-point, the upper bound of f(«) in each being JV. 

Let \ be the common limit of the sequences «, a,, a, ... and 
b, b,, 65, ..-.. We shall show that f(A) = M. 

For suppose /(A)=M—h, where h>0. Since /(«) is continuous 
at w=, there is a positive number y such that 


|F@)-fA)|< if when |#—|=». 


Thus f(a) 2" when |w—A|=y»,. 


Now take 7 so large that (b,—da,) will be less than ». The 
interval (d,, bn) will be contained wholly within (A—y, A+7). 
The upper bound of f(«) in the interval (a,, b,) would then be 


different from M, contrary to our hypothesis. 
Combining this theorem with the preceding we obtain the 


following additional result: 


Turorem IV. Jf f(a) is continuous in the interval (a, 6), 
and M, m wre its upper and lower hownds, then zt takes at least 
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once in this interval the valwes M,m, and every value between 
M and m. 

Also, since the oscillation of a function .in an interval was 
defined as the difference between its upper and lower bounds 
(cf. § 24), and since the function attains its bounds at least once 
in the interval, we can state Theorem I. afresh as follows: 

If f(x) is continuous in the interval (a, b), then we can divide 
(a, b) into a finite number of partial intervals 


(A, 1), (®, ®y), «-» (Wy =, 4), 
in each of which the oscillation of f(x) is less than any given 
positive number. 


And a similar change can be made in the statement of the 
property known as uniform continuity. 


32. Continuity in an Infinite Interval. Some of the results of the last 
section can be extended to the case when f(x) is continuous in «=a, where 
a is some definite positive number, and Lt /(w) exists. 

x—> 20 


Let u=a/v«. When r=a, we hveO<u=h 


With the values of w in 0<w=1, associate the values of f() at the corre- 
sponding points in «=a, and to w=0 assign’ Lt f(x). 


In 

We thus obtain a function of w, which is continuous in the closed interval 
(0,°1). . 

Therefore it is bounded in this interval, and attains its bounds Jf, m. 
Also it takes at least once every value between J/ and m,as w passes over the 
interval (0, 1). 

Thus we may say thaty/(7) is bounded in the range* given by x=a and 
the new “point” «=o, at which /(7) is given the value Lt f(«). 


“ao 


Also /(#) takes at least once in this range its upper and lower bounds, 


and every value between these bounds. 
9 


4 


For example, the function Pim 3 continuous in (0, 0). It does not 
rae 


attain its upper bound—unity—when «=0, but it takes this value when 
v=o, as defined above. 


33. Discontinuous Functions. When f(x) is defined for 
z and the neighbourhood of a (eg. 0< |w—a|=h), and 
f(% +0) =f(%—0)=f(x), then f(x) is continuous at a. 

On the other hand, when f(z) is defined for the neighbourhood 
of a, and it may be also for a, while f(#) is not continuous at 


*Tt is convenient to speak of this range as the interval (a, ), and to write 
f(#) for Lt /(x). 


a> 


LIMITS AND CONTINUITY 65 


%, it is natural to say that f(x) is discontinuous at %, and to 
call x a point of discontinwity of f(x). 
Points of discontinuity may be classified as follows: 


I. f(%+0) and f(%—0) may exist and be equal. If their 
common value is different from f(a), or if f(x) is not defined 
for a), then we have a point of discontinuity there. 

Ex. J (#)=(@—%9) sin 1/(¢@— 4x), when += 2%. 

Here /(%+0)=f(7)—0)=0, and if we give f(x) any value other than 

zero, or if we leave /(9) undefined, is a point of discontinuity of f(z). 

II. f(% +0) and f(a)—0) may exist and be unequal. Then ay 
is a point of discontinuity of f(x), whether f(a) is defined or not. 


1 
Ex. I) =e" when =i. 
Here S(@o+9)=0 and f(a—0)=1. 
In both these cases /(z) is said to have an ordinary or simple 
discontinuity at 2. And the same term is applied when the 
point z is an end-point of the interval in which f(#) is given, 


and f(2%)+0), or f(z—0), exists and is different from f(a»), if f(z) 
is defined for Zp. 

III. f(z). may have the limit +2, or —«, as xa, on either 
side, and it may oscillate on one side or the other. Take in this 


section the cases in which there is no oscillation. These may be 
arranged as follows: 


(i) flee+0) =f(a%—0)= +00 (or —c), 


Ex. F(a)=1(e@— x), when r= itp. 
(ii) f(a+0)= +0 (or —) and f(%—0)=—» (or +2). 
Ex, f(#)=1f(v— 2), when += 2%. 
(iii) f(a+0)= + (or —e)) or f(%—0)= + (or —« )| 
f(%—0) exists J f(a +0) exists ya 
Ex. f(e)=1f(e@— 4%), when 2 > vo\ 


FQ)=2— fo; when #=a,J 
In these cases we say that the point % is an infinity of f(a), 
and the same term is used when a, is an end-point of the interval 
in which f(z) is given, and f(x)+0), or f(%—9), is +% or —o. 
It is usual to say that f(x) becomes infinite at a point v% of 
the kind given in (i), and that f(a)=-+% (or —%). But this 
E 
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must be regarded as simply a short way of expressing the fact 
that f(z) diverges to +0 (or to —%) as Zap. 

It will be noticed that tang has an infinity at $7, but that 
tan 47 is not defined. On the other hand, 

tan(47—0)=+0 and tan(47—0)=—o. 

IV. When f(z) oscillates at 2) on one side or the other, a is 
said to be a point of oscillatory discontinuity. 'The oscillation 
is finite when f(a) is bounded in some neighbourhood of a; it is 
infinite when there is no neighbourhood of a in which f(z) is 
bounded (cf. § 25). 

Ex. (i) f(w)=sin 1/(x — 2»), when =. 

(ii) f(w)=1/(@ — %) sin 1/(w7—49), when x2 a. 

In both these examples x is a point of oscillatory discon- 
tinuity. The first oscillates finitely at 2 ,the second oscillates 
infinitely. The same remark would apply if the function had 
been given only for one side of 2p. 

The infinities defined in III. and the points at which /(«) 
oscillates infinitely are said to be pornts of infinite discontinuity. 


34. Monotonic Functions. Zhe function f(x), gwen in the 
interval (a, b), is saad to be monotonic in that interval if 

either (i) f(@)S fle"), when ae <a" =b; 
or (i) f@)=Hf(e"), when_asw =a" 6: 

In the first case, the function never decreases as @ increases 
and it is said to be monotonic increasing ; in the second case, it 
never increases as # increases, and it is said to be monotonic 
decreasing.* 

The monotonic character of the function may fail at the end- 
points of the interval, and in this case it is said to be monotonic 
in the open interval. 

The properties of monotonic functions are very similar to those 
of monotonic sequences, treated in $17, and they may be estab- 
lished in precisely the same way : 

(i) Lf f(w) is monotonic increasing when «=X, and f(a) is 
less than some fixed nwmber A when w= X, then Lt J(«) exists 
and is less than or equal to A. ges 


* The footnote, p. 39, also applies here. 
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(iil) Lf f(x) is monotonic increasing when «=X, and f(x) is 
greater than some fixed number A when «=X, then Lt _f@) 
exists and is greater than or equal to A. ae 


au) If f(@) is monotonic increasing in an open interval 
(a, b), and f(x) is greater than some fixed number A in that 
open interval, then f(a+0) exists and is greater than or equal 
to A. 


(iv) If f(@) is monotonic imereasing in an open interval 
(a, b), and f(x) as less than some fiwed number A in that open 
interval, then f(b—0) exists and is less than or equal to A. 

These results can be readily adapted to the case of monotonic 
decreasing functions, and it follows at once from (iii) and (iv) 
that if f(a) is beunded and monotonic in an open interval, it 
can only have ordinary discontinuities in that interval, or at 
its ends. 

It may be worth observing that if f(a) is monotonic in a closed 
interval, the same result follows, but that if we are only given 
that it is monotonic in an open interval, and not told that it 
is bounded, the function may have an infinity at either end. 

Eg. f(@)=1/«e is monotonic in the open interval (0, 1), but 
not bounded. 

At first one might be inclined to think that a function which . 
is bounded and monotonic in an interval can have only a finite 
number of points of discontinuity in that interval. 

The following example shows that this is not the case: 


Let f(x)=1, when 5 <#=1 


I 


i — 
let fl@)=5,° when <#Sy: 


7d oe 
and, in general, 


let f@)=5 when 55 <5) 


(nv being any positive integer). 
Also let f(0)=0. 
Then /(«) is monotonic in the interval (0, 1). 
This function has an infinite number of points of discontinuity, 


namely at 2 = 5, (n being any positive integer). 
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Obviously there can only be a finite number of points of dis- 
continuity at which the jump would be greater than or equal 
to k, where k is any fixed positive number, if the function is 
monotonic (and bounded) in an interval. 


35. Inverse Functions. Let the function /(), defined in the interval 
(a, 6), be continuous and monotonic in the stricter sense* in (a, b). 

For example, let y=f(v) be continuous and continually increase from A 
to Bas # passes from a to b. 

Then to every value of y in (A, B) there corresponds one and only one 
value of w in (a, 6). [§ 31, Theorem IT.] 

This value of w is a function of y—say (y), which is itself continually 
increasing in the interval (4, B). 


Sa ere eee mci Face a te ie oe eee em 


= Here 


The function (y) is called the caverse of the function f(). 

We shall now show that $(y) ¢s a continuous function of y in the interval 
in which it is defined. 

For let y be any number between 4 and B, and 2 the corresponding 
value of w. Also let € be an arbitrary positive number such that 7)—e and 
a+ lie in (a, b) (Fig. 7). 

Let yy —, and y+, be the corresponding values of ». 

Then, if the positive number 7 is less than the smaller of 7, and mp, it is _ 


clear that |a—ay| <«, when |y—y|=7. 


Therefore Id(y)— by) <6 when |y—yol >. 
Thus #(y) is continuous at yo. 
A similar proof applies to the end-points A and B, and it is obvious that 


the same argument applies to a function which is monotonic in the stricter 
sense and decreasing. 


* Cf footnote, p. 39. 
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The functions sin-!z, cos“! x, ete., thus arise as the inverses of the functions 
sin v and cos x, where 0=w# =r, and so on. 

In the first place these appear as functions of y, namely sin-!y, where 
0=y=1, cosy, where O=y=1, etc. The symbol y is then replaced by 
the usual symbol w for the independent variable. 

In the same way log x appears as the inverse of the function e. 

There is a simple rule for obtaining the graph of the inverse function 
7 '(x) when the graph of f(x) isknown. f1(x) is the image of f(a) in the 
line y=wx. The proof of this may be left to the reader. 

The following theorem may be compared with that of § 26 (IV.) : 

Let f(u) be a continuous function, monotonic in the stricter sense, and let 


Lt flo(e)]=f0). 
Then Lit (x) exists and is equal to b. 


A strict proof of this result may be obtained, relying on the property 
proved above, that the inverse of the function /() is a continuous function. 

The theorem is almost intuitive, if we are permitted to use the graph 
of f(u). The reader is familiar with its application in finding certain 
limiting values, where logarithms are taken. In these cases it is shown 
that Lt log uw=log 6, and it is inferred that Lt w=6.* 


36. Let the bounded function f(z), given in the interval (a, b), be such that 
this interval can be divided up into a finite number of open partial 
intervals, in each of which y 
(2) is monotonic. 


Suppose that the points 
H1, Ug, .-. Lp divide this in- apn 
terval intotheopen intervals 


(4, )y (X71, %2), ++» (@n—1, 4) ! 
in which f(v) is monotonic. » 
Then we know that f(z) can me 
only have ordinary discon- 
tinuities, which can occur at 
the points @, 71, % 5... Pra, 4, 4 
and also at any number of ; 
points within the partial / 


> tt 
ntervals. ($ 34.) 0 a x, Xo oe b 4d 
I. Let us take first the Fic. 8. 


case where f(v) is con- 
tinuous at @, 2, ... Un1, 6, and alternately monotonic increasing and 


decreasing. To make matters clearer, we shall assume that there are 
only three of these points of section, namely 7, 2’:, “3, f(x) being monotonic 
increasing in the first interval (a, «), decreasing in the second, (v,, 2), 


and so on (Fig. 8). 


* Of Hobson, Plane Trigonometry, (8rd Kd.), p. 130, 
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It is obvious that the intervals may in this case be regarded as closed, 
the monotonic character of f(a) extending to the ends of each. 
Consider the functions W(x), G(#) given by the following scheme : 


F(x) G(x) 

Oa 0 | a SeEn, 
Aa) Hey) fle) 1 SaZny, 
Flo) — Mos) +fla) | f(s) —fes) mun, 
Fle,)— Hes) + fle) | flo) — fle) +f (as) —fe) | aSeSb 


It is clear that F(w) and G(w) are monotonic increasing in the closed 
interval (a, 6), and that f(a)=/(x)— @(a) in (a, 6). 

If f(z) is decreasing in the first partial interval, we start with 

FQ)=f(a), G(a)=fla)-f(2), when aSeSn, 
and proceed as before, ze. we begin with the sevond line of the above 
diagram, and substitute a for w,, ete. 

Also, since the function /(~) is bounded in (a, 6), by adding some number 
to both F(z) and G(x), we can make both these functions positive if, in the 
original discussion, one or both were negative, 

It is clear that the process outlined above applies equally well to 2 partial 
intervals. 

We have thus shown that when the bounded function f(x), given in the 
interval (a, b), is such that this interval can be divided up into a finite number 
of partial intervals, f(x) being alternately monotonic increasing and mono- 
tonic decreasing in these intervals, and continuous at their ends, then we can 
express f(x) as the difference 
of two (bounded) functions, 
which are positive and mono- 
tonic increasing in the inter- 
val (a, 6). 

II. There remains the case 
when some or all of the 
POINtSTO,Na 7) wosnene eo. 
are points of discontinuity 
of f(w), and the proviso that 
the function is alternately 
monotonic increasing and 
decreasing is dropped. 

We can obtain from f(x) 
a new function (7), with the same monotonic properties as /() in the open 
partial intervals (a, 7), (4, @), ... (@»—a, 6), but continuous at their ends. 

The process is obvious from Fig. 9. We need only keep the first part of 
the curve fixed, move the second up or down till its end-point (w,, f(#,+0)) 


x 
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coincides with (~,, f(w,—0)), then proceed to the third curve and move it up 
or down to the new position of the second, and so on. 

If the values of f(x) at a, #1, 2, «+. n-1, 6 are not the same as 

S(a+0), Sa +0) or I a 0), etc., 

we must treat these points separately. 

In this way, but arithmetically,* we obtain the function («) defined as 
follows : 

In @=x2<2,, (x)=f(), supposing for clearness f(a)=f(a+0). ' 

At Ly » b(e)=f(z)+a,. 

In 1<¢7<a,, $(@)=f(x%)+a,4+ 4). 

At ti » b(a)=f(v)+a,+a,+a3. 

And so on, 
G1, G2, 43, ... being definite numbers depending on f(x, +0), f(x,), ete. 

We can now apply the theorem proved above to the function ¢(x) and 
write p(v)=8(x)—¥ (2) in (a, d), 
(x) and W(x) being positive and monotonic increasing in this interval. 

It foliows that : 


Nn eS a4, F(e)=P(2)-—¥ (2). 

At ip 5 F(2)=®8(2)— V2) -a,. 

if <8 < Mp, F(@2)=P(2) —V() — a, — ay. 
And so on. 


If any of the terms aj, dg, ... are negative we put them with P(2): 
the positive terms we leave with V(x). Thus finally we obtain, as before, 
a f(a)= F(a) — Ga) in (a, b), 
where F(x) and Gz) are positive and monotonic increasing in this interval. 

We have thus established the important theorem : 

Tf the bounded function f(x), given in the interval (a, b), ts such that this 
interval can be divided up into a finite number of open partial intervals, 
in each of which f(x) is monotonic, then we can express f(x) as the difference of 
two (bounded) functions, which are positive and monotonic increasing in the 
interval (a, b). 

Also it will be seen from the above discussion that the discontinuities of 
F(«v) and G(x), which can, of course, only be ordinary discontinuities, can 
occur only at the points where /() is discontinuous. 

It should, perhaps, also be added that, while the monotonic properties 
ascribed to f(a”) allow it to have only ordinary discontinuities, the number 
of points of discontinuity may be infinite (§ 34). 


37. Functions of Several Variables. ‘So far we have dealt 
only with functions of a single variable. If to every value of « 
in the interval a=«=b there corresponds a number y, then we 


* Tt will be noticed that in the proof the curves and diagrams are used simply 


as illustrations. 
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have said that y is a function of « in the interval (a, b), and we 
have written y=/(«). 

The extension to functions of two variables is immediate :— 

To every pair of values of « wnd y, such that 

date, Sess 
let there correspond a number z. Then z is said to be a function 
of x and y in this domain, and we write z=f(«, Y). 

If we consider # and y as the coordinates of a point in a 
plane, to every pair of values of w and y ener corresponds a a 
point in the plane, and the region defined by a=a=u’,bSy= 
will be a rectangle. 

In the case of the single variable, it is necessary to distinguish 
between the open interval (a<w<b) and the closed interval 
(a=a=b). So, in the case of two dimensions, it is well to 
distinguish between open and closed domains. In the former 
the boundary of the region is not ueety in the domain; in the 
latter it is included. 

In the above definition we have taken a rectangle for the 
domain of the variables. A function of two variables may be 
defined in the same way for a domain of which the boundary is 
a curve (: or again, the domain may ‘have a curve C for its 
external boundary, and other curves, C’, C”, ete., for its internal 
boundary. 

A function of three yariables, or any number of variables, will 
be defined as above. For three variables, we can still draw 
upon the language of geometry, and refer to the domain as 
contained within a surface S, ete. 

We shall now refer briefly to some properties of functions 
of two variables. 

A function is said to be bownded in the domain in which it is 
defined, if the set of values of z, for all the points of this domain, 
forms a bounded aggregate. The wpper and lower bownds, 
M and m, and the oscillation, are defined as in ¢ 24. 

F(a, y) vs said to have the limit las (x, y) tends to (x, Yo), 
when, any positive nwmber ¢ having been chosen, as small as we 
please, there is a positive number 4 such that | f(a, y)—-l|<e for 
all values of (a, y) for which 


eetcceeanian and O0<|x—a,|+|y—Yp). 
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In other words, | f(z, y)—1| must be less than ¢ for all points in 
the square, centre (a, y)), whose sides are parallel to the co- 
ordinate axes and of length 2y, the centre itself being excluded 
from the domain. 

A necessary and sufficient condition for the existence of a limit 
to f(w, y) as (a, y) tends to (a, yo) is that, to the arbitrary 
positive number e, there shall correspond a positive number 
n such that | f(x’, y)—f(a@", y”)| <<, where (a’, y’) and («”, y") are 
any two points other than (a, Yo) Wn the square, centre (a, Yo); 
whose sides are parallel to the coordinate axes and of length 2n. 

The proof of this theorem can be obtained in exactly the same 
way as in the one-dimensional case, squares taking the place 
of the intervals in the preceding proof. 

A function f(x, y) is said to be continuous when z=, and 
Y= Yo, if f(a, y) has the limit f(a», Yo) as (a, y) tends to (xp, Yo). 

Thus, f(x, yf 1s. continuous when x=a, and y=Yp, tf, to the 
arbitrary positive number e, there corresponds a positive number 
n such that | f(x, y)—f (xo, Yo) |<€ for all values of (x, y) for 
which |x—2x,|Sn and |y—y,|Sn.- 

In other words, | f(x, y) —f (x, Yo) | must be less than e for all 
points in the square, centre (%, Yo), Whose sides are parallel to 
the coordinate axes and of length 2y.* 

It is convenient to speak of a function as continuous. at a 
point (x), Yo) instead of when c=a, and y=y,). Also when a 
function of two variables is continuous at (x, y), as defined above, 
for every point of a domain, we shall say that it is a continuous 
function of (x, y) in the domain. 

It is easy to see that we can substitute for the square, with 
centre at (2, yo), referred to above, a circle with the same centre. 
The definition of a limit would then read as follows: 

f(a, y) is said to have the limit l as (x, y) tend to (xo, Yo), af, to 
the arbitrary positive number e, there corresponds a positive 
number n such that | f(a, y)—l|<e for all values of (x, y) for 
which 0 < | (a—%)? + (Y — Yo)? |=" 

If a function converges at (x, Yo) according to this definition 
(based on the circle), it converges according to the former defini- 


* There are obvious changes to be made in these statements when we are dealing 
with a point (2), y) on one of the boundaries of the domain in which the function 


is defined. 
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tion (based on the square); and conversely. And the limits in 
both cases are the same. 
Also continuity at (a), yo) would now be defined as follows: 


f(a, y) is continuous ut (a, Yo), Uf, to the arbitrary positive 
number e, there corresponds a positive number yn such that 


f(a, y)—f(@, Yo) |<¢ for all values of (x, y) for which 
0<| (e—aP+(Y — Yo)" |S. 
Every function, which is continuous at (x, Yo) under this 
definition, is continuous at (%, yo) under the former definition, 
and conversely. 


It is important to notice that if a function of x and y is continuous with 
respect to the two variables, as defined above, it is also continuous when con- 
sidered as a function of w alone, or of y alone. 

For example, let f(x, 7) be defined as follows : 


ee N= ap when at least one of the variables is not zero, 
(0, 0)=0. 

Then f(z, v) is a continuous function of a, for all values of w, when ¥ 
has any fixed value, zero or not; and it is a cdntinuous function of y, for all 
values of y, when has any fixed value, zero or not. 

But it is not a continuous function of (2, vy) in any domain which includes 
the origin, since f(x, v) is not continuous when v=0 and y=0. 

For, if we put v=7 cos 0, y=r sin 6, we have f(~, y)=sin 20, which is inde- 
pendent of 7, and varies from —1 to +1. 

However, it is a continuous function of (w, v) in any domain which does 
not include the origin. 

On the other hand, the function defined by 

Qxry : 3 6 
{7 Y) = aia) when at least one of the variables is not zero, 
L700, 0)=0, 
is a continuous function of (a, y) in any domain which includes the origin. 

The theorems as to the continuity ‘of the sum, product and, in certain 
cases, quotient of two or more continuous functions, given in § 30, can be 
readily extended to the case of functions of two or more variables. <A 
continuous function of one or more continuous functions is also continuous. 

In particular we have the theorem : 

Let w=P(%, y), V= W(x, y) be continuous at (x9, Yo), and let uy=(xo5 Yo)» 
%=W(%5 Yo): 

Let 2=f(u, v) be continuous in (u, v) at (a, %)- 

Then 2=f[p(x, y), Wa, y)] ts continuous in (a, x) at (v5 Yo). 

Further, the general theorems on continuous functions, proved in $31, 
hold, with only verbal changes, for functions of two or more variables. 
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For example: 

If a function of two variables is continuous at every point of a closed domain, 
tt is uniformly continuous in the domain. 

In other words, when the positive number € has been chosen, as small as we 
please, there is a positive number n such that \ f(a, y')—f(2", y")| <«, when 
(wv, y') and (x", y") are any two points in the domain for which 


Meal —a' P+ -y En 
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CHAPTER IV 
THE DEFINITE INTEGRAL 


38. In the usual elementary treatment of the Definite Integral, 
defined as the limit of a sum, it is assumed that the function of x 
considered may be represented by a curve. The limit is the 
area between the curve, the axis of w and the two bounding 
ordinates. , 

For long this demonstration was accepted as sufficient. To-day, 
however, analysis is founded on a more solid basis. No appeal 
is made to the intuitions of geometry. ‘ Further, even among the 
continuous functions of analysis, there are many which cannot 


be represented graphically. : 
Eg. let f(“)=a sin :, when w= 0, 
and F(Of= 0. 


Then f(a) is continuous for every value of a, but it has not a 
differential coefficient when «=0. 


It is continuous at ~=0, because 
| F(@) - FO) |=|F@) |S] |; 
and | f(x) —f(0)|<« when 0<|a|=n, if n<e. 
Also it is continuous when « = 0, since it is the product of two continuous 
functions [cf. § 30]. 
It has not a differential coefficient at w=0, because 
FA)-fO)_.. 1 
h poten i: 
and sin 1/h has not a limit as hR->0. 
It has a differential coefficient at every point where 70, and at such 
points i af 1 
f'(@)=sin |= cos — 
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More curious still, Weierstrass discovered a function, which is 
continuous for every value of a, while it has not a differential 
coefficient anywhere.* This function is defined by the sum of 


the infinite series ort 
S} acos bra, 
0 


a being a positive odd integer and b a positive number less than 
unity, connected with a by the inequality ab > 1+4 22.4 

Other examples of such extraordinary functions have been 
given since Weierstrass’s time. And for this reason alone it 
would have been necessary to substitute an exact arith- 
metical treatment for the traditional discussion of the Definite 
Integral. , 

Riemann { was the first to give such a rigorous arithmetical 
treatment. The definition adopted in this chapter is due to him. 
The limitations imposed upon the integrand f(x) will be indicated 
as we proceed. 

In recent years a more general definition of the integral has 
been given by Lebesgue,§ and extended by others, notably 
de la Vallée Poussin and W. H. Young, the chief object of 
Lebesgue’s work being to remove the limitations on the integrand 
required in Riemann’s treatment. 


39. The Sums S and s.||_ Let’ f(~) be a bounded function, 
given in the interval (a, b). 


*It seems impossible to assign an exact date to this discovery. Weierstrass 
himself did not at once publish it, but communicated it privately, as was his 
habit, to his pupils and friends. Du Bois-Reymond quotes it in a paper published 
in 1874. 

+ Hardy has shown that this relation can be replaced by O<a<1, b>1 
and ab 1 [ef. Trans. Amer. Math. Soc., 17, 1916]. An interesting discussion of 
Weierstrass’s function is to be found in a paper, ‘‘ Infinite Derivates,” Q. J. Math., 
London, 47, p. 127, 1916, by Grace Chisholm Young. 

+In his classical paper, ‘Uber die Darstellbarkeit]einer Function durch eine 
trigonometrische Reihe.” See above, p. 9. 

But the earlier work of Cauchy and Dirichlet must not be forgotten. 

gCf. Lebesgue, Lecons sur l’Intégration, Paris, 1904 ; de la Vallée Poussin, 
Intéyrales de Lebesgue, Paris, 1916. And papers by Bliss and Hildebrandt in 
Bull. Amer. Math. Soc., 24, 1917. . 

|| The argument which follows is taken, with slight modifications, from Goursat’s 
Cours d’ Analyse, T. I. (3° éd.), pp. 171 et seq. 
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Suppose this interval broken up into 7 partial intervals 
(G3 0), - (Bitar 
where © ON Oe 

Let M, m be the upper and lower bounds of /(#) in the whole 
interval, and M,., 72, those in the interval (#,_,, @,), writing a=, 
and b=~,,. 

Let mmm Rein oe | 
and s=mM,(#,—4)+m,(x,—2,) +... +m, (b—a,_,). 

To every mode of subdivision of (a,b) into such partial 
intervals, there corresponds a sum S and a sum s such that 
sSB. 

The sums S have a lower bound, since they are all greater than 
m(b—a), and the sums s have an upper bound, since they are all 
less than M(b—a) 

Let the lower found of the sums S be ih and the upper bound 
of the sums s be J. 

We shall now show that J=VJ. 

Let Gy Dy. Mbph ns ae ne 
be the set of points to which a certain S and s correspond. 


Suppose some or all of the intervals (a, @), (@, @ ), «-. (W,-1) ) 
to be divided into smaller intervals, and let 


4, Yi, Yas Hee, Bao ase deo fe ee 
be the set of points thus obtained. 

The second mode of division will be called consecutive to the 
first, when it is obtained from it in this way. 

Let >, « be the sums for the new division. 

Compare, for example, the parts of S and } which come from 
the interval (a, 2,). 

Let M’,, m’, be the upper and lower bounds of f(«) in (a, y,), 
M’,, m’, in (Y;, Ys), and so on. 

The part of 2 which comes from (a, #,) is then 

MY (Yr— 4) + M(Yo— Yr) «. FM (@1 = Yu-1)- 

But the numbers M’,, M’,, ... cannot exceed M,. 

Thus the part of © which we are considering is at most equal 
to M,(#,—«). 

Similarly the part of 2 which comes from (#,, @,) is at most 
equal to M,(#,—«,), and so on. 
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Adding these results we have S=S. 
Similarly we obtain os. 


Consider now any two modes of division of (a, b). 
Denote them by 


Ct. ee, 0, with sums. S ‘ands. .....:.. (1) 
and Ce aay <0 0. 2 with sums Sand: so ....... (2) 


On superposing these two, we obtain a third mode of division (8), 
consecutive to both (1) and (2). 
Let the sums for (3) be > and c. 
Then, since (3) is consecutive to (1), 
Sasa ands <a-=2 8. 
Also, since (3) is consecutive to (2), 
iS 22> and. os. 

But E =a. 

Therefore S=s’ and, S’=s. 

Thus the sum S arising from any mode of division of (a, 6) is 
not less than the sum s arising from the same, or any other, mode 
of division. 

It follows at once that [=VJ. 

For we can find a sum s as near J as we please, and a sum S 
(not necessarily from the same mode of division) as near J as we 
please. Jf [>J, this would involve the existence of an s and an 
S for which s>V. 

The argument of this section will offer less difficulty, if the reader follow 


it for an ordinary function represented by a curve, when the sums S and s 
will refer to certain rectangles associated with the curve. 


40. Darboux’s Theorem. Zhe swms S and s tend respectively 
to J and I, when the points of division are multiplied inde- 
finitely, in such a way that all the partial intervals tend to zero. 

Stated more precisely, the theorem reads as follows: 

Tf the positive number e is chosen, as small as we please, there 
is a positive number n such that, for all modes of division in 
which all the partial intervals are less than or equal to yn, the 
sum S is greater than J by less than e, and the swm s is smaller 
than I by less than e. | 

Let ¢ be any positive number as small as we please. 
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Since the sums S and s have J and J for lower and upper 
bounds respectively, there is a mode of division such that the 
sum S for it exceeds J by less than $e. 

Let this mode of division be 

, y, Qs, +. Gp-1, 0, with sums S, and 4. ...... (1) 

Then S,<J +he. 

Let 7 be a positive number such that all the partial interval 
of (1) are greater than y. 

Let 

A=), Ly, Ly, + Baar, O=2,, With sums S, and 8,, ...(2) 
be any mode of division such that 

(,— Bi )=4, When r=]. 2.3.1, 

The mode of division obtained by superposing (1) and (2), e.g. 
@,. Ly, By, Oy, Wy, Uy, @,, +... Lyf 6, with Wyms S, and 4,, ...(3) 
is consecutive to (1) and (2). 

Then, by §39, we have S, =S;. 


But TSy de. 
Therefore S,<c J + he. 
Further, 


S,—S,=Z [M(e,-1, @,) (@,—&)-1) — M (a, 1, dy) (Gq — %-1) 
ar M(a,, ®,)(X, —a)], 
M(a’, x”) denoting the upper bound of f(«) in the interval (w’, x”), 
and the symbol © standing as usual for a summation, extending 
in this case to all the intervals (@,_,, #,) of (2) which have one of 
the points @,, @,, ... G@p-, aS an internal point, and not an end- 
point. From the fact that each of the partial intervals of (1) is 
greater than 4, and that each of those of (2) does not exceed », 
we see that no two of the a’s can lie between two consecutive «’s 
of (2). 
There are at most (p—1) terms in the summation denoted 
by . Let |/(w)| have A for its upper bound in (a, b), 
We can rewrite S,—S, above in the form 
S,—S,=2[{M(a,_1, &,) —M(a,_1, a,)} (Gy — 2-1) 
+{M(@,_1, @,) —M (a, &,)} (@,.— @,))]. 
But {M(a,_,, %,)—M(a,_1,@)} and {M(a,_,, 2.) —M(a,, ays 
are both positive or zero, and they cannot exceed 2A. . 
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Therefore S,—S,; S2AZ(v,— 2-1), 


‘the summation having at most (p—1) terms, and (w,—#,_,) being 
at most equal to 7. 

Thus S,—S,=2(p—1)An. 

Therefore So< J+4e+2(p—1)Ay, 
since we have seen that S,<J+h4e. 


So far the only restriction placed upon the positive number 7 
has been that the partial intervals of (1) are each greater than ». 
We can thus choose 7 so that 


€; 
"S414 

With such a choice of y, S,<J+e. 

Thus we have shown that for any mode of division such that 
the greatest of the partial intervals is less than or equal to a 
certain positive number n, dependent on e, the sum S exceeds J 
by less than e. 

Similarly for s and J; and it is Ariel that we can make the 
same y satisfy both S od s, by taking the smaller of the two to 
which we are led in this argument. 


41. The Definite Integral of a Bounded Function. We now 
come to the definition of the definite integral of a bounded 
function f(x), given in an interval (a, 0). 

A bounded function f(a), given in the interval (a, b), is said 
to be integrable in that interval, when the lower bownd J of the 
sums S and the wpper bound I of the sums s of §39 are equal. 

The common value of these bounds I.and J is called the 
definite integral of f(a) between the imits a and b, and is written 


Ji) da. ; 


b 
It follows from the definition that | f(a)dx cannot be greater 


£27 


than the sum S or less than the sum s corresponding to any 


* The bound J of the sums S is usually called the upper integral of f(x) 
and the bound J of the sums s the lower integral. 


EFT F 
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mode of division of (a,b). These form approximations by excess 
and defect to the integral. 
We can replace the sums _~ 
S=M,(«,—a)+M,(a@,—2) +... +M,(b-2,-4), | 
s=mM,(a,—a)+m,(@—@,) +... +m, (b Uh ua ys 
by more general expressions, as follows: 
Let €&, &, -.. & -.. & be any values of # in the partial intervals 
(4,0), (Gy. Bs (pay, Hs» Cla: 0) Fespectiyely. 
The sum 


FE) — 4) + f(Es) (8 — Bs FF(En) (0 — ng) veers (1) 


obviously lies between the sums S and s for this mode of division, 

since we have m,=f(€,) = M, for each of the partial intervals. 
But, when the number of points of division (w,) increases in- 

definitely in such a way that all the partial intervals tend to 


: b 
zero, the sums S and s have a common limit, namely | F(x) de. 
Therefore the sum (1) has the same limit. ys 
Thus we have shown that, for an. integrable function /(«), 


the swm FE) — DAF (Ea) (Wy — By) +» $F (En)(O = @p_a) 
b 
has the definite integral | JT(x)da for its limit, when the nwmber 


of points of division (a,) increases indefinitely in such a way 
that all the partial intervals tend to zero, &, &, ... E, being any 
values of x in these partial intervals.* 

In particular, we may take a, 2, @, ... @,-15,01 ®1, Ly, +» Vay» 
for the values of &, &, .-. En- 


b, 


42. Necessary and Sufficient Conditions for Integrability. 
Any one of the following is a necessary and sufficient condition 
for the integrability of the bounded function f(x) given in the 
interval (a, b): 

I. When any positive number ¢ has been chosen, as small as 
we please, there shall be a positive number n such that S-s<e 
for every mode of division of (a,b) in which all the partial 
intervals are less than or equal to y. 


* We may substitute in the above, for /(&,), f(g), ... f(En), any values fy, Ma... Mn 
intermediate between (/,, m,), (M/s, Mo), ete., the upper and lower bounds of J (x) 
in the partial intervals, 
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We have S—s<e,as stated above. 
But pa and sai. 
Therefore J—I<e. 

And J must be equal to I. 


Thus the condition is sufficient. 

Further, if J=J/, the condition is satisfied. 

For, given e, by Darboux’s Theorem, there is a positive number 
y such that S—J < $e and I—s < de for every mode of division 
in which ail the partial intervals are less than or equal to ». 

But S—s=(S—J)+(1—s), since [=J. 

Therefore S—s<e. 


Il. When any positive number ¢ has been chosen, as small. as 
we (please, there shall be a mode of division of (a, b) such that 
S he < €. 

It has been proved in I. that this condition is sufficient. Also 
it is necessary. For we are given 2 =J, as f(«) is integrable, and 
we have shown that in this case there are any number of modes 
of division, such that S—s < e. 


Ill. Let w, o be any pair of positive numbers. There shall be a mode of 
division of (a, b) such that the sum of the lengths of the partial intervals in 
which the oscillation is greater than or equal to w shall be less than o-* 

This condition is sufficcent. For, having chosen the arbitrary positive 


number e¢, take 


Co and w 


€ ited 
~ 2(M—m) ~ 2(b=a)’ 
where J, m are the upper and lower bounds respectively of f(x) in (a, 6). 
Then there is a mode of division such that the sum of the lengths of the 
partial intervals in which the oscillation is greater than or equal to w 
shall be less than vo. Let the intervals (v,1, ¥,) in which the oscillation 
is greater than or equal tom be denoted by D,, and those in which it is 
less than w by d,, and let the oscillation (Jf,—m,) in (#1, v,) be denoted 
by o,. 
Then we have, for this mode of division, s 
S—s=Ddo,D,+2o,d, 


€ € 
es VM ai) Ba) om 


c c 
= 3 2 
ce 6, 


and, by I1., /(~) is integrable in (@, 6). 


* Cf, Pierpont, Theory of Functions of Real Variables, Vol. I., § 498. 
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Also the condition is necessary. For, by IL., if f(x) is integrable in (a, 6), 
there is a mode of division such that S—s << wo. Using D,,; d, as above, 
S-s= Do,D,. ote Dw,d, 


=a SOD; 

22D. 

Therefore wo > woDD,, 
and Diao: 


43. Integrable Functions. 

I. If f(x) is continuous in (a, b), it is integrable vn (a, 6). 

In the first place, we know that f(a) is bounded in the interval, 
since it is continuous in (4, b) [ef. §31]. 

Next, we know that, to the arbitrary positive number e, there 
corresponds a positive number 7 such that the oscillation of f(a) 
is less than e¢ in all partial inter vals less, than or equal to 7 
[ef. $31]. 

Now we wish to show that, given the arbitrary positive 
number e¢, there is a@ mode of division such that S—s<e 
[$42, II.]. Starting with the given e, we know that for e/(b—a) 
there is a positive number » such that the oscillation of f(x) is 
less than ¢/()—q) in all partial intervals less than or equal to 7. 

If we take a mode of division in which the partial intervals 
are less than or equal to this y, then for it we have 


€ 
S-s <(6-a) 5 5 
Therefore /(x) is integrable in (a, b). 
Il. If f(a) is monotonic in (a, b), it is integrable in (a, b). 
In the first place, we note that the function, being given in the 
closed interval (a, b), and being monotonic, is also bounded. We 
shall take the case of a monotonic increasing function, so that 


we have f(A) =f (0) =f Wann aa On re) 


for the mode of division given by 


b. 


Gy! Wy a, eae, 


Thus we have 
S=f(«,)(x,—a) +f'(a%_)(@y—2,) +. +f(b)(b— Xn) \ 
s=f(a) (%,—a)+f(x,)(w,—@,) ... +(@,-1)(6—%,_4)- 
Therefore, if all the partial intervals are less than or equal to y, 


S—sSL[f)-f(@)], 
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since S(%)—-f(a);  f(@2) =f (x4), «=. f(b) = fleas) 


are none of them negative. 


If we take n <A hw 


it follows that S—s<e. 


Thus f(x) is integrable in (a, 6). 

The same proof applies to a monotonic decreasing function. 

We have seen that a monotonic function, given in (a, b), can 
only have ordinary discontinuities, but these need not be finite in 
number (cf. $34). We are thus led to consider other cases in 
which a bounded function is integrable, when discontinuities 
of the function occur in the given interval. A simple test of 
integrability is contained in the following theorem : 


Ill. A bownded function is integrable in (a, b), when all its 
points of discontinuity um (a, b) can be enclosed in a finite 
number of intervals the swum of which rs less than any arbitrary 
positive number. 

Let ¢ be any positive number, as small as we please, and let 
the upper bound of | f(#)| in (a, 6) be A. 

By our hypothesis we can enclose all the points of discontinuity 
of f(x) in a finite number of intervals, the sum of which is 
less than ¢/4A. 

The part of S—s coming from these intervals is, at most, 2A 
multiplied by their sum. 

On the other hand, /(#) is continuous in all the remaining 
(closed) intervals. 

We can, therefore, break up this part of (a, 6) into a finite 
number of partial intervals such that the corresponding portion 
of S—s < he (cf. L.). 

Thus the combined mode of division for the whole of (a, b) 
is such that for it S-s<e. 

Hence /(a) is integrable in (a, 5). 

In particular, a bownded function, with only a finite number 
of discontinuities in (a, b), is vntegrable in this imterval. 

The discontinuities referred to in this theorem IIT. need not 
be ordinary discontinuities, but, as the function is bounded, they 
cannot be infinite discontinuities. 
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IV. If a bounded function is integrable in each of the parteal 
intervals (a, a), (a4, dy), «+» (dp, 0), it 18 integrable in the whole 
enterval (a, b). 

Since the function is integrable in each of these p inter- 
vals, there is a mode of division for each (¢.g. a,4, a,-), such 
that S—s for it is less than ¢/p, where ¢ is any given positive 
number. 

Then S—s for the combined mode of division of the whole 
interval (a, b) is less than e. 

Therefore the function is integrable. 

From the above results it is clear that 7f a bounded function 
is such that the interval (a,b) can be broken up into a finite 
number of open partial intervals, in each of which the function 
is monotonic or continuous, then it is integrable im (a, b). 


ue TE i the bounded funetion }(a) is wnteg oe un (a, b), then . 
| f(x)| is also integrable im (a, b). 

This follows at once, since S—s for | f(x)| is not greater than 
S—s for f(v) for the same mode of division. 


It may be remarked that the converse does not hold. 

Lg. let {(v)=1 for rational values of x in (0, ii 
and J(#)= —1 for irrational values of w in (0, 1). 

Then | /(w)| is integrable, but /(x) is not integrable, for it is obvious that 
the condition II. of $42 is not satisfied, as the oscillation is 2 in any 
interval, however small. 


44, If the bounded function f (x) is integrable in (a, b), there are an 
infinite number of points in any partial interval of (a, b) at which f(x) 
is continuous.* 


Let o,> > o; ... be an infinite sequence of positive numbers, such that 
Lt o,=0, 


n—>o0 

Let (a, 8) be any interval contained in (a, 6) such that a=a<B<b. 

Then, by § 42, ITI., there is a mode of division of (a, 6) such that the sum 
of the partial intervals in which the oscillation of f(a) is greater than or 
equal to w, is less than (8 —a). 

If we remove from (a, 6) these partial intervals, the remainder must cover 
at least part of (a, 8). We can thus choose within (a, 8) a new interval 
(a,, P;) such that (6;—a,)<}$(8—a) and the oscillation in (a,, B,) is less 
than @,. 

Proceeding in the same way, we obtain within (a,, 8;) a new interval 


* Cf. Pierpont, doc. cit., Vol. I., § 508. 
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(a2, 6) such that (8,—a,)<4(8,—a,) and the oscillation in (ag, Bo) is less 
than w,. And so on. 

Thus we find an infinite set of intervals 4,, dy, ..., each contained entirely : 
within the preceding, while the length of 4, tends to zero as n—>o,and the — 
oscillation of f(z) in A, also tends to zero. 

By the theorem of § 18, the set of intervals defines a point (e.g. c) which 


lies within all the oe 6 
Let ¢ be any positive number, as small as we please. 
Then we can choose in the sequence ©, ), ... a number o, less than e. 


Let A, be the corresponding interval (a,, 8,), and » a positive number 
smaller than (c—a,.) and (8,.—c). 
Then |f(7)-—f(e)|<e, when |w—c|=7n, 


and therefore we have shown that f(z) is continuous at ¢, 

Since this proof applies to any interval in (a, 6), the interval (a, 2) contains 
an infinite number of points at which f(x) is continuous, for any part of 
(a, 2), however small, contains a point of continuity. 


45. Some Properties of the Definite Integral. We shall now 


b 
establish some of the properties of | J(«) dx, the integrand being 
bounded in (a, b) and integrable. , *“ 


I. If f(a) is integrable in (a, b), it is also integrable in any 
interval (a, 8) contained in (a, b). 
- From $42, I. we know that to the arbitrary positive number e¢ 
there corresponds a positive number y such that the difference 
S—s<e for every mode of division of (a, b) in which all the 
partial intervals are less than or equal to ». 

We can choose a mode of division of this kind with (a, 8) as 
ends of partial intervals. 

Let >, o be the sums for the mode of division of (a, B) 
included in the above. 

Then we have 0=Y-—c=S—-s<e. 


Thus f(«) is integrable in (a, 8) [§ 42, IL]. 


Il. If the value of the integrable function f(a) is altered 
at a finite number of points of (a, 6), the function p(x) thus 
obtained is integrable in (a, b), ond its integral is the same as 
that of f(x). 

We can enclose the points to which reference is made in a 
finite number of intervals, the sum of which is less than ¢/4A, 
where ¢ is any given positive number, and A is the upper 


bound of | #(x)| in (a, 6). 
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The part of S—s for ¢(«), arising from these intervals, is at 
most 2A multiplied by their sum, 7.e. it is less than de. 

On the other hand, f(x) and $(), which is identical with /(«) 
in the parts of (a, b) which are left, are integrable in each of 
these parts. 

Thus we can obtain a mode of division for the whole of them 
which will contribute less than de to S—s, and, finally, we have 
a mode of division of (a, b) for which S—s <e. 

Therefore ¢(a) is integrable in (a, b). 

Further, | ee) da= \ (x) da. 

For we have seen in § 41 that | s@) da is the limit of 


P(E:)(@ — 4) + p(E2)(@.— 2) +... + P(E, )(0 - 2,4) 
when the intervals (a, x), (@,, 7); ... (@,-1,%)) tend to zero, and 
€,, &, --» &, are any values of « in these intervals. 


We may put /(), f(g), --» F(En) foro(&), o(&)s --» (En) in 
this sum, since in each interval there-are points at which ¢(@) 
and f(a) are equal. . 


In this way we obtain a sum of the form Lt =/(€,)(#,—2,_.), 
b 
which is identical with | J(x) da. 


III. It follows immediately from the definition of the integral, 
that if f(a) 1s integrable in (a, b), so also is Cf(x), where C is any 
constant. 

Again, if f(x) and f,(x) are integrable in (a, b), their swm is 
also integrable. ' 

For, let S,s; S's’; and &, o be the sums corresponding to the 
same mode of division for f,(v), f,(w) and f,(«)+/f,(@). 

Then it is clear that 

Y—¢ =(S—s)+(S8’—s’), 
and the result follows. 

Also it is easy to show that 


| cre) Bs» { eee 


and [ (Ae) +f,(x)}da= i Fi (aw) da+ ik Je(a) dex, 
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IV. Lhe product of two integrable functions f,(a), f(a) is 
integrable. 

To begin with, let the functions f(x), f,(a) be positive in (a, b). 

- Let M,,m,; M’,, m’,; M,,m, be the upper and lower bounds of 

F,(@), fo(w) and f,(x)f,(x) in the partial interval (x,_,, 7,). 

Let S,s; S’,s’ and >, a be the corresponding sums for a certain 
mode of division in which (x,_,, z,) is a partial interval. 

Then it is clear that 

M,.—m,= M,M’,.—m,m’,= M,(M',—m’,) +m (M,—™,). 


A fortiori, M,—m,= M(M’,—m’,)+ M(M,—™,), 
where M, M’ are the upper bounds of f,(«), f,() in (a, 6). 


Multiplying this inequality By (x,—,_,) and adding the corre- 

sponding results, we have 

Y—c=M(S’—s8’)+ M(S—s). 
It follows that X—o tends to zero, and the product of f(x), f,(a) 
is integrable in (a, b). 

If the two functions are not both positive throughout the 
interval, we can always add constants c, and c,, so that f,(~)+¢,, 
f,(©)+¢, remain positive in (a, 5). 

The product 

(F,(@) + &)(fo(@) + 2) =f (@)fo(@) + ey fa(@) + eof (@) + e164 
is then integrable. 

But ¢,f,(~)+ef,(@)+¢,¢, is integrable. 

It follows that f,(x)f,(«) is integrable. 

On combining these results, we see that of f,(@), f,(@) .-. fr(@) 
are integrable functions, every polynomial im 

Si(®),  fo(@) +» fn(@) 


is also an integrable function.* 

46. Properties of the Definite Integral (continucd). 
aN iF Man des -{" Hoe 

In the definition of the sums S and s, and of the definite 
integral Ir f(a) dx, we assumed that a@ was less than b. This 


restriction is, however, unnecessary, and will now be removed. 


* his result can be extended to any continuous function of the » functions 
(cf. Hobson, Joc. cit., p. 345]. 
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If a>}, we take as before the set of points 
; Oj D5 ing en ee, 
and we deal with the sums 
S= M, (a, —4)+ M,(a,—2,)+-..+M, (6-4)... 0) 
s=™M,(a,—-a)+ mM, (a7 —#,)+...+m,(b—2,,_,): 
The new sum S is equal in absolute value, but opposite in sign, 
to the sum obtained from 
Dye lees la xed sae 
The existence of the bounds of S and s in (1) follows, and the 
definite integral is defined as the common value of these bounds, 
when they have a common value. 
It is thus clear that, with this extension of the definition 


of $41, we have b a 
| f(a\de= -| F(a) oee,* 
a b 


a, b being any points of an interval in which*f() is bounded and 
integrable. 


wv. 


II. Let c be any point of an interval (a, b) in which f(z) 4 

bounded und integrable. — . 
b c b 

Then | ja)=| F(a) dn] F(x) de. 

Consider a mode of division of (a, b) which has not c for a 
point of section. If we now introduce ¢ as an additional point 
of section, the sum S is certainly not increased. 

But the sums S for (a, c) and (c, b), given by this mode of 

c b 
division, are respectively not less than | F(x) dx and | F(a) dx. 


Thus every mode of division of (a, b) gives a sum S not less than 


c vb 
| 7(n) dlo-+ | F(x) da. 
It follows that 


| 7) dia = e f(x) da+ i f(a) dea. 


But the modes of division of (a, c) and (ce, 6) together form a 
possible mode of division of (a,b). And we can obtain modes 

* The results proved in §§ 42-45 are also applicable, in some cases with slight 
verbal alterations, to the Definite Integral thus generalised. 
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of division of (a, c) and (ce, b), the sums for which differ from 
c b 
| (x) da and | I(x) da, respectively, by as little as we please. 


It follows that the sign of inequality in the above relation 
must be deleted, so that we have 


| | J ee [r@ dx + ( f(a) da. 


If ¢ lies on (a, 6) produced in either direction, it is easy to 
show, as above, that this result remains true, provided that f(z) 
is integrable in (a, ¢) in the one case, and (c, b) in the other. 


47. If f(x) =g(x), and both functions are integrable in (a, b), 
then \. rx) dx = E g (x) dx. 


Let (x) = f(x) —9(x) = 0. 


Then p(x) is integrable in (a, b), and obviously, from the 
sum s, 


b 
| g(a) dx =0. 
b 
Therefore | I (a) da— lh g(x) dx = 0. 
Corotiary I. Jf f(x) is integrable in (a, b), then 


[fey da| =I | fay ld 


We have seen in § 43 that if f(x) is integrable in (a, 6), so also 
is | f(x)|. 
And —|f@)|=f@)=|f@)|. 


The result follows from the above theorem. 


Corouuary II. Let f(a) be integrable and never negative 
in (a, b). If f(x) is continwous at ¢ vn (a, b) and f(e)>0, then 
: ’ 
| f(x) da>0. 
We have seen in § 44 that if f(x) is integrable in (a, b), it must 
have points of continuity in the interval. What is assumed here 
is that at one of these points of continuity /(«) is positive. 


Let this point ¢ be an internal point of the interval (a, 6), and 
not an end-point. ‘Then there is an interval (c’,c’), where 
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ax<e’<e<e’<b, such that f(w)>k for every point of (c, eh 


k being some positive number. 


Thus, since f(w) = 0 in (a, ¢’), \ f(a) da=0. 


And, since f(x)>k in (¢’, e”), " fla) da =k(e” —c')>09. 


og 


Adding these results, we have 


“f@) da >0. 


The changes in the argument when c is an end-point of (a, b) 
are slight. 


Also, since fle) =0 iy (e7, Dy [ Jia) dz=0. 


Corotuary Ill. Let f(x)=g(a), and both be integrable in 
(a, b). At a point c in (a, b), let f(x) and g(x) both be con- 


tinuous, and f(c)> gic). Then \ fle) der] 4 g(x) de. 
This follows at once from Corollary II. by writing 
p(@)=f(%)—g(@). . 

By the aid of the theorem proved in § 44, the following simpler result 
may be obtained : 

Tf f(x) > g(a), and both are integrable in{a,b), then 

"b *b 
if fw)de > |. g(w)de. 

For, if f(v) and g(«) are integrable in (a, 6), we know that /(v)—g(2) is 
integrable and has an infinite number of points of continuity in (a, 6). 

At any one of these pints /(v)—g(x) is positive, and the result follows 
from Corollary I. 

48. The First Theorem of Mean Value. Let ¢(~), W(x) be 
two bounded functions, integrable in (a, b), and let y(x) keep 
the same sign in this interval; e.g. let v(x) =0 in (a, 6). 

Also let MM, m be the upper and lower bounds of ¢(z) in (qa, 0). 

Then we have, in (a, b), 

m = (x)= M, 
and multiplying by the factor y-(«), which is not negative, 
inal () = (0) (ec) S Mp (w). 
It follows from.§ 47 that 


m ib wW(z) de-= \s (x) W(x) da = M \v (x) dee 


since #(«)y(~) is also integrable in (a, b). 
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‘ Es 
Therefore | (a) W(x) dx = af Wr (x) da 


where u« is some number satisfying the relation m= 4= WM. 

Tt is clear that the argument applies also to the case when 

‘ v(x) =0 in (a, 9). 

If #() is continuous in (a, b), we know that it takes the value 
« for some value of x in the interval (cf. § 31). 

We have thus established the important theorem : 

If p(x), W(x) are two bounded Functions, integrable in (a, b), 
p(x) being continuous and W(x) keeping the same sign in the 


interval, then ei 5 
[oO veeyar=9Of yey ae, 


where € is some definite value of win a=aSb. 

Further, 1f (7) is not continuous in (a, b), we replace $(E) 
by mu, where » satisfies the relation m=u=M, m, M being the 
bownds of (x) im (a, b). 

This is usually called the First Theorem of Mean Value.. 

As a particular case, when #(z) is continuous, 


| o@ da=(b—a) o(€), where a=€=b. 


Tt will be seen from the corollaries to the theorem in $47 that in certain 
cases we can replace a= §=b by a< &<b.* 

However, for most apcieatione of the theorem, the more general state- 
ment in ae text is sufficient. 


49. The Integral considered as a Function of its Upper Limit. 
Let f(z) be bounded and integrable in (a, 6), and let 


F(«)= | re) de, 
where w is any point in (q, b). 
Then if («+h) is also in the interval, 


wh { 
F(a+h)—F(«)= | J (a) de. 
Thus F(a+h) — F(x) = ph, 
where m= u= WM, the numbers M, m being the upper and lower 


bounds of f(«) in (7, w +h). 
It follows that. F(a) is a continuous function of x in (a, b). 


* Of, Pierpont, Joc. cit,, Vol. I., pp. 367-8. 
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Further, if /(@) is continuous in (a, 5), 
F(w+h)—F(a)=hf(é), where e=é=at+h. 
When / tends to zero, f(€) has the limit /(@). 
7 “a+h)—F(« 
e+ — FE) _ 49) 


ae 


Therefore 


Thus when f(x) is continuous in (a, b), is f(x) da is continuous. 
in (a, b), and has a differential coefficient for every value of x wn 
(a, b), this differential coefficient being equal to f(a). 

This is one of the most important theorems of the Calculus. 
It shows that every continuous function is the differential co- 
efficient of a continuous function, usually called its primitive, or 
indefinite integral. 

It also gives a means of evaluating definite integrals of con- 
tinuous functions. If /(@) is continuous in\(a, b) and 


F(“)= i: f(a) da, 
then we know that “ FQ) =f(x). Suppose that, by some means 


or other, we have eae a continuous function ¢(«) such that 
pe) =f(w). 


We must then have F(x) = ¢(x)+C, since é (F(x)—(«))=0 in 
da 
(4, oe v 
To determine the constant C, we use the fact that F(z) 
vanishes at «=a. 


Thus we have ‘ I(x) dx = (x) — $(a). 


= 


50. The Second Theorem of Mean Value. We now come to 
a theorem of which frequent use will be made. 


I. Let p(«) be monotonic, and therefore integrable, in (a, b) 


and let r(x) be bounded and integrable, and not change sign 
more than a finite number of times in (a, 6).7 


* Of. Hardy, loc. cit., p. 228. 


t This restriction on y(«) can be removed. For a proof in which the only 
condition imposed upon (wv) is that it is bounded and integrable in. (a, b), see 
Hobson, Joc. cit., p. 360, or Goursat, loc. cit., T. I., p. 182. 
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b é b 
Then | (x) yo (x) dx = (a) |v (x) du+ (6) [iv (x) dx, 


where € is some definite value of win a=aBb. 

For clearness we shall take ¢(x) monotonic increasing: in 
(a, b). The modifications in the proof for a monotonic decreasing 
function will be obvious. 

Since we assume that W(x) does not change sign more than a 
finite number of times in (a, b), we can take 


GeO; 


such that Y(~) keeps the same sign in the partial intervals 


CAO Diggin ne Oraa, 


(igs Oa) (Gis Be cng hG 5 /O.). 
Then \¢ (2) (ae) da = > | (0) We (@) dav. 
Now, by the First Theorem of Mean Value, 
[ ¢@vedesin)” ve) de, 


where (Op-3) = fr = O(Gr). 


JY 


Therefore iP p (a) (a) da = w,|F'(a,) — F(a,_.)], 


where we have written #'(x) = jv Vy (a) da. 
Thus we have 


| “p(a) (a) dee= Spel F(G)— Farah ve eee (1) 


. Since F(a)=0, we may add on the term (a) F(a), and rewrite 
(1) in the form: 


V4 (a) (a) dx =F (a)[p(4) — »] 
: +F(a,)[o4— ms] 


+F'(b) [un — p(?)] 
+F(b) p(0). 
The multipliers of F(a), F(a,), ... #(6) in all but the last line 
must be negative or zero. 
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We may therefore replace the sum of these (n+ 1) terms by 
M{[p (0) — #4) +[o— Mol +--- +L 0 (O)]I, 
ie, by Mp (a) — ()), 
where M is some definite number intermediate between the 
greatest and least of F(a), F(a,), ... F(a,-:), F(0), or coinciding 
with one or other. 
But, since Fo) =] ye) dx, we know that F(a) is continuous 
in (a, 5). ‘ 
Therefore M may be taken as F(£€), where € is some definite 
value of w in a=v=b (ef. § 31). 
It follows from (2) that 


[ $o Ve) de= FOL -9O]+ FO 40) 
= $l) FC) + 9 VFO - FO] 
= p(a)] velo) det g)] yee) ae, 


where € is some definite value of # in a=a=b. 
Thus the theorem stated above is proved. 


b 
We have seen in $45 that | J (x) de is unaltered if we change 


the value of f(x) at a finite number of points in (a, b). 

Now ¢(x) is monotonic in (a, b), and therefore ¢(a+0), ¢(b—9) 
exist. Also we may give ¢(x) these values at v=a and w=), 
respectively, without Altering its monotonic character or changing 


b 
| p(x) vy (w) dex. 
We thus* obtain the result: 


Il. Let p(x) be monotonic, and therefore integrable, in (a, b) 
and let yy (a) be bounded and integrable, and not change its sign 
more than a finite number of times in (a, b). 

Then 


\ (w) W(x) da = o(a+ oy (x) dx+ o(b— 0) v (x) da, 


where € 18 some definite value of « in a=x=b. 


*This and the other theorems which follow could be obtained at once by 
making suitable changes in the terms $(a) and ¢(b) on the right-hand side of (2). 
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Also it is clear that we could in the same way replace ¢(a+0) 
and $(b—0), respectively, by any numbers A and B, provided 
that A = @(a@+0) and B= ¢(b—0) in the case of the monotonic 
increasing function; and 4 =¢(a+0), B= ¢(b—0) in the case 
of the monotonic decreasing function. 

We thus obtain, with the same limitation on (a) and W(a) 
as before, 


III. |e (a) y-(x) da= A fv (x) da+ BY wa) da, 


where A=¢(a+0) and B=¢4(b—9), tf $(w) is monotonic in- 
creasing, and A=—¢(a+0), B=¢g(b—0), if o(x) is monotonic 
decreasing, € being some definite value of x in a=a=b. 

The value of € in L, IL., ITI. need not, of course, be the same, 
and in ITI. it will depend on the values chosen for A and B. 

Finally, as in III., we may take A=0 and B=¢(b), when 
(x) =90 and is monotonic increasing vn (a, b). 

Thus, with the same limitations on w(x) as before, when 
(x) =0 and is monotonic increasing in (a, b), we have 


VW. eG) ye) de=6@] ve) ae, 


where E 1s some definite value of x in a=a=b. 

Again, when $(x) =0 and 1s monotonic decreasing in (a, b), we 
may take A=¢(a) and B=0, obtaining in this way, with the 
same limitations on yy(a) as before, 


b é 
v. [ $e) ¥@) de= (a) | (ode 


where € is some definite value of «© in a=a“x=b. 

Theorems IV. and V. are the earliest form of the Second 
Theorem of Mean Value, and are due to Bonnet,* by whom they 
were employed in the discussion of the Theory of Fourier’s 
Series. The other Theorems I., II., III. can be deduced from 
Bonnet’s results: 

Theorem I. was given by Weierstrass in his lectures and Du 
Bois-Reymond,t independently of Bonnet. 

Theorem II. is the form in which we shall most frequently 
use the Second Theorem of Mean Value. 


* Bruxelles, Mém. cour. Acad. roy., 23, p. 8, 1850 ; also J. Math., Paris, 14 
p. 249, 1849. 
+J. Math., Berlin, 69, p. 81, 1869; and 79, p. 42, 1875. 
Gein G 
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INFINITE INTEGRALS. INTEGRAND BOUNDED, 
INTERVAL INFINITE. 


6 
51. In the definition of the ordinary integral | J (x) de, and 


in the preceding sections of this chapter, we have supposed 
that the integrand is bounded in the interval of integration 
which extends from one given point « to another given point 0. 
We proceed to extend this definition so as to include cases in which 
(i) the interval increases without limit, 
(ii) the integrand has a finite number of infinite discontinuities.* 


I. Integrals to +00. | f(x) dx. 


Let f(x) be bounded and integrable in the interval (a, b), 
where a is fixed and b is any number greater than a. We 


define the integral | 


ewists.t ; 


iva) 


F(a) dx as Lt i. F(z) das when this limit 
t %—>o a 


We speak of i. 7} (@) dz in this case as an infinite integral, and say that it 
converges. : 


On the other hand, when | T(x) dx tends to o as wo, we say that the 
infinite integral [ f(«@)de diverges to 2», and there is a similar defini- 


tion of divergence to — of / F(x) de. 


-. : ~ dat 

Ex. 1. | e-* det=1; | ~=2, 
0 1: 

For | e“da= Lt | emar—= Lil —e*)=1, 
0 rw J) r—>0 
ron y 

an | oO ns it ee 2(1-)=2 
12 7 r—> 20 1 “ve L—> K x? 

Ex. 2. ' Pe Ting cant ces ° ax = 
uf dg= co % iat 

For | edxr= bir [et de= Lt (e*"—1)=0. 
J0 20. v0 Eos 


“For the definition of the term “infinite discontinuities,” see § 33. 
tIt is more convenient to use this'notation, but, if the presence of the 
variable x in the integrand offers difficulty, we may replace these integrals 


by / (Qa and Lt [ro ae 


> wo, 
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And wee dae : 
Ie ~ BEL Sem Lt 2We-1)=e, 
Similarly [log Ldv= — 2; ieee 
j J2 le 


These integrals diverge to o or —o, as the case may be. 
Finally, when none of these alternatives occur, we say that the infinite 


integral (e /(w) dx oscillates finitely or infinitely, as in $$ 16 and 25. 


Ex. 3. if sin # dz oscillates finitely. 


i xsin x da oscillates infinitely. 
*b 
II. Integrals to —o. | f(x) dx. 


When f(x) 1s bounded and integrable in the interval (a, b), 
where b is fiwed and « is any number less than b, we define the 


; 6 b 
integral | T(x) dx as Lt | T(x) da, when this limit exists. 


b 4 3 
We speak of [ f(@)dz as an infinite integral, and say that it converges. 


b 
The cases in which | f(z) daz is said to diverge to © or to —, or to 


oscillate finitely or infinitely, are treated as before. 
a fet, ataepae 
Ex. 2. [ e“dzx diverges to a. 
i sinh «da diverges to —@. 
Dp sin «dz oscillates finitely. 
[ asin wdv oscillates infinitely: 
III. Integrals: from -.0 too. ie JS (x) dx. 
If the infinite integrals \ ‘ J (2) da and \f (x)da are both 


convergent, we say that the infinite vnte grat | f(x) dx vs con- 
vergent and is equal to therr swm. 


Since iF f(x)da= | f(x) da+ [fo de, a<a<a, 


Tinn, nt t Woe ed oS eae 
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it follows that, if one of the two integrals | F(x) dx or | I(x) da 
converges, the other does. 3 ye 


Also fe f (2%) de= ie I (@) da+ iC f(x) de. 
Similarly, ‘e I (2) dx= \ I (x) da+ is: (x) du, xw<a<a, 


and, if one of the two integrals \ J (a) dx or | J (a) da 
converges, the other does. a “- 


Also " Te) da= |" Sey de+ |. F(a) de. 
Thus ie fe) det | iol des [_ferdes | fe) de, 


and the value of ie f(x) de is independentof the point a used 


in the definition. 


a i a [ ae doe e* div. 

52. A necessary and sufficient condition for the convergence 
of | f(x) dx. 

Let | F(«) x | F(a) de. 


S. 

The conditions under which F'(«) shall have a limit as woo 
have been discussed in §§ 27 and 29. In the ease of the infinite 
integral we are thus able to say that: 


he integral | J (x) dz ws convergent and has the value I, 


a 
when, any positive number ¢ having been chosen, as small as we 
please, there is a positive number X such that 


~ | f(x) da 
And further : 


II. A necessary and sufficient condition for the convergence 


<e, provided that «JX. 


of the integral | I(x) da is that, when any positive number e 
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has been chosen, as small as we please, there shall be a positive 


number X such that se! 
[fo de <e 


for all values of x’, x” for which a >a! =X. 


fo 2) 


We have seen in § 51 that if | J (x) dx converges, then 


| ea da = | f(a) do-+| OM area 
It follows from I. that, if | J («) de converges, to the arbitrary 


positive number e¢ there corresponds a positive number Y such 


that | i fla) de 


Also, if this condition is satisfied, the integral converges. 
These results, and the others which follow, can ‘be extended 
immediately to the infinite integral 


ik fe) ca 


<e, when «=J7. 


53. | f(x)dx. Integrand Positive. If the integrand f(z) is 
positive when «>a, it is clear that ie }(«) da is a monotonic in- 
creasing function of x Thus | }(«) da must either converge or 
diverge to 0. “4 : 


I. It will converge if there is a positive number A such that 
f f(a) da<A when «>a, and wn this case | f(e)daZ. 


Tt will diverge to © if there is no such number. 
These statements follow from the properties of monotonic 


functions (§ 34). 
Further, there is an important “comparison test” for the con- 
vergence of integrals when the integrand is positive. 


Il. Let f(x), g(x) be two functions which are positive, 
bounded and integrable in the arbitrary interval (a, b). Also 


let g(a) =f(x) when cZa. Then, if | f(x) da ws convergent, it 
2 a n 


follows that | g(x) dx is convergent, and | g(a) dn =| I(x) dex. 
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For from § 47 we know that 
Jae) das |" f(x) dx, when a#>a. 
Therefore [s g(a) da< ii f(a) da. 


Then, from ist g(a) n= | f(a) da. 


AD 


IT. ff g(a) Z f(x), and | J (x) dx diverges, so also does 


| g(a) da." 


This follows at once, since | a) d=] f(a) dx. 


ao 
x 
One of the most useful integrals for comparison is | a where - 
a 


a> 0. 


Weh i cae 1 1-n 1-n : 
e have ere hea —ai-™}, when n=l, 
= alee : 
and | Ps log w«—loga, when n=1. 
a 


And, when n=1, Lt 


va} 

: da 

1.0. | diverges. 
eee 


* Since the relative behaviour of the positive integrands f(x) and g(x) matters 
fo) 
only as w+, these conditions may be expressed in terms of limits : 
200 


When g(a)//(a) has a limit as ao, | g(x) dv converges, if [ Fee) dx converges. 
JG Ja 


ae) 
When 9(%)//(x) has a limit, not zero, or diverges, as a—>o , | g(a) dx diverges, 
Ja 


it [ J (x) dx diverges. 
a 
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dx ; 1 i 
Ex. t. Is 7 Fae converges, since Sey <p when z=a>0. 
1 1 
FED a RCS since We) > 2 when v2. 
sin’ Cael 


Zon 
se 
3. ps ” da conver ges, since —— =p when v=a>0. 


54. Absolute Convergence. The integral | I(x) dx is said to 
be absolutely convergent when f(x) is bownded and integrable in 


the arbitrary interval (a, b), and fF | f(x) | da is convergent. 


Since [re dx es a) da, forse” Sa Sa 
ze (cf. §47, Cor. I.), 


it follows from § 52, II. that if | | f(x) | dw converges, so also does 


| F(a) da. 
But the converse is not true. An infinite wntegral of this 
type may converge, and yet not converge absolutely. 
For example, consider the integral 
| sin@ 7. 
Cie ee 
The Second Theorem of Mean Value ($50) shows that this 
integral converges. 
For we have 
rr is pl 
ie ee =4{ sin «da+ a sin x da, 
wv w Jz! vw Jé 
where 0 uw S£=a". 
But 


| & ; | Pld é 
| sin w da | and ii sin « dx 
lJé 


a’ 


are each less than or equal to 2 


| aM 1 uw | = 1 
Therefore if ee ie: |=2{2 ae 7 
AY aw 


— 


Thus 


Ce ces when #’ >a =X, 


a! 


provided that pe = 
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Therefore | = dx converges, and we shall find in § 88 that 
0 ‘ 2 


its value is $7. 
But the integral {. a dx diverges. 


To prove this, it is only necessary to consider the integral 


i" sine | 1, 
Sri ahina| d 


0 x 


where 7 is any positive integer. 


3 nT | ot np a (tr sin a 
We have | ot da= >) | psu da. 
0 


oY (v-1)r aw 
But iS is da = if pee dy, 
Ms (r-l)r fc Irt+y : 


on putting «=(r—1)r+y. 


~*~ 


Thevetore | = [sin a| da> S ie sin y dy 
0 


(V-l)r & 
‘ne 2 
Pa ‘ 

nr y 1 
Thus | Bue = 

or 

But the series on the right hand diverges to 2 as n—>20. 
Therefore it Sa 00 
m—>o J0 ve 


But when «> 7, 
“l sin @ nr | sin wx | 
Flaine aes ising a 
0 aw wv 


0 


Zlanm 
Therefore Lt | eee es wal 
w—>n J0 x 
_— When infinite integrals of this type converge, but do not con- 
sx | verge absolutely, the convergence must be due to changes of sign 


a 


2 An the integrand as x—>00. 


55. The u-Test for the Convergence of | f(x) dx. 


I. Let f(x) be bounded and integrable in the arbitrary interval 
(a, b) wherea>0. If there is a nwmber wu greater than 1 such 
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that xf(x) ws bounded when wZa, then (x) dw. converges 
absolutely. “i 


Here |a*f(x)|<cA, where A is some definite positive number 
and «=a. 


Thus fe <4. 
* 


But we know that | ae converges. 
g ot = 
It follows that | | f(a) | dw converges. 


Therefore | J (x) da converges, and the convergence is absolute. 


Ii. Let f(x) be bownded and integrable in the arbitrary 
interval (a,b), where a>0. If there is a number mu less than 
or equal to 1 such that x*f(x) has a positive lower bownd 


when «=a, then | I(x) da diverges top 2. 
a - 
Here we have, as before, 


af (x)= A>0, when x=a. 


It follows that — J (@). 
But I, . diverges to «© when yu =1. 


It follows that | J (x) dx diverges to ~. 


Ill. Let f(x) be bounded and integrable in the arbitrary 
interval (a,b), wherea>0. If there 1s a nwmber yu less than or 
equal to 1 such that af(w) has a negative wpper bownd 


when z= a, then | I(x) da diverges to —x%. 


This follows from II., for in this case 


— x" f(c) 
must have a positive lower bound when «=a. 


But, if Lt (wf(x)) exists, it follows that wf(x) is bounded in 


%=a; also, by properly choosing the positive number X, w/(«) 
will either have a positive lower bound, when this limit is 
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positive, or a negative upper bound, when this limit is negative 
provided that «=X. 

Thus, from I.-III., the following theorem can be immediately 
deduced : 

Let f(a) be bounded and integrable in the arbitrary interval 
(a, b), where a>9. 

If there is a number mw greater than 1 such that Lt (xf(2)) 


Ltn 


exists, then | J (x) de converges. 
If there 1s a number mw less than or equal to 1 such 
that Lt (af(x)) exists and is not zero, then | J (x) dx diverges ; 
“Ln a 
and the same is true if a*f(x) diverges to +0, or to —~, as 
C2. 
We shall make very frequent use of this test, and refer to 
it as the “w-test.” It is clear that we are simply compar- 
ing the integral iP f(x) dx with the integral \. ~ and deducing 


the convergence or divergence of the former from that of the 
latter. 


a 
Ex. l. ik wr Ce converges, since bt t (28 (tae 2p = i 


A n p x a) 
a area da nS since os (« xara) 
2 3 1 
4. a : ed 
3. ie res ,dx diverges, since ut (« Xppa) 
It should be noticed that the theorems of this section do not apply 


to the integral i ce 
J0 


56. Further Tests for the Convergence of | f(x) dx. 
I. Lf p(x) is bounded when w=a, and integrable in the 
arbitrary interval (a, b), and | Wr (w) da converges absolutely, 


then | p(x) yy (a) dx is absolutely convergent. 


rl M Ld . . e,e 
For we have |¢(«)|< A, where A is some definite positive 
number and #=a. 


THE DEFINITE INTEGRAL 107 


Also [| g@)| weeylde<al |e) / ae, 
when 2“ >2’>a. 


Since we are given that | v(x) dz converges, the result 
follows. 


sin x 5 COS & 
Ex, 1. = Gira <a a ee ain © dln converge absolutely, when » and a are 


positive. 


2) 
2. / e~* cos ba dx converges absolutely, when a is positive. 


dz converges absolutely. 


COS MV 
3. ig . 
0 +x? 


Il. Let (a) be monotonic and bownded when w=a. Let w(x) 


be bounded and integrable in the arbitrary interval (a, b), 
and not change sign more than a finite number of times in the 


interval. Also let |. W(x) dx converge. 


¥ 


Then [ ot (x) W(x) dx converges. 


This follows from the Second Theorem of Mean Value, since 


J oe) whe) de= ple)’ ye ) dat o(a )) Wy(a) dx 


where <i” =£=2". 

But | ¢(a’)| and | $(x”)| are each less than some definite positive 
number A. 

Also we can choose X so that 


| and if via) de| 
& 


are each less than ¢/2A, when x” >a’ =X, and e¢ is any given 
_ positive number, as small as we please. 
It follows that 


[ ovo de|<e when 2’ >w= 


and the given integral converges. 
ieee 
sin v 
Bx. 1. [ Rare dx converges. 


” dx conver ges when a>0. 


2, ie (-)% 


Ill. Let (x) be monotonic and bownded when w=a, and 5 
Lt $(x)=0. 

Let \y(x) be bounded and integrable in the arbitrary interval 
(a, b), and not change sign more than wa finite number of tumes 


im the interval. Also let \ V(x) da be bounded when «>a. 
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Then | (x) v(x) da vs convergent. 
As above, in IT., we know that 


Fe) a) r= ote) ye) det (a? a) dy 


where aca’ = £50” 


But lez daw|<A, when «>a, where. A is some definite 


positive number. 


And | [ ve@ ds = i W(a) del |f ye de 


< 2A. 
Similarly rE Vr (x) da | Sg 2A, 
é 
Also Lt (x)= 
‘ : to 


Therefore, if ¢ is any positive number, as small as we please, 
there will be a positive number X such that 


| p(z) | 70 when w= JX. 
It follows that 
io (a) dhe| < when a’ >a’=X, 
and . p(x) v-(a) dx converges. 
Ex, 1, aay de, [28 5” de converge when » and a ate positive. 


2) 


2 x —" sin wda converges. 
1 1+? 
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The Mean Value Theorems for the Infinite Integral. 
57. The First Theorem of Mean Value. 


Let (x) be bounded when xa, and integrable in the arbitrary interval 


(a, 6). 


Let W(x) keep the same sign in wa, and | W(x) dx converge. 


Then [ $e) vear=p[ Horas, 


where mE=n=M, the upper and lower bounds of d(x) in r=a being M 
and m. 

We have m = (”)=M, when ra, 
and, if y(7)=0, 


m¥(0) Eo(o) va) SUY(). 
Therefore m| W (a) da i d(x) (a) de = ah W(w) daz, when va. 


But, by § 56, L., | d(x) (wv) dx converges, and we are given that 
[ Wr(w) dx converges. 


Thus we have from these inequalities 
m| vodes| p(x) paydr=M| Y(x)de. 
In other words, i $(2) ¥ (2) daz=p : (ax) dx, 


where m= pw=UM. 
58. The Second Theorem of Mean Value. 
Lemma. Let ‘i f(x) da be a convergent integral, and F(x) = / Fajdn( ea). 


Then F(x) is continuous when «=a, and bounded in the interval (a, ©). Also 
it takes at least once in that interval every value between its upper and lower 
bounds, these being included. 

The continuity of /(x) follows from the equation 


atl 
F(e@+h)- F(a)= - (E Hw) de. 


Further, Lt #2) exists and is zero. 
L—> 7 
Tt follows from § 32 that (x) is bounded in the interval (a, © ), as defined 


in that section, and, if M, m are its upper and lower bounds, it takes at least 
once in (a, ©) the values M and m and every value between J/, m. 

Let (x) be bounded and monotonic when «=a. 

Let W(x) be bounded and integrable in the arbitrary interval (a, b), and not 
change sign more than a finite number of times in the interval. Also let 


| (a) dx converge. 


io 7 .  ee, 
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Then \ b(v) (a) dv=p(a+0) i v(x) du + d(@ if W(x) da, 


where aSf=o0.* 
Suppose (a) to be monotonic increasing. 
We apply the Second Theorem of lens Value to the arbitrary interval 


(a, 6). 


Then we have 
é b 
\. h(x) (2) dx= (a+ of W(a) da+(b—-0) |. W(x) da, 
where a=€=b. " 
Add to both sides B=(« |, W(2) da, 


observing that (2 ) exists, since (x) is monotonic increasing in z=a and 
does not exceed some definite number (§ 34). 


Also Lt B=0 and | (x) ¥(«) dx converges [§ 56, IT.]. 
a 


b—>w 


.* 


b 
Then B +| h(x) W(x) da 
5 b 
=(a+ of. (x) dx+ P(b = of. (a) da+ p(ao |. W(x) da 


= Haro) | yonar—| ye) ae 460-0 [vee de—| Year| 


+o(e)] Yeorae 
=$(at of ve) da 04 Fd el (1) 
whore Paha 0ye oe on] veo Ton 
and V=th(o)- 0-0] Ya) de. 


ao 
Now we know from the above Lemma that | ¥ (x) dw is bounded in (a, « ). 


Let M/, m be its upper and lower bounds. 


Then m =| Y (@) da M. 
& 


and = |, W(a) dvs M. 


Therefore {$(b—0)— (a+0)}mS UZ {h(b-0)- p(a+O0M, 
{$(0) —b(b-0)} mS VS{h(@)- g(b—O)} M 


*Cf. Pierpont, doc. cit., Vol. I., § 654. 
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Adding these, we see that 

ip(e )— $(a+0)}m = Ut VE{o(w~)—- ge 0)j AL. 
Therefore U+V=p{p(o)—(a+0)}, where mpm. 
Insert this value for U+ V in (1), and proceed to the limit when J>o. 


Then | SO) YO) de= Hat] Yooydetut(e)-H6a+0}, 
a a 2 
where p’= Lt p. 
b—>a 
This limit must exist, since the other terms in (1) have limits when b>o. 


Also, since We tea Me 


it follows that OTT E, 


But | v(x) dx takes the value p’ at least once in the interval (a, « ). 


Thus we may put y={ Y(x2)dx, wherrea=f=o. 
# 
Therefore we have finally 
oO é nD 
[sor de=pla+0)|" Ye) des He )| He) adr, 
a 


where a= Soa. rag 
It is clear that we might have used the other forms I. and ITI., $ 50, of the 
Second Theorem of Mean Value and obtained corresponding results. 


INFINITE INTEGRALS. INTEGRAND INFINITE. 


b 
59. | f(x) dx. In the preceding sections we have dealt with 
the infinite integrals ie fia) da, Ik f(«) dx and fu f(x) dw, when 


the integrand f(a) is bounded in any arbitrary aera, however 
large. 

A further extension of the definition of the integral is required 
so as to include the case in which f(x) has a finite number of 
intinite discontinuities (cf. §33) in the interval of integration. 

First we take the case when a is the only point of infinite 
discontinuity in (a, b). The integrand f(x) is supposed bounded 
and integrable in the arbitrary interval (a4+€ 6), where 


a<atéE<b. 
b 
On this understanding, if the integral | f(x) dx has a limit as 
a+é 


b b 
E>0, we define the infinite integral | I(x) dex as Lt | F(x) da. 
4 a+ 


é—>0 
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Similarly, when the point b is the only point of infinite dis- 
continwity in (a, b), and f(a) 1s bounded and integrable in the 
arbitrary interval (a, b—€), where a<cb—E<b, we define the wm- 


b ba£ 
Jinite integral | I (a) da as Lt | I(x) da, when this lumat ewrsts. 
a &—>0/ a4 
Again, when a and b are both points of infinite discontinuity, | 


b 
we define the infinite integral | J(v) da as the sum of the 


c b 
infimte integrals | f(x) da and | F(x) da, when these integrals 


exrst, as defined above, c being a point between a and b. 
This definition is independent of the position of c between 
a and b, since we have 


ffleyde=[' fay de | Ae ae, 


where a<ie’<e (ef. § 51, IIL). 

Finally, let there be a ne number of pers of infinite dis- 
continuity in the interval (a,b). Let these points be w,, a, ...@,; 
where A= a,<my, ... <<a, =b. We define the infinite integral 


b 
| F(a) da by the equation 


ic eda= ‘ fla) de-+|" Wovens a +f" fe)de, 


when the integrals on the fonehaee exist, according to the 
definitions just giveh. 

It should be noticed that with this definition there are only to 
be a finite number of points of infinite discontinuity, and f(a) is 
to be bounded in any partial interval of (a, 6), which has not one 
of these points as an internal point or an end-point. 

This definition was extended by Du Bois-Reymond, Dini and Harnack to 
certain cases in which the integrand has an infinite number of points of 
infinite discontinuity, but the case given in the text is amply sufficient for 
our purpose. The modern treatment of the integral, due chiefly to Lebesgue,* 
has rendered further generalisation of Riemann’s discussion chiefly of 
historical interest. 

It is convenient to speak of the infinite integrals of this and 
the succeeding section as convergent, as we did when one or other 


* Cf. footnote, p. 77. 


THE DEFINITE INTEGRAL 113 


of the limits of integration was infinite, and the terms divergent 
and oscillatory are employed as before. 


Some writers use the term proper integral for the ordinary integral 
I, f(z) dx, when f(x) is bounded and integrable in the interval (a, 6), and 


improper integral for the case when it has points of infinite discontinuity in 
(a, 6), reserving the term infinite integral for 


|. (x) dx, ic fle) dx or ie Oto 


French mathematicians refer to both as intégrales généralisées ; Germans 
refer to both as wneigentliche Integrale, to distinguish them from eigentliche 
Integrale or ordinary integrals. 


60. | te dx. ac dx. | = £8) dx. 


Let f(x) have infinite discontinuities at a finite number of points 
in any interval, however large. 
For example, let there be infinite discontinuities only at 


#1, €,... &, in =a, f(a“) being beunded in any interval (c, b), 


where c>2Z;p. 
Let Dea W < Wg sg sae <0, <0, 
Then we have, as above (§ 59), 


b ay rg ¢ b 

i fla)dn=\" Hovde) I(x) da+ wtf He) de+) F(x) da, 
where @7,<c<b, Se aa that the integrals on the right-hand 
side exist. 

It will be noticed that the last integral | J(#) de is an ordinary 
integral, f(a) being bounded and integrable in (c, 0). 

If the wntegral | J (x) dx also converges, we define the infinite 
integral | I(x) da by the equation : 


[ Fede i fla) de+|" fir) dea ea \ f(a) de+|- fhe ee 


It is clear that this definition is independent of the position 
of c, since we have 


\ fn)do-+| foyde= | 
where @<.¢ <e 


Cc. 1 H 


fa) )de+| FCs) da, 
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Also we may write the above in the form 
| Fakes ie fla) d+ | Paes +] Wee, 


The verbal alterations required in the definition of | f(a) da 


—-D 


are obvious, and we define | f(x) dz, as before, as the sum of 


J (av) dx and | I (@)- 
It is easy to show that this definition is independent of the 
position of the point a. 


the integrals | 


-o 


b 
61. Tests for Convergence of | f(x) dx. It is clear that we 


need only discuss the case when there is a point of infinite dis- 
continuity at an end of the interval of integration. 
If «=a is the only point of infinite discontinuity, we have 


| re) di= Ane [a K(x) dx, 


when this limit exists. ‘ 
It follows at once, from the definition, that: 


b 
I, The integral | F(a) dx is convergent and has the value I 


when, any positive number ¢ having been chosen, as small as we 
please, there is a ea number n such that 


-\ fe) da 


And further : 
Il. A necessary and sufficient condition for the convergence 


<e, provided that 0<€=n. 


b ‘ 
of the integral | F(x) dx is that, if any positive nwmber e has 


been chosen, as small as we please, there shall be a positive 
nunber y such that 


rake 
iI F(a) da|<e, when 0<é"< f=, 
a+-&" 


b 
Also, if this infinite integral ‘E J(«) de converges, we have 


| fe) dw=|) F(@) det) f(a)dx, a<a<b. 
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b 
It follows from I. that, if | f(x) da converges, to the arbitrary 


positive number e, there corresponds a positive number y such that 
i) F(x) dex | <e, when 0<(a—a) =», 


: 
Absolute Convergence. The infinite integral | J (x) dx is said 


a 


to be absolutely convergent, if f(x) is bounded and integrable 
in the arbitrary interval (a+€, b), where 0<é<b—a, and 


\ | f(x) | da converges. 


It follows from II. that absolute convergence carries with it 
ordinary convergence. But the converse is not true. An infinite 
integral of this kind may converge, but not converge absolutely,* 
as the following example shows. 


An example of such an integral is suggested at once by § 54. 


la > 
It is clear that | Sie 
0 x a 
converges, but not absolutely, for this integral is reduced to 
r% 7 yr 
| sin @ ie 
UE ee 
by substituting 1/¢ for 2. 
da 


b 
Again, it is clear that [. @—a)* converges, if 0<n<l. 


For we have 
dz 1 
ee Se ae ee s se 1-n _ é1-n 
ony La ((0— a) Oc: 
| dz _(b—a)i- 


aig(v—a)"  1l—n 


Therefore Lt 


§—0 
Also the integral diverges when n = 1. 
From this wé obtain results which correspond to those 
of § 55. 
Ill. Let f(a) be bownded and integrable in the arbitrary 
interval (a+&, b), where 0<E<b—a. If there is a nwmber p. 
between 0 and 1 such that (2—a)"f(ax) is bounded when a<a=b 


, when 0<n<l. 


b 
then | F(«) dx converges absolutely. 


* Cf. § 43, V.; §47, Cor. I.; and § 54, 
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Again, ° , 

IV. Let f(a) be bounded and integrable in the arbitrary 
interval (a+€, b), where 0<é<b—a. If there is a number 
uw greater than or equal to 1 such that (w—a)*f(w) has a 
positive lower bound when a<aw=b, or a negative wpper 

6 
bound, then | f(a) da diverges to +0 in the first case, and to 


—« an the second case. 
And finally, 


V. Let f(x) be bounded and integrable in the arbitrary interval 
(a+&, b), where 0<E<b—u. 


If there is a number pu between 0 and 1 such that Lt («7 —a)“f(«) 
b : z—>a+0 
exists, then | }(x) dx converges absolutely. 


a 
If there is a nwmber we greater than or equal to 1 such that 


‘ f b 
Lt (w—a)+f(x) exists and is not zero, then | F(a) da diverges; 
2—>a-+0 , e 
and the same is true if (c—a)"f(%) tends to +, or to —», as 
r—>a+0. : 


We shall speak of this test as the u-test for the infinite integral _ 
b 
| f(v) dx, when «=a is a point of infinite discontinuity. It is 


clear that in applying this test we are simply asking ourselves 
the order of the infinity that occurs in the integrand. 

The results can be readily adapted to the case when the upper 
limit b is a point of infinite discontinuity. 

Also, it is easy to show that 


VI. Lf (x) ws bownded and integrable in (a, b), and 
b b 
| vy(w) dw converges absolutely, then | (x) W(x) dx is absolutely 


convergent. (Cf. § 56, I.) 

The tests given in III.-VI. will cover most of the cases which 
we shall meet. But it would not be difficult to develop in detail 
the results which correspond to the other tests obtained for the - 


convergence of the infinite integral | F(a) da. 
a b 
No special discussion is required for the integral | fix) da, 


when a certain number of points of infinite discontinuity occur 
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wal 


in (a, b), or for | fe) da, \ J (x) dex, and | f(x) dx, as defined 


in $60. These integrals all reduce to the sum of integrals of 
tie types for which we have already obtained the Saeed 
criteria, 

We add some ee illustrating the points to which we 
have referred. 


Ex. 1. Prove that \ oe 5 Ata) Je converges and that [. Pees oe ges. 
i) Let eee 
(i) Le HO ray eee 
Then ys NEaACO ae 
The p-test thus establishes the convergence of i ESF ay 
(ii) Let Oban 
Then Lt #f(x)=1. 
x—>0 


Therefore the integral diverges by the same test. 


See “daw conver ges, when 0<n <1. 


Ex. 2. Prove that fe 
The integral is an ordinary finite integral if n —0. 
Also Lt an( S02) = 

xr—>0 a 


Therefore the integral converges when O<u<l. It diverges when 
1. 


converges. 


sf 
Ex. 3. Prove that / ee 


The integrand has infinities at =0 and w=1. 
We have thus to examine the convergence of the two infinite integrals 


(te da [ du 
o Jia —ayy Ja fed —ax)!’ 
where @ is some number between 0 and 1. 
The p-test is sufficient in each case. 


feelin is Cee 
I oO Ved —«)} converges, since it {av f(a} = 

1 

eie Sd since it (=2) fe *))=1, 


1 
> Pitt a Gs) ee nnn aso: 
where we have written /(7) Jie —a)} 
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dr 
Ex. 4, Show that | log sin v dx converges and is equal to — $7 log 2. 
0 


The only infinity is at 7=0, and the convergence of the integral follows 
from the p-test. 
Further, 


7 hn [ 
i log sin ede=2[ log sin 2a dw J 
0 
am ram oe 
=F te aaa, logsin.edr+2 log cos vw da 
am 
Es, log sin w dx. 
0 


ms 


1 
2m ’ 
But | log sin a dx=2 [ log sin wv da. 
0 /0 


we 


Therefore [ log sin x dx= — $7 log 2. 


From this result it is easy to show that the convergent integrals 


“1 F a * 
| log(1—cosw)dz and | log (1+.cos w) dx 
9 0 


are equal to —7 log 2. 


Ex. 5. Discuss the convergence or divergence of the Gamma Function 


integral [” ea" da. 


(i) Let n= 1. . 
Then the integrand is bounded in 0<#=a, where « is arbitrary, and we 


ra0 


need only consider the convergence of | entire lan 
Ja 


The p-test of $55 establishes that this integral converges, since the order 
of e” is greater than any given power of a. 

Or we might proceed as follows : 

Since e*=1 +ats a COTE 


a 

y A prt =< (p= = 4] } . 
when w >0, eet, (v=any positive integer), 
and eW~*y" =< ——_ 


But whatever x may be, we can choose 7 so that 7 -n+1>1. 
It follows that, whatever 2 may be, 


ev" dx converges. 


a 


Gi) Let O<n<l. 
In this case ev" has an ae: at «=0. 


The p-test shows that iE ea" da converges, and we have just shown that 
0 3 


[ ea" dev converges. 
v1 
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00. 
Therefore [ e-“x"-1daw converges. 
J0 


Gi) Let n=0. 
In this case ea"! has an infinity at #=0, and the p-test shows that 


1 
| ea" dx diverges to +a. 


- . 1 
Ex. 6. Discuss the integral [ x"Nog ax dx.* 
0 
Since ao (2"log v)=0, when 7>0, the integral is an ordinary integral, 


when 2>J]. 
Also we know that 


rl 
‘ log adz= [ «(log u- 1) | =x(1—logx)—-1. 
1 
It follows that [ log wdx= Lt {r(1—-log v)—-1}= -1. 
d x—>0 
Again, It (ae x x -1log x)= Lt (a#t+"-llog z)=0, if w>1—n. 
x“ x—>0 


And when 0<n<1, we can choose a positive number ys less than 1 which 
satisfies this condition. 


o 
Therefore | 2" log «dx converges, wlien 0<n=1. 
F , == 


Finally, we have 
Lt @xa""| log z|)= Lt 2” |logaz|=ao, when »=0. 
xz—>0 


xz—>0 


4 1 
Therefore [ x" log x dx diverges, when n=0. 
J0 
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EXAMPLES ON CHAPTER IV. 


1. Show that the following integrals converge : , 
iE sin wv da, ; (e=1)Je_ = 1) Jv : dz, | e-®? di, 
0 1+ cos 7+ 1 1+a+a3+4sin x Jo 


ere log w log # 
ax? a xv di dx : ax. 
| e~™ cosh bx dx, i ro i iw 


2. Discuss the convergence or divergence of the following integrals : 


rb ax fe gal d "ce aptt— 1 d a Gece i, 
om =e pei where c 
« (v—a)(b- 2)’ | orn x Nes oo 


roo ye Co) z . c 
| hie Toe A of sin” 6 cos” @ dé. 
Jo w+] 0 w—1 0 


3. Show that the following integrals are absolutely convergent : 


f sine a fs ~ 2? cos ba dl. gna? asin na dl (m>0). 
== Ak" agg > OL. ASX a”"s DAK 
[ & Ju? J, 0°" 00s bade, i, e-8 A sin na s 
) +. 
and A we (*) a, 
Q(x) 


eee P(x) is a polynomial of the m'™ degree, and Q(x) a polynomial of the 
v' degree, n= m-+2, and a@ is a number greater than the largest root of 


Qa) 0. 

4, Let /(w) be defined in the interval 0<w©= 1 as follows : 
fa=% tneSly fe)=—3), 4<aSt, 
f@)=4, }<eSh, fw)=-5, 1<e Sh, 

and so on, the values being alternately positive and negative. 


. 1 
Show that the infinite integral | (wv) dx converges, but not absolutely. 
/0 : 


5, Using the substitution w=e-"“, show that 


ik Lie (log sto hee 
/0 


converges, provided that m>0 and 2>-—1. 
And by means of a similar substitution, show that 


+00 
| “(op a)" ola 
converges, provided that m<0O and »>-—1. 


du 


6. Show that | lop ae converges when »>0 and that it diverges 


Ja « 


when p=0, the lower limit @ of the integral being some number greater than 
unity. 


Deduce that if there isa number j,> 0, such that tne L iw (log a)+¥ f(x)! exists, 


then i /(x) dw converges, and give a Coenen ee a for the divergence of 


vo 
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this integral, /(~) being bounded and integrable in any arbitrary interval 
(a, b), where b><a. 


Show that fe COS wv ey : 
2 (e+sin?x)(log a) a“ converges, 
“aa peas diverges. 


2 (v+sin?x) log x 


7. On integrating 1 cos vlog xdu by parts, we obtain 


“8 : (* sin 
COs. log #dav=sin wv log « — Pas as du. 


Deduce that i) cos « log x dw oscillates infinitely. 


Also show that |” cos x log w da converges, and is equal to — hee = de a. 


‘al! 
8. On integrating ie cos 2*dxv by parts, we obtain 
rs 


” sin x? 
aw 


ie . 1 ay ate els he 
| cosa dr — nae sin v”2— — sin v’2+4—- | dx, 
27 2 al 


Ja! 


where «’ > 2'>0. 


Deduce the convergence of “ cos dz." 


9. Let f(#) and g(z) be bounded and integrable in (a, 6), except at a 
certain number of points of infinite discontinuity, these points being different 
for the two functions. 


b b ) 
Prove that ‘a T(@) g(a) dz converges, if i | f(w)|dae and ‘ |g(a)| da 


converge. 
10, Let /(w) be monotonig when «= a, 3 and Lt ie) =0- 
Then the series F(a)t+f(at+1)+f(at+2)+... 
is convergent or divergent according as [ : j(x) dz converges or diverges. 


Prove that for all values of the positive integer 7, 
1 1 


2/(n+1)- <a t Fa tay Nn. 
Also show that an tess at ho 
FA Be Ao 


converges to a value between $(7+1) and 47. 


CHAPTER V 


THE THEORY OF INFINITE SERIES, WHOSE TERMS ARE 
FUNCTIONS OF A SINGLE VARIABLE 


62. We shall now piles some of the Propersise of series 
whose terms are functions of a. 
We denote such a series by x 
tay (at) +92) +g (a2) +... 
and the terms of the series are supposed to be given for values 
of x in some interval, e.g.(a, 6).* 
When we speak of the sum of the infinite series 
Uz (©) + Up (x) + Uy (#) + 
it is to be understood : t . 
(i) that we settle for what value of x we wish the sum of 
the series; _ 
(ii) that we then Msert this value of a in the different terms 
of the series ; 
(iii) that we then find the sum—S,,(«)—of the first m terms ; 
and 
(iv) that we then find the limit of this sum as 12, keeping 
x all the time at the value settled upon, 
On this understanding, the series 


Uy (@) + Uy (@) + Ws(%) +. 
is said to be convergent for the value a, atk to have f(x) for its 
sum, if, this value of « having been first inserted in the different 


* As mentioned in $24, when we say that a lies in the interval (4, b) we mean 
that a=«=b. In some of the results of this chapter the ends of the interval 
are excluded from the range of x. When this is so, the fact that we are dealing 
with the open interval (a <x#<b) will be stated. 

+Cf. Baker, Nature, 59, p. 319, 1899. 

122 


FUNCTIONS OF A SINGLE VARIABLE 123 


terms of the series, and any positive number ¢ having been 
chosen, as small as we please, there is a positive integer v such that 
| f(a) —Sp(x)|<e, when n=v. 

Further, 

A necessary and sufficient condition for convergence is that, 
if any positive number e has been chosen, as small as we please, 
there shall be a positive integer v such that 

| Sn+p(v) —Sn(v)|<e, when n=, 
for every positive integer p. 

A similar convention exists when we are dealing with other limiting 
processes. In the definition of the differential coefficient of f(x) it is under- 
stood that we first agree for what value of 2 we wish to know /(«); that we 


then calculate f() and f(«+A) for this value of w; then obtain the value of 


L@+h)-fO) 
h 


; and finally take the limit of this fraction as h->0. 


0) 
Again, in the case of the definite integral I F(a, 2) da, it is understood 


that we insert in f(#, a) the particular value of a for which we wish the 
integral before we proceed to the summation and limit involved in the 
integration. a 


We shall write, as before, 
f(@)—Sn(@) = Rn(@), 

where f(x) is the sum of the series, and we shall call f,,(«) the 
remainder after n terms. 

As we have seen in § 19, R,(x) is the sum of the series 

Un+1 (2) + Unto(%) + Un+3(@) Ge 
Also we shall write 
pltn(&) — penha) at. 8,,(a), 

and call this a partial remainder. 

With this notation, the two conditions for convergence are 

(i) | Rn(a)|<e, when n=v; 

(11) | pR,,(@) | — €; when n = V; 
for every positive integer p. 


A series may converge for every value of » in the open interval a<w<b 
and not for the end-points « or 0. 
fi.g. the series l+o+2z?+... 


converges and has - ! for its sum, when —l<wv<l. 


When w=1, it diverges to +2 ; when v= —1, it oscillates finitely. 
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63. The Sum of a Series whose Terms are Continuous Func- 
tions of x may be discontinuous. Until Abel * pointed out that 
the periodic function of « given by the series 

2(sinw—tsin 27+4sin 3x—...), 

which represents @ in the interval —-7<w<7, is discontinuous 
at the points a=(2r+1)z7, r being any integer, it was supposed 
that a function defined by a convergent series of functions, 
continuous in a given interval, must itself be continuous in 
that interval. Indeed Cauchy + distinctly stated that this was 
the case, and later writers on Fourier’s Series have sometimes 
tried to escape the difficulty by asserting that the sums of these 
trigonometrical series, at the critical values of «, passed con- 
tinuously from the values just before those at the points of 
discontinuity to those just after.? 

This mistaken view of the sum of such series was due to two 
different errors. The first consisted in the assumption that, as 
increases, the curves y=S,(#) must approach more and more 
nearly to the curve y=/(«), when the sum of the series is f(x 
an ordinary function capable of graphical representation. These 
curves y=S,(x) we shall call the approximation curves for the 
series, but we shall see that cases may arise where the approxi- 
mation curves, even oS large values of n, differ very considerably 
from the curve y=f(x 

It is true that, in a a sense, the curves 


(i) y="S,(@) and (ii) y=f(@) 

approach towards coincidence; but the sense is that, if we choose 
any particular value of in the interval, and the arbitrary small 
positive number e, there will be a positive integer y such that, for 
this value of «, the absolute value of the difference of the ordi- 
nates of the curves (i) and (ii) will be less than e when n=». 

Still this is not the same thing as saying that the curves 
coincide geometrically. They do not, in fact, lie near to each 
other in the neighbourhood of a point of discontinuity of f(z); 
and they may not do so, even where f(x) is continuous. 


* Abel, J. Math., Berlin, 1, p. 316, 1826. 


t+Cauchy, Cows d@ Analyse, 1 Partie, p. 131, 1821. Also Wuvres de Cauchy, 
(Sér. 2), T. III., p. 120. 


{ Cf, Sachse, foc. cet.; Donkin, Acoustics, p. 58, 1870. 
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The following examples and diagrams illustrate these points : 


Ex. 1. Consider the series 


fe 2 i 
e+1! @+l)Qetl)* a 

Here ‘= : i 

Un(#) (n—1)7+1 ne+l’ 

1 
and atl aes oe 

Sa(a)=1 na+1 

Thus, when «> 0, Lt S,(v)=1; 
when «=0, Lt S,,(v)=0, since S,,(0)=0. 


The curve y=/(x), when x =0, consists of the part of the line y=1 for which 
«>0, and the origin, The sum of the series is discontinuous at 7=0. 
Now examine the approximation curves 


i 


Cd nx+1 


This equation may be written 
1 1 
(y i (a #1) =- i 
As 7 increases, this rectangular hyperbola (cf. Fig. 10) approaches more and 
more closely to the lines y=1, 7=0. If we reasoned from the shape of the 


a 


Fig. 10, 


approximate curves, we should expect to find that part of the axis of y for 
] ] a—tlm —. 
which 0 <y<1 appearing as a portion of the curve y=f(«) when w= 0: 
As S,(x) is certainly continuous, when the terms of the series are con- 
tinuous, the approximation curves will always differ very materially from 
the curve y=/(x), when the sum of the series is discontinuous, 
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Ex. 2. Consider the series 
Uy (@) + Ug(@) + Ug (4) +... o=0, 
n—-1)xe 
where Un (2) = ( ) 


1 na 1+(n—1)2a?" 


NY 


In this case S,(2)= Tt nda? 


and Lt S,,(@)=0 for all values of «. 


N—>nD 
Thus the sum of this series is continuous for all values of #, but we shall 
see that the approximation curves differ very materially from the curve 
y=f(x) in the neighbourhood of the origin. 


BY 


- ‘S 1:0 
Fig. 11. 
The curve erohy Nx 
¥ Sn(a) 1+ 772? 


has a maximum at (1/z, $) and a minimum at (—1/n, —4) (ef. Fig. 11). The 
points on the axis of w just below the maximum and minimum move in 
towards the origin as » increases. Andif we reasoned from the shape of the 
curves y=S,(), we should expect to find the part of the axis of y from —4 
to $ appearing as a portion of the curve y=/(2). 


Ex. 3. Consider the series 
Uy (@) + Ug (@) + Ug(@) + ..05 = 0, 
nv (n— aie 


} 7 Un (4%) =——, 

bapasy Un(t) 1+n3x2 “14 (n— 1932 
Fars wee nw 
Here Sa) = Tae? 

and Lt S,,(v)=0 for all values of z. 


The sum of the series is again continuous, but the approximation curves 
ef. Fig. 12), which have a maximum at (1//n® n) and a minimum at 
to) ) b) 
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(—1/J/n®, —4/n), differ very greatly from the curve y=f(x) in the neigh- 
bourhood of the origin. Indeed they would suggest that the whole of the 
axis of y should appear as part of y=/(«). 


BA 


Fig. 12 


64. Repeated Limits. These remarks dispose of the assump- 
tion referred to at the beginning of the previous section that the 
approximation curves y=S,(z), when 7 is large, must approach 
closely to the curve y=f(x), where f(«) is the sum of the series. 

The second error alluded to above arose from neglect of the 
convention implied in the definition of the sum of an infinite 
series whose terms are functions of # The proper method of 
finding the sum has been set out in § 62, but the mathematicians 
to whom reference is now made proceeded in quite a different 
manner. In finding the sum for a value of @, say a, at which 
a discontinuity occurs, they replaced « by a function of 7, which 
converges to #, a8 7 increases. Then they took the limit when 
n> of S,(#)in its new form. In this method w and 7 approach 


their limits concurrently, and the value Se Lt S,(@) may 
t—>2y, N—>@ } 


quite well differ from the actual sum for w=). Indeed, by 
choosing the function of suitably, this double limit may be 
made to take any value between /(a,+0) and f(a”, —0). 
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For instance, in the series of § 63, Ex. 1, 


a0 aw 


Bre ig FAL 


. = 
Gin@erit 


we have seen that «=0 is a point of discontinuity. 
If we put «w=p/n in the expression for S,(a), and then let 
N—>2, p remaining fixed, we can make Lt S,(«) take any 
{x>0, n—>~ } 
value between 0 and 1, according to our choice of p. For we 
have S,,(p/7) ee V which is independent of n, and 
Rta te 
ae ) ptl ; 
which passes from 0 to 1 as p increases from 0 to o. 

It will be seen that the matter at issue was partly a question ; 
of words and a definition. The confusion 6an also be traced, in 
some cases, to ignorance of the care which must be exercised in 
any operation involving repeated limits, for we are really dealing 
here with two limiting processes. 

If the series is convergent and its sum is f(«), then 


flw)= Lt 8, (2), 


and the limit of /(«) as « tends to w, assuming that there is such 
a limit, is given by 
Lt We) = Lt [it Sale) vwsowsseeet. cae 
xL—>my rx n—>wo 
If we may use the curve as an illustration, this is the ordinate 
of the point towards which we move as we proceed along the 
curve y= (x), the abscissa getting nearer and nearer to @,, but 
not quite reaching 2. According as « approaches x, from the 
right or left, the limit given in (1) will be f(a@)+0) or f(a)—0). 
Now /(,), the sum of the series for «=<, is, by definition, 


Lt [S,(x,)], 
n—>2 


and since we are now dealing with a definite number of con- 
tinuous functions, S,,(@) is a continuous function of a in the 
interval with which we are concerned. 

yy om i 

Thus | Sn(%)) = Lbes, (a): 


L—>Xpy 
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Therefore the sum of the series for a=, may be written 
Bie PLG Sey] emie ots icy aD) 


No X—>X 
The two expressions in (1) and (2) need not be the same. They 
are so only when /(«) is continuous at a). 


65. Uniform Convergence.* When the question of changing 
the order of two limiting processes arises, the principle of uniform 
convergence, which we shall now explain for the case of infinite 
series whose terms are functions of a, is fundamental. What is 
involved in this principle will be seen most clearly by returning 
to the series x x 


= 
BEI (ett \Qe ey? = 
5 ; 1 
; S, (2) = 1———_., 
In this series nl) = 1 ae 
and Lt S,(7)=1, when «>0. 
nn 
1 
Also PhO) —— ra? when o> Depp Li, (O)=0, 


If the arbitrary positive number e¢ is chosen, less than unity, 
and some positive w is taken, it is clear that 1/(nw+1)<e for a 
positive 7, only if 1 : 

1c 


€ 
aw 


1 
E.g. let €= ial” 
If #=0'1, 0°01, 0:001,..., 10~”, respectively, 1/(nv+1)<e only when 
n> 104, 10%, 105, ..., 101+, 


And when e=a9TT and #=10-”, 7 must be greater than 10?+4 if 
i/(na+1)<e. 

As we approach the origin we have to take more and more terms of the 
series to make the sum of 7 terms differ from the sum of the series by less 
than a given number. When w«=10-, the first million terms do not 
contribute 1% of the sum. 


sol 


The inequality n> — 


shows that when ¢ is any given positive number less than unity, 


*The simplest treatment of uniform convergence will be found in a paper by 
Osgood, Bull. Amer, Math. Soc., 3, 1896. 
Cri T 
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and a approaches nearer’ and nearer to zero, the smallest positive 
integer which will make R,,(~), R,,.,(@), ... all less than e increases 
without limit. 

There is no positive integer y which will make R,(«), R,+1(@), ... 
all less than this « in 7=0, the same v serving for all values of « 
im this range. 

On the other hand there is a positive integer y which will 
satisfy this condition, if the range of w is given by «=a, where 
a is some definite positive number. 


Such a value of y would be the integer next above ES | a. 
€ 
Our series is said to converge wniformly in «=a, but it does 


not converge wniformly in «= 0. 
We turn now to the series 


Uy (©) + Uy(@)+Ug(@)+..., 
and define uniform convergence * in an interval as follows : 
Let the series U,(@)+U,(@) +3 (@)+... 


converge for all values of « wm the wnterval a=x=b and its 
sum be f(x). Its said to converge uniformly in that interval, 7/, 
any positive number ¢ having been chosen, as small as we please, 
there is a positive integer v such that, for all values of x in the 
interval, | f(x) —S,(x)|<e, when n=>v.t 

It is true that, if the series converges, | R,,(x) |<e for each @ in 
(a, b) when n =». 

The additional poilt in the definition of uniform convergence 
is that, any positive number e having been chosen, as small as 
we please, the same value of v is to serve for all the values 
of « wn the interval. 

For this integer »y we must have 

| Rl) |, | Besa (2) 


all less than e, no matter where « lies in (a, b). 


> eee 


*The property of uniform convergence was discovered independently by Stokes 
(cf. Cambridge, Trans. Phil. Soc., 8, p. 533, 1847) and Seidel (cf. Miinchen, Abh. 
Ak, Wiss., 5, p. 381, 1848), See also Hardy, Cambridge, Proc. Phil. Soc. 19, 
p. 148, 1920. 

+ We can also have uniform convergence in the open interval a <a <b, or the 
half-open intervals a<x=b, a=x<b; but, when the terms are continuous 
in the closed interval, uniform convergence in the open interval carries with it 
uniform convergence in the closed interval (cf. § 68). 
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The series does not converge uniformly in (a, b) if we 
know that for some positive number (say e)) there is no 
positive integer vy which will make 

|F(z)|, | Rs (@)|, 
all less than ¢, for every « in (a, b). 
It will be seen that the series 
x x 
e+1* (e@+1)(Qe+ 1) 
converges uniformly in any interval a=«=b, where a, b are any 
given positive numbers. 

It may be said to converge infinitely slowly as x tends to zero, 
in the sense that, as we get nearer and still nearer to the origin, 
we cannot fix a limit to the number of terms which we must 
take to make |R,(x)|<e. It is this property of infinitely slow 
convergence at a point (¢.g. %)) which prevents a series converging 
uniformly in an interval (#,—0, z)+0) including that point. 

Further, the above series converges uniformly in the infinite 
interval «=a, where a is any given-positive number. 

It is sometimes necessary to distinguish between uniform con- 
vergence in an infinite interval and uniform convergence in a 
fiwed interval, which may be as large as we please. 

The exponential series is convergent for all values of a, but it 
does not converge uniformly in ne infinite interval 7 =0. 

For in this series R,(x) is greater than w”/n!, when z is positive. 

Thus, if the series were uniformly convergent in «=0, «”/n! 
would need to be less than e when ==», the same vy serving for 
all values of a in the interval. 

But it is clear that we need only take x greater than (v!e)” to 
make R,(a) greater than e for 7 equal to ». 

However, the exponential series is uniformly convergent in the 
interval (0, b), where 6 is fixed, but may be fixed as large as we 
please. 

For take c greater than 6. We know that the series converges 
for “=c. 

Therefore R,(c)<e, when n=». 

But R,(#)<Rn(c), when 0=e2S)<e. 

Therefore R,(v)<e, when n=y, the same y serving for all 
values of a in (0, 0). 


ot 
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From the uniform convergence of the exponential series in the 
interval (0, b), it follows that the series also converges uniformly 
in the interval (—b, b), where in both cases 6 is fixed, but may 
be fixed as large as we please. 


Ex. 1. Prove that the series 
Ll+o+a?+... 

converges uniformly to 1/(1—) in0Ol[a#S.ax<1. 

Ex. 2. Prove that the series 

(- ee —w)+a7(1-a)+... 

converges uniformly to 1 inOSa#Sa)<1l. 

Ex. 3. Prove that the series 

(l-2)?+a(-—«#)?+27(1—a)?+... 

converges uniformly to (l—#) inO0Sw#=1. 

Ex. 4. Prove that the series 


Robo oe ake 
L422 2422 34g a 


converges uniformly in the infinite interval «= 0. 
% 


Ex. 5. Prove that the series 
Tate3tzat 


converges uniformly in the interval (0, >), where 6 is fixed, but may be fixed 
as large as we please, and that it does not converge uniformly in the infinite 


interval «= 0. ‘Se 


66. A necessary and sufficient condition for Uniform Con- 
vergence. When the sum /(«) is known, the above definition 
often gives a convenient means of deciding whether the con- 
vergence is uniform or not. 

When the sum is not known, the following test, corresponding 
to the general principle of convergence (§ 15), is more suitable. 

Let Uy (@) + Wy (@) + eg (w) + 
be an infinite series, whose terms are given in the interval (a, b). 
A necessary and sufficient condition for the wniform con- 
vergence of the series vn this interval is that, if any positive 
number ¢ has been chosen, as small as we please, there shall be a 
positive integer v such that, for all values of x in the interval, 
| pRn(w)|<e, when n=», for every positive integer p. 
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(1) The condition is necessary. 

Let the positive number ¢ be chosen, as small as we please. 
Then take ¢/2. 

Since the series is uniformly convergent, there is a positive 
integer v, such that 


| f(x) w)|<5, when N= v, 


the same y serving for all values of « in (a, b), f(z) being the sum 
of the a 
Let 1”, v’ be any two positive integers such that n” >’=p. 


Then | Sy(#)— Sy(@)| S| Sw(@)—F(@)| + |f@)- 8 (@)| 
€ € 
=< g+5 
<e. 
Thus |8,1,(7)—S,(@)|<e, when n=vy, for every positive 
integer p, the same y serving for all values of « in (a, ). 
(ii) The condition is sufficient + 
We know that the series converges, when this condition is 
satisfied. 
Let its sum be f(a). 
Again let the arbitrary positive number e be chosen. Then 
there is a positive integer y such that 


| S,,4,(#) —S,(a) | as =, when n=», for every positive integer p, 


the same y serving for all values of « in (a, b). 


Thus 8,(@)— 5 < Sy40(2) < 8,(2)+5- 
Also Lt §,4,(2)=/(2). 

pe 
Therefore S,(a) — 5 Sf(v)=S8,(a)+ 3: 


But | S,(x) —f (x) |=| 8, (@)—S, (x) | +|S,@) — f(a). 


It follows that, when 7 is greater than or equal to the value y 


specified above, 
|S, (a) — fl) |<$+§ 
<6, 
and this holds for all values of a in (a, 6). 
Thus the series converges uniformly in this interval. 
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67. Weierstrass’s M-Test for Uniform Convergence. The 
following simple test for uniform convergence is due to 
Weierstrass : 

The serves U,(v)+ U(x) + Us (@)+.. 


will converge uniformly in (a, b), if there is a convergent series 
of positive constants 
M,+M,+M,+..., 
such that, no matter what value « may have in (a, b), 
| Un(v)|=M,, for every positive vnteger n. 

Since the series M,+M,+M,+... 

is convergent, with the usual notation, 
Mii+ Mats aera m M tips €, 

when =», for every positive integer /p. 

But | pRn(#)| S| p41 (@)| +] Une (@)|+ ++ A Uns (@)|- 

Thus |,Rr(w)|=Miy,+Misot-+Miip 

<e, when n=», for every positive integer p, 

the inequality holding for all values of & in (a, b). 

Thus the given series is uniformly convergent in (a, b). 

For example, we know that the series’ 

hear ere e 

is convergent, when a is any given positive number less than 
unity. > 

It follows that the series 

14+ 2a+3a?-+-... 

is uniformly convergent in the interval (—a, a). 


Ex. 1. Show that the series 
wv cos 0+ .x? cos 26+.23 cos 80+... 
is uniformly convergent for any interval (vj, 2), where —1<a)<a,;<1 and 
@ is any given number. 
Ex. 2. Show that the series 
x COS 0+ .x? cos 20 + 2° cos 30+... 


2 3 
and & COs 0+°5 cos 20-+5, cos 30+... 


are uniformly convergent for all values of 6, when |) is any given positive 
number less than unity. 
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This theorem leads at once to the following result: 

A series is absolutely and uniformly convergent in an interval, 
when the absolute values of its terms in the interval do not eaceed 
the corresponding terms of a convergent series whose terms are 
all positive and independent of «a. 

It should be noted that Uniform Convergence does not imply 
Absolute Convergence. 

1 1 
Ita? 24013 +a2— 
is not absolutely convergent; but it is uniformly convergent in 


E.g. the series 


the infinite interval «= 0.* 
Also a series may be absolutely convergent without being 
uniformly convergent. 


Eig. (l—aw)+a(1—x)+a7(1—2a)+... 
is absolutely convergent in the interval —c =«#=1, where 
— 1<—¢<0, 


but it : not uniformly convergent. in this interval. 


68. Uniform Convergence of Series whose Terms are Con- 
tinuous Functions of x. In the previous sections dealing with 
uniform convergence the terms of the series have not been 
assumed continuous in the given interval. We shall now 
prove some properties of these series when this condition is 
added. 

I, Uniform convergence implies continuity im the sum. 

If the terms of the serves 

U(X) + Up(x)+U3(@) +... 
are continuous in (a, b), and the series converges uniformly to 
f(x) in this interval, then f(x) is a continuous function of « 
in (a, b). 

Since the series converges uniformly, we know that, however 
small the positive number e may be, there is a positive integer y, 
ae | f(x) —Sr(@) |< a when n=», 


the same y serving for all values of « in (a, b). 


*| Rn (wx) | 
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Choosing such a value of 7, we have 
F(e) = S,,(«) +R, (a), 
where | R,,(x)|< e/3, for all values of « in (a, D). 
Since S,(a) is the sum of » continuous functions, it is also 
continuous in (a, b). 
Thus we know from § 31 that there is a positive number y such 


that 
| S,(a’)-S,(«) | <a: 


when @, « are any two values of in the interval (a,b) for which 
|x’ —a|=y 

But F(x) =S, (2) +f, (x’), 

where | Bn (a’ | <e/3. 

Also S(@) —f(@) = (Sn(x) — Sp (v))+ fi, (@’) — R,, (a). 

Thus |f(«’)—f(x)|=|Sn(@’)-S, (@) | +| R,,(@) |+| BR, (a) |. 
area yea i 
<e, when |a’~2|= 

Therefore f(x) is continuous in (a, 0). 


II. If a series, whose terms are continuous Junctions, has a 
discontinuous swm, it cannot be uniformly convergent in an 
interval which contains a point of discontinuity. 

For if the series wer’ uniformly convergent, we have just seen 
that its sum must be continuous in the interval of uniform 
convergence. 


Ill. Uniform convergence is thus a sufficient condition for 
the continuity of the sum of a series of continuous functions. 
It is not a necessary condition ; since different non-uniformly 
convergent series are known, which represent continuous 
functions in the interval of non-uniform convergence. 

For example, the series discussed in Ex. 2 and Ex. 3 of $68 
are uniformly convergent in «=«a>0, for in both cases 


when «=a>0. 


|Fx(2)|<— 


ne na’ 
Thus | R,(@)|<e when n>1/de, which is independent 
of &. 
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But the interval of uniform convergence does not extend up to 
and include «=0, even though the sum is continuous for all 
values of x, 


This is clear in Ex. 2, where R,(x)= Ta for if it is 


aes 
asserted that | 2,(x) |< e, when n=», the same y serving for all 
values of # in eh the ea is shown to be untrue by 
pointing out that for z=1/r, R,(x)=1/2, and thus | R,(x)| +e, 
when =», right through the psd if e< 1/2. 

na 
14 13x?’ 
a #)|<le, when n=», the same y serving for all ae of xin 

=0, we need only point out that for w=1//14, R,(a)=4/ 1. 
Thus |Rn(@)|te, when n=y, right through the ae if 
a £2. 

There is, in both cases, a positive integer vy for which 
R,A/m)<e<1/2, when n=», buy this integer is greater than 
1/m. 

Thus it is clear that the convergence becomes infinitely slow 
as 2—>0. 


Similarly in Ex. 3, where R,(a) = if it is asserted that 


IV. If the terms of the series are continuous vn the closed 
interval (a, b), and the series converges uniformly in a<a<b, 
then it must converge for c=a and x=b, and the uniformity 
of the convergence will hold for the closed interval (a, b). 

Since the series is uniformly convergent in the open interval 
a<a<b, we have, with the usual notation, 


| Sin(@) — n() <a, WHC Wh =P, arco canes DY 


the same vy serving for every « in this open interval. 
Let m, 7 be any two positive integers satisfying this relation. 
Since the terms of the series are continuous in the closed 
interval (a, b), there are positive numbers y, and 72, say, such that 


| Sn(#)—Sm(a) <5, when 0=(a-a)=m, 


ves | Sn()—S,(a)|<g, when 0 (#-a) =m. 


Choose a positive number » not greater than y, or y,, and 
let OS(a@-a)= 
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Then | Sin(@) Be | 
=|S,.(@ a)— Sin( #)|+| Sm(x —S,(4 a) — S,(a) | 
<gt3ts 
<e.  WhED Tt SE emake card tee ee 
A similar argument shows that 
[Spe(b) —S,(6)|< ee when’ 912.) Geen (3) 


From (2) and (8) we see that the series converges for «=a 
and w=b, and, combining (1), (2) and (3), we see that the con- 
dition for uniform convergence in the closed interval (a, 6) is 
satisfied. 


If the terms of the series 
Uy (@)+ Uy (@)+U5(v)+... 


are continuous in (a, b), and the series converges uniformly in every interval 
(a, 8), where a<a<[P<b, the series need not converge for c=a or v=). 


Lig. the series 1+ 20+ 327+ xs 
converges uniformly in (—a,-a), where a <1, but it does not converge for 
a=—1 or «=. 
However we shall see that in the case of the Power Series, if it converges 


for v=a or x=), the uniform convergence in, (a, 8) extends up to a or 6, as 
the case may be. (Cf. § 72.) 


But this property is not true in general. 
The series of continuous functions 
Vy (@) + Ug (a) +3 (a) +... 
may converge uniformly for every interval (a, 8) within (a, 6), and converge 


for v=a or «=b, while the range of uniform convergence does not extend up 
to and include the point a or 0. 


Lg. the series wha — ha 4 had + 9 hat ae nctvieeniotemnieaeinonne anne (1) 
formed from the logarithmic series ; 
BO ROAST Ne Waisneancennqat eaten ee cone (2) 


by taking two consecutive positive terms and then one negative term, is 
convergent when —1<a=1, and its sum, when v=1, is 3 log 2.* 

Further, the series (2) is absolutely convergent when |. |<1, and therefore 
the sum is not altered by taking the terms in any other order, (Cf. § 22.) 

It follows that when |v|<1 the sum of (1) is log(1+.), and when #=1 its 
sum is $log 2. 

Hence (1) is discontinuous at #=1 and therefore the interval of uniform 
convergence does not extend up to and include that point: 


* Cf, Hobson, Plane T'rigonometry (8rd Ed.), p. 251. 
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69. Uniform Convergence and the Approximation Curves. Let a 
series of continuous functions be uniformly convergent in (a, b). 
_ Then we have, as before, 

| Sin(w) —S8,(v)|<«, when m>n=v, 

the same v serving for all values of « in the interval, 

In particular, ~~ |S,(#)—S,(x)|<e, when m>v, 
and we shall suppose v the smallest positive integer which will satisfy this 
condition for the given ¢ and every x in the interval. 

Plot the curve y=S,(x) and the two parallel curves y=S,(x)+«, forming 
a strip ¢ of breadth 2e, whose central line is y=S,(x). (Fig. 13.) 


Fig, 13, 


All the approximation curves y=5S,,(”), m>y, lie in this strip, and the 
curve y=f(z), where f(x) is the sum of the series, also lies within the strip, 
or at most reaches its boundaries. (Cf. § 66 (ii).) 

Next choose € less than ¢, and let the corresponding smallest positive integer 
satisfying the condition for uniform convergence be v’. Then v’ is greater 
than or equal to v. The new curve y=S,'(~) thus lies in the first strip, and 
the new strip o’ of breadth 2¢’, formed as before, if it goes outside the first 
strip in any part, can have this portion blotted out, for we are concerned 
only with the region in which the approximation curves may lie as m 
increases from the value v. 

In this way, if we take the set of positive numbers 

e>e>e"'..., where Lt =0, 
x KD 
and the corresponding positive integers 


= a 
VS Vane 


. * : U “A 
we obtain the set of strips Cy GG —Oripond 


, 
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' Any strip lies within, or at most reaches the boundary of the preceding 
one, and their breadth tends to zero as their number increases. 

Further, the curve y=/(x) lies within, or at most reaches, the boundary of 
the strips. 

This construction, therefore, not only establishes the continuity of the sum 
of the series of continuous functions, in an interval of uniform convergence, 
but it shows that the approximation curves, as the number of the terms 
increase, may be used as a guide to the shape of the curve for the sum right 
through the interval.* 


70. A sufficient Condition for Term by Term Integration of a 
Series whose Terms are Continuous Functions of x. When the 
series of continuous functions 


Uy (L) + Uy(@) + U3(@) +... 
is uniformly convergent in the interval (a, b), we have seen that 
its sum, 7(@), is continuous in (a,b). It follows that f(x) is 
integrable between a, and x,, when a@=2, x, = b. 
But it does not follow, without further examination, that the 
series of integrals 
ih U,(@) d+" W,(a) ade +f U;(xv) dau... 


is convergent, and, even if it be convergent, it does not follow, 
wy 7 


without proof, that its sum is | F(x) de. 


X 

The geometrical treatment of the approximation curves in $69 
suggests that this result will be true, when the given series is 
uniformly convergent, arguing from the areas of the respective 
curves. 

We shall now state the theorem more precisely and give its 
demonstration : 

Let the functions u,(x), Us(a), u(x), ... be continuous in (a, b), 


and let the series U, (a) + 1g (w) + gw) +... 


be wniformly convergent in (a, b) and have f(a) for its swm. 
Then 


[fe de= e u,(w)da+ \" UW,(w) da + \ U;(x)de+..., 


Xx Ran Ran Xo 


where a =a, <.%, =6:; 


* Of course the argument of this section applies only to such functions as can be 
graphically represented. 
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Let the arbitrary positive number e be chosen. 
Since the series is uniformly convergent, we may put 


F(%)=S8,(«)+ Rp (2), - 


where | Rn(x) ae when n=», 


the same y serving for all values of a in (a, b). 
Also f(z) and S,,(@) are continuous in (a,b) and therefore 
integrabie. : 
Thus we have 


ry 


[re da = i. S,(a) dav + R,(a) da, 


where a=x,<2,=b. 
| fry rs 2) | 
Therefore | fn)de—| S,(a)de =| | R(x) doe | 


Lo 


2 Nie) 
Se b—a 
“Pu <€, when wey; 
But i Sn(2) da= >| “ty (2) da. 


x 


Therefore il fo) d= Sy)" ai(o) de i<e, when n=». 
|¥ xo 1 | 
ey 
Thus the seriesof integralsis convergent and its sum is | f(a) da. 
Coronary I. Let u,(x), W(x), Ug (a),... be continuous in (a, 6) 
and the series ,(@) + U,(a)+u,(@) +... 
converge uniformly to f(x) mm (a, b). 
Then the series of integrals 
| U,(«) d+] U,(x) de-+| U,(a) da+... 


x _- 
converges wmformly to | f(x) da in (a, b), when aS=u,<aZb. 
Xo 


This follows at once from the argument above. 


CoroLLary I]. Let w(x), wo(a), W(x), .. be continuous in 
(a,b) and the series 
U4 (©) + Up(@)+ Us (@) + 


Gonuerge uniformly to f(a) im (a, 6). 
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Also let g(x) be bownded and integrable in (a, b). 


Then ih f(a)g(a) da = >| Un(x)g (a) de, 
Xo 1 © % 


where W=a,<a Sb, and the convergence of the series of integrals 
is uniform in (a, b). 

Let the arbitrary positive number ¢ be chosen, and let M be 
the upper bound of |g()| in (a, 5). 


Since the series 5)w,(x) converges uniformly to f() in (a, 6), 
1 


we may put I (@)=S8,(@)+ R, (2), 


where | Ra(z)|<—4-5—., when n=p, 


M(b-ay 
the same y serving for all values of « in (a, 5). 
Therefore we have 


| f(%)g(@) de =|" Sn (@)g(@) det | R,(x)g(a) de, 
where aSu<eeb 
Thus | Aeygtoyde—[ Sy()g(#)Mer| = \ Ra(x)g(z) deck 
And i. Ha)g(a)de— Ss)" W,(x) g(a) te 


<e, when n=,y, 
which proves our theorem. 
It is clear that these integrations can be repeated as many 
times as we wish. 


Ex. ‘To prove that 
: log (1 — 2y cos v+ 4?) dv=0, when |y|<1,* 
0 


=7 logy’, when jy|>1. 
We know that 


yf © SOR Ua a ae Wile e 
1—2ycosv+y? — COS U— Y COS AV — Y" COS DLA iveey  srseevevevees (1) 


when |y|<1. 


*It follows from Kx, 4, p 118, that we may replace the symbols <, > by 
and = respectively. 
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Also the series (1) converges uniformly for any interval of y within 
(—1, 1) ($67). 


ea Yy — COS & = ie 
Therefore | eer: sone ty dy = = B cos na | y" dy, when |y|<1. 


pais’ NY 


Therefore 3 log (1— 2y cosa+y2)= —) ——y, when |y|<1. wi... fears (2) 


But the series (2) converges uniformly re all values of w, when | 7| is some 
positive number less than unity (§ 67). 


Thus / log (1 — 2y cos # +9?) da = — eet cosnv dav, when |y|<1. 
( 1 0 

Therefore i log (1 — 2y cos x+y?) dx=0, when |y|<1. 
0 


But ii log (1 —2y cosa+y?)dx= i [ logy? +log (1 ~Zcosr+) | dex. 
0 : 


Therefore / log (1-2ycos7+y*)dx=7 log y?, when |y¥|>1. 


71, A sufficient Condition for Term by Term Differentiation. 

If the serves w, (a) + U9() + 5(a)+ 
converges in (a,b) and each, of “its terms has a differential 
coefficient, continuous in (a, b), and if the series of differential 
coefficients Uy (@) + Us (@) + Ug (@)+ 
converges uniformly in (a, b), then f(x), the sum of the original 
series, has a differential coefficient at every point of (a, b), and 

Sf (@) = Uy (@) + Ug! () + Us (@) +. | 

Let pv) = Uy (@) + Ug (@) + Us (@) + 

Since this series of continuous functions converges uniformly 
in (a, b), we can integrate it term by term. 

Thus we have 


ey 


|" ¢eyde= JP e'(v) de | ug) dr |g (0) drt 


Xo aa) 


where 4=a)<#,=b. 
Therefore is (a) da =[w,(@,) — Uy (&o) | +[2(@1) — Uo(%p) | 
+ [11g (2%) —tug(m)]+ 
But Sf (a4) = Uy (41) + Ug (@1) + Ug (2) + 
and Ff (@) = Uy (Wp) + Ug (@) + Ug (Xo) + -.- 


Therefore i d(x) da =f(x,) —f(%p). 
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Now put t,=0 and #2, =x Am. 
Then, by the First Theorem of Mean Value, 
p(€)Av=f(wt Ax) —f(2), 


where x= £=x+ Az. 


Therefore p(€)= es 
But Lt p(£)=$(e), 
Az—>0 


since ¢(a) is continuous in (a, b). 
Therefore f(x) has a differential coefficient /’(x) in (a, 5), 


and F(a)=4(2) 
= Uy (L) +g (@) + Ug (@)+ «. 

It must be remembered that the conditions for continuity, for 
term by term differentiation and integration, which we have 
obtained are only sufficient conditions. They are not necessary 
conditions. We have imposed more restrictions on the functions 
than are required. But no other conditions of equal simplicity 
have yet been found, and for that reason these theorems are of 
importance. 

It should also be noted that in these sections we have again 
been dealing with repeated limits (cf..$ 64), and we have found 
that in certain cases the order in which the limits are taken may 
be reversed without altering the result. 

In term by term integration, we have been led to thé equality, 
in certain cases, of 


\ Lt S,(a)de and Lt ["Suloyde. 
Xp N—>” N—>D VX 


Similarly in term by term differentiation we have found that, 
in certain cases, 


Sr(@+h)—S,(x) | S,(a+h)—S, (x «) 
Lt | Tee ance at: is | 
p A ( ) anc t & hae ) 


h—>0 h n—>w Lh—>0 


are equal. 


72. The Power Series. ‘The properties of the Power Series 
Ay + ay0+ At? +... 


are so important, and it offers so simple an illustration of the results we have 
just obtained, that a separate discussion of this series will now be given. 
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I. If the series Ag+ ayu+ dou +... 


ws convergent for v=x9, it is absolutely convergent for every value of a such 
that |x| <|2|. 


Since the series is convergent for v=, there is a positive number I 


g | 
uch that | Anto”|< M, when n=O. 
Ww 
But [Gege4|| SN onaselse a 
2) 


Therefore if \= =c<1, the terms of the series 
bad ty 


| @q|+| a¢|+| av? |+... 
are less than the corresponding terms of the convergent series 
Mil+e+c?+...} 


eau 
and our theorem follows. 


IL. ff the series does not converge for x=, it does not converge for any 
value of x such that |\xz\>\|x |. 


This follows from I., since if the series converges for a value of w, such 
that |7|>|2,|, it must converge for v=%. 


IIL. It follows from I. and II. that only the following three cases can 
occur : , 
(i) The series converges for e=0 and no other value of «. 
Eg. 14+1!x24+2!a*+..., 
l+a4270?+.... 
(ii) The series converges for all values of «. 
Eg. eo 


a 


(iii) There is some positive number p such that, when |2|<p, the series 
converges, and, when | ”|> p, the series does not converge. 
Eg. «-}0?+h3-.... 

The interval —p<a#<p is called the interval of convergence of the series. 
Also it is convenient to say that, in the first case, the interval is zero, and, in 
the second, infinite. It will be seen that the interval of convergence of the 
following three series is (—1, 1): 

l+w+a7+..., 
Fe 
he gc eae 
12 


1+5+53+ 
stb 


But it should be noticed that the first of these does not converge at the ends 
of the interval; the second converges at one of the ends; and the third 
converges at both. 
In the Power Series there cannot be first an interval of convergence, then 
an interval where the convergence fails, and then a return to convergence, 
1 K 


> 
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Also the interval of convergence is symmetrical with regard to the origin. 
We shall denote its ends by L’, Z. The series need not converge at L’ or L, 
but it may do so; and it must converge within L’L. 


IV. The series is absolutely convergent in the open interval —p<xu<p. 
V. The series is absolutely and uniformly convergent in the closed interval 
—p+8Sr=p—6, where 8 is any assigned positive number less than p. 
—$————— —t-—c—e 
L O N L 
Fig. 14, 


To prove IV., we have only to remark that if V is a point 7, where 
—p<%<p, between WV and the nearer boundary of the interval of con- 
vergence, there are values of « for which the series converges, and thus by I. 
it converges absolutely for v=). 


~ 


M’ fe) Mane 
Fia. 15, 


To prove V., let M’, M correspond to v= —p+6 and v=p—6é respectively. 
We now choose a point WV (say 7) between M and the nearer boundary L, 
The series converges absolutely for c=x), by TV. 

Thus, with the usual notation, 

| Anty" |+| dngrto"t? |+..0<e, when n=r. 

But | ne” |+| Qn410"*? | +o 
is less than the above for every point in M’M, including the ends M/’, J. 

It follows that our series is absolutely and uniformly convergent in the 
closed interval (//’, 17).* And the sum of the series is continuous in this 
closed interval. 

It remains to examilé the behaviour of the series at the ends of the 
interval of convergence, and we shall now prove Abel’s Theorem : + 

VI. If the series converges for either of the ends of the interval of convergence, 
the interval of uniform convergence extends up to and includes that point, and the 
continuity of f(a), the sum of the series, extends up to and includes that point. 

Let the series converge for v=p. 

Then, with the usual notation, 


pltn(p)=Anp” +Gn41 pt +... + Ont p—1 pr t?-}, 
and |,2n(p)|<«, when n=v, for every positive integer p. 


*When the interval of convergence extends to infinity, the series will be 
absolutely convergent for every value of x, but it need not be uniformly con- 
vergent in the infinite interval. However, it will be uniformly convergent in any 
interval (—b, b), where 6 is fixed, but may be fixed as large as we please. 

H.g. the exponential series converges uniformly in any fixed interval, which 
may be arbitrarily great, but not in an infinite interval [ef. § 65]. 


J. Math., Berlin, 1, p. 311, 1826, 
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But p R,, (x) — Ait” ele Gee it SP eee + Giepeien 


» “| 1 
=¢d, p” wv ae n41f Hoge ig. n+p-1 bat ae 
nf p n+1P P n+p—1P p ’ 


a\ 7% a\n+1 n+p-—1 
and the factors (=) : (3) aren: (*) *~ are all positive and decreasing, 
when 0<v<p, ! 
Thus line) hn (per 
+LRn(p)—iRn(p)o"** 
aise 
+[pBn(p)— (p-Ra(p)]er*?, 
i x 
where c=-. 
p 
This expression may be re-written in the form 
p R(x) = 12,,(P) fet: =r | 
ee ce ae BREN 
+.. 
+ ip R(p)[orr??— e471] 
pit, (pete, 
But o—e"*}, ch+t— c+", .v, c™+?—! are all positive, and 


| pen(p) | ’ | 2h, (p) | an | pn (p) | 


are all less than e, when n=v. 
Therefore, when 7= y, 
| pen (x) |< [(e” -- 6" +1) + (e+? — cM +?) +, (ett P- — ct tP-1) 4 on tP—1} 
<€c” 
<e, provided that 0<x%<p. 
But we started with | pltn(p)|<« when n=v. 
Thus we have shown that the series is uniformly convergent in the interval 
O70, 
Combining this result with V., we see that the series is now uniformly 
convergent in the interval —-p+éd=w«=p, where 6 is any assigned positive 
number less than p. And it follows that /(~), the sum of the series, is con- 


tinuous in this closed interval. 
In particular, when the series converges at “=p, 
ie Hh (v)=(p) 
=A) + apt acp*+.. 
In the case of the logarithmic series, 
log (1+2)=x — 347+ 428 - 
the interval of convergence is -1<#<l. 
Further, when #=1, the series converges. 
Tt follows from Abel’s Theorem that 
ae log (1+2)=1-} 
| 


i - 
ae log 2=1-—4+4-— 
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Similarly, in the Binomial Series, 


(4+2)"=14+mer mm 1) 
when -l<w#<l. 

And it is known* that 1+m —— 1), 
is conditionally convergent when —1<m<0, and absolutely convergent 
when m> 0. 

Hence Lt (l+2)"=14+7a Pe 1). 


—>1 


1.€. pa | +m-+ = ae aa ’ 


in both these cases. 
On the other hand, if we put #=1 in the series for (1+.)1, we get a series 
which does not converge. The uniformity of the convergence of the series 


l-a+2?-... 


is for the interval -/=*=/, where 7 is any given positive number less 
than 1. ! . 

VII. Term by term differentiation and integration y the Power Series. 

We have seen in V. that the Power Series is uniformly convergent in any 
closed interval M’, M[—p+é=#=p-—64} contained within its interval of 
convergence L’, L[—p<x<pl. . 

It follows from §70 that the series may be integrated terin by term in the 
interval M’, M; and the process may be repeated any number of times. 

We shall now show that a corresponding result holds for differentiation. 

From the theorem proved in § 71, it is clear that we need only show that 
the interval of convergence (— p< <p) of the series 


Ay +ay,L+ Agt?-+... 
is also the interval of convergence of the series 
A +2a,¢+3a,07+.... 
To prove this, it will be sufficient to show that 
| ay |+2 | agv|+3 | agv?|+... 
is convergent when || <p and is divergent when |.7|> p. 
When || <P, let p’ lie between || and p. 


x 
ea, 


Pp 


is convergent, because the ratio of the n term to the preceding has for its 


Then the series = 


7 7) 


3 el 
eg p = TC 


limit 


at which is less than 1. 
If we multiply the different terms of this series by the factors 


Itlp, |aolp% |aslp%, .., 


*Cf. Chrystal, Algebra, Vol. II. p. 131. 
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which are all less than some fixed number, since (by IV.) the series 
laolt+lay|p’+la.|p?+... 

is convergent, it is clear that the series which we thus obtain, namely 

| a, |+2 | agr|+3 | asx? 

is convergent when || <p. 


tee yg 


We have yet to show that this last series diverges when |.” | >p. 
If this series were convergent for v= |x,|, where |x,|> p, the same would 


hold for the series . | aya, | +2 | agr2|4+3|ag0,8|+..., 


and also for the series |a,7,|+ |agv2|+ |agx,7|4+..., 
since the terms of the latter are not greater than those of the former. 

But this is impossible, since we are given that the interval of convergence 
of the original series is -p<xv<p. 

Thus the series Ay tae +07 tas+... 
and the series Ay + 2aye + 3a4u? + 
obtained by differentiating it term by term, have the same interval of con- 
vergence,* and it follows from § 71 that 

Vii T(@)= A + Ge + Ayn? +..., 

Te) — ay + Qiugn + ae 

when x is any point in the open interval —p<u<p. 

Also this process can be repeated, as in the case of integration, as often 
as we please. 


73. Extensions of Abel’s Theorem on the Power Series. 
I. We have seen in $72 that if the series 


Ay + y+ dg+ 
converges, the Power Series 
Oe Shad 4: 


is uniformly convergent, when 0=7=1; and that, if 
FB) HMA + Ayr? +..., 
Lt f(#)=ay+a,+a,+ 


ax—>1--0 


The above theorem of Abel’s is a special case of the following : 


Let the series Sa, converge, ANA dy, 01, Ay, ... be a sequence of positive numbers 


such that 0 = ay . Oy <dy.... Then the series » ane- nt is uniformly convergent, 
when t=0, and if f(t)= Sane ant, we have Lt HoH Say. 
t—>+0 


Consider the partial erat as plt,(t) for the series > ne ~ ant, 


—" | exists, this result follows immediately from the 
Ant 
ratio-test for convergence, since in each series 


*T£ we know that Lt 


Wao 


watt | <1, if |al< Lt. | 22 


Un n—>no 


Lt, 


—>oO 


An +1 
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Then =p Ry(t) =ane- ant + ing 16 — tt}... + Ongy—1e~ ant y-1t 
= yy — ent + (on — a nde ~ Untdt +... + (pn — (p-1)Mn)e~ et? -1, 
where y7%,=Cn, 2!'n=Un+Mn+41,+--, these being the partial remainders for the 
ao 
series > d,. 
0 
Rewriting the expression for ,2,,(¢), we obtain, as in § 72, VL., 


pltn(t) aa ne ata GS on+1¢) ae we ~an+1t — e-an+2t) Fee Fyln€~ Onte - vt, 
o 
But the series Sa, is convergent. 
0 


Therefore, with the usual notation, 
| n|<€, when n=v, for every positive integer p. 
Also the numbers e- 4x, e-antit, e-on+2t,... are all positive and decreasing, 
when ¢ > 0. 
It follows that, when ¢>0, 
| tee | <a e[(e ant — er an+1l) + (e + Oy 41t- ( an+ot) + ae + @€-4n+p- 1] 
<€e~ ant WN 
<e, when n=, for every positive integer p. 
And this also holds when t=0. 


Therefore the series > a,e-¢! is uniform ly convergent when ¢= 0. 
0 
Let its sum be /(¢). 
Then Lt foHa(O)=— Sone 
~  t->-+0 % 0 


II. In Abel’s Theorem and the extension proved above, the series } a, are 
0 


supposed convergent. We proceed to prove Bromwich’s Theorem dealing 
with series which need yot converge.t In this discussion we shall adopt the 
following notation : 

Sn = Ap tA t+dgt...+Qn, 

Tn =Sptsytsyt...+8,, 
and we write S,, for the Arithmetic Mean of the first x terms of the sequence 


Savery tenireues 


Sots tS8ot+... +Sn—-1 Tre 
Thus S,=2- 1 m1 " 1 
Ne z 


co 
It can be shown (cf. § 102) that, if the series Sa, converges and its sum is 
0 


S, then, with the above notation, Lt S,=S. But the converse does not hold. 
N—> co 


. oo 
*IF do, a, ... ave functions of w and the series ¥ a, converges uniformly to (x) in 
0 


a given interval. Then it follows from the above argument that Lt Sa,,e-ant 
t—>+0 0 


converges uniformly to /’(%) in this interval. 
+Math. Ann., Leipzig, 65, p. 350, 1908. Seealsoa paper by C. N. Moore in Budd, 
Amer. Math. Soc., 25, p. 258, 1919. 
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The sequence of Arithmetic Means may converge, while the sum S ay fails to 
0 


converge.* 


Bromwich’s Theorem. Let the sequence of Arithmetic Means S,, for the 
series Xan, converge to 8S. Also let u, bea function of t with the following proper- 
tres, when t>0: | 

a S n| A%, | < Kt e q any positive integers ; KX, a positive 
B number independent of p, q and t 
(8) Lt nu,=0, 


> 


Cy) Ait, = 1 
t—>+0 


oo Ce) 
Then the series © a,» converges when t>0, and Lt DSa,u,=S. 
0 t—>+0 0 


We have To=s5 On 
01 — 209=8, — =A, 
Oy — 20, +09 = Sy - 8, =A, 

Og=— 20,401 =85 —- 8 = ds, etc. 


n 
ry P c 
Thus 2 Oy Uy, = To + (0 — 209) + (72 - 201 FF p)et + (On — 20,1 +0 n-2)Un- 
Therefore 
n 
= Ay Un = Oy A*Uy +0, A? + 20. Oy, Ay + 2p U4 — Tings — Trims (1) 


But the sequence of Arithmetic Means 


81, 82, 83, +. 
converges, and Lt S,=S. 


It follows that there is a number C, not less than |S|, such that 
|o,| <(w+1)C for every integer n. 
Also from (/3) it is clear that 
HG Ge ee ge) ele Orpen) — tN (Oy lyn ts) =O) eesecmnceoecsacd ss (2) 
no 


n—>o n—>0 


-<) 
Further, the series > (z+ 1)| A?w,,| converges, since, from (a), the series 
0 


foo} 
> 2| A’u, | converges. 
0 


foo} 
*If a,=(-1)", n=, it isobvious that Lt S,=4, but the series Ya, is not con- 
0 


n—>o 
C) 


vergent. But see Hardy’s Theorem, § 102, II. When Lt S,=3S, the series Dan is 
n—> 0 


often said to be “ summable (C1)” and its sum (C1) is said to be S. For a 
discussion of this method of treating series, due to Cesaro, reference may be made 
to Whittaker and Watson, Course of Modern Analysis, p. 155, 1920. Also see 
below, S$ 101-103 and § 108. 


+ A2x, is written for (tp, —2tn4,+Up42). Since all the terms in the series 


oO 
dn'A’u,| are positive, this condition (a) implies the convergence of this series. 
0 


se 
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Also | en Attn| < C(m+1) | A’, |. 
Therefore the series » S o,,A%tn converges absolutely. 
0 


Tt follows from (1) and (2) that 


2 C= Sor AAO a cece so sve canoe bere eee ate (3) 
Taking the special case Q=!, G=%—...=0; 
we have tala NN! P= > (QUEL) Ad, om wcacssnsmonereenoanes (4) 
Thus, from (3) and (4), 3 
> CP Shy or CUR EIU VAC connnnaabobuosenn9dsne: (5) 
Now fd ean 


Therefore, to the arbitrary positive number ¢, there corresponds a positive 


integer v such that 
Ty 


S ~~. 
n+1 S = oe when n=. 


Thus |o,—(n+1)8| <GK (n+1), when n==v. 


Also |o,|<(n+1)@, for every ee integer, and |S|=C. 
It follows, from these inequalities and (5), that 


-e) v—] X [-} 
|X ayn — Sup [S| EY (on — (2+ 1)8)A?u,.|+| x (a, — (n+ 1)S8) A’z,,| 
0 


v— 
<20>. (n+ 1)| A? inl + aq (el 0) VAN le deenpoeantiemocae (6) 
0 
But > (7+1)|A?u,|<2 > Sn|a® U» | 
< aK, POV) Mace ceaancenenertc a eerens (7) 
And Lt _A®* ty, =0, since Lt w,=1, by (y). 
t—>+0 t>+0 
It follows that, v being fixed, there is a positive number 7 such that 
2 S <=; ae. 
JA nl <a p1ye when 0< ty and nSSv—1. v.ceaeeees (8) 


Thus from (6), (7) and (8), we see that 


o> 
| > iytin Suo|<te+he<e, when 0<t=7. 


Therefore - ae: Anitly — SUtp) =0. 
out 
And, finally, Lt Satin =, 
t>+0 0 
since, from (y), Lt w=1. 


ILI. Let the sequence of Arithmetic Means Je the series Say converge to 8, 


y— nt 
and let u, be e-™ (or e-”*), Then the series Deity converges, when t>0, and 


Lt DdYa,u,=S ; 
0 


t—>+0 
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This follows at once from Bromwich’s Theorem above, if e-”* (or e~”*) satisfy 
the conditions (a), (8) and (y) of that theorem. 

It is ane me (2) and (y) ave satisfied, so it only remains to establish 
that (a) is satisfied. 

(i) Let Wi Cant Os 

Then L2Un =U, — Wins +Un +9 
: Se (GS es 
Therefore A’z,, is positive. 
Also Sn |A2z,,|= SrA, 

=Nn49— (M+1) tng +. 


Therefore Yn |A*z,,| =e, and the condition (a) is satisfied. 
1 


Gi het u,=e"% 7>-0. 
In this case A*u,=e7 "+9 (4 (0 + 0)22? — 22), 
where 0<0< 2.* 
Therefore the sign of A*w,, depends upon that of (4(2+ @)%¢? - 27). 
It follows that it is positive or negative according as 
ee O)t - /(2t)=0. 


Also (n+ 0)>—, cae when "> J 5 
1 1 
and be ray when +2 2 <n’ 


Therefore A’, cannot change sign more than three times for any positive 
value of ¢. 

But it follows at once from the equation 

MA? 0, = ne ("+ Pt (4(n + O)?t? — 22) 
that a positive number, independent of ¢, can be assigned such that n|A?w,,| 
is less than this number for all values of 7. 

Hence £ can be chosen so that the condition (a) is satisfied, provided that 
the sum of any sequence of terms, all of the same sign, that we can choose 
from YnA2u,, is less in absolute value than some fixed positive number for 
all values of ¢. 

Let nA, be the sum of such a set of consecutive terms. 


r 


Then we have 


8 
nha, =re-"* — (7 — 1)e- e+ — (s+ Ly eet Mt + geet 2M, 
; 


* This follows from the fact that 


f(a +2h) —2f(x +h) +f (x) 
h? 
where 0<0<2, provided that f(a), /’(« ) are continuous from x to a2+2h, 
(Cf. Goursat, loc, cit., T. I., § 22.) 


=f"(x + 6h), 
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which difters from 
A Ge ae GA ray = (s + 1)(e- #40" = GAT) 
by at most unity. 
But, when » is a positive integer and ¢>0, 
O<n(e—r™ — ent) = 2n(n + 0) tet"... (0< G<1) 
<2(n+ 0)? te +o" 
<2e-1: 
Therefore, for the set of terms considered, 


>| nA2u,,|<4e1 +1. 
= 
Then the argument above shows that the condition (a) is satisfied. 


oo 
IV. Let the Bue of Arithmetic Means for the series Sa, converge to S. 
0 


Then the serves Saye” will converge when O0<“<1, and 
Lt Saye"= 
x—>1—-0 


This follows from the first part of IIT. on uébine oe", 


V. Let the terms of the series Da, be functions of x, and the sequence of 
Arithmetic Means for this series converge uniformly to the bounded function 


S(w) mas=r=b. Then lit Dart converges uniformly to S(a) in this tn- 
t—>+40 


terval, provided that u, is a Won of t satisfying. the conditions (a), (3) and 
(y) of Bromwich’s Theorem, when t>0. 

This follows at once by making slight changes in the argument of IT. 

The theorems proved in this section will be found useful in the solution 
of problems in Applied Mathematics, when the differential equation, which 
corresponds to the problem, is solved by series. ‘The solution has to satisfy 
certain initial and boundary conditions. What we really need is that, as 
we approach the boundary, or as the time tends to zero, our solution shall 
have the given value as its limit. What happens upon the boundaries, or at 
the instant ¢=0, is not discussed. (See below § 123.) 


74. Integration of Series. Infinite Integrals. Finite Interval. In 
the discussion of § 70 we dealt only with ordinary finite integrals. We shall 
now examine the question of term by term integration, both when the 
integrand has points of infinite discontinuity in the interval of integration, 
supposed finite, and when the integrand is bounded in any finite interval, 
but the interval of integration itself extends to infinity. In this section we 
shall deal with the first of these forms, and it will be sufficient to confine the 


discussion to the case when the infinity occurs at one end of the interval 
(a, b), say w=. 


I. Let (2), u(x), ... be continuous in (a, b) and the series 3 U(x) converge 
uniformly to f(x) in (a, b). 


ARE FUNCTIONS OF A SINGLE VARIABLE 155 


. . . . . . 8 
Also let g(x) have an infinite discontinuity at «=b and i; g(x) du be absolutely 
convergeni.* i‘ 


Then is : T( 5 g(x) dz= > ke (wv) g(a) dx. 


From the uniform convergence of 2 tin(2) in (a, 6), we know that its sum 
He) is continuous in (a, 6), and thus ec and integrable. 


_ Also P (x) 9(«) dz is absolutely convergent, since [: g(x)dx is so (§61,VI.). 


Let [ig@)\ae=a 


Then, having chosen the positive number ¢, as small as we please, we may put 
S(@)=8,(%)+ BR, (2), 


where | 2,,(z) | <—) when 7 =v, the same v serving for all values of « in (a, 6). 
(b b 
But | T(«)g(#) dz and | S,,(”) g(a) dx both exist. 
vb 
Tt follows that | R,,(x) g(x) dx also exists, and that 
0 b b 
[eg dw= i, Sa(a) g@a de+ | NONE PES 

Thus we see that 

{ (6 ; is a) rb 

| is Fv) g(a) dx - = if U,(av) g(x) dx |= if Ly, (a) g(a) dx | 

<4 fig@lee 


<e, when n=, 


ath proves that the series Bile u,(a)g(v)da is convergent and that its 


sum is [ eo) g(x) dx. 


Ex. This case is illustrated by 
1 Ca Pl apt 
log wlog (1+) da= py Gly L = log wv da 
0 


x (-1)" y 1 ] 

— rf ‘ ae rc dxe= — ——— 
POs since i a" log x dv (ett 
wo ; aL 

Soa erem et cesy: 


: : Le; 
=2-2log2—- om using the series for 197 t 


* It is clear that this proof also applies when g(a) has a finite number of infinite 


b 
discontinuities in (a, b) and [ g(x) dx is absolutely convergent. 
a 


+ Cf. Carslaw, Plane Trigonometry (2nd Hd.), p. 279. 
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Here the series for log(1+.) converges uniformly in 0=#=1, and 
log w dw 
/0 


converges absolutely (as a matter of fact log x is always of the same sign in 
0<w=l1), while |logz|—a as x0. 

On the other hand, we may still apply term by term integration in certain 
cases when the above conditions are not satisfied, as will be seen from the 
following theorems : 


II. Let u,(w), u(v), ... be continuous and positive and the series > u(x) 
1 
converge uniformly to f(a) in the arbitrary interval (a, a), where a<a<b. 
Further, let g(x) be positive, bounded and integrable in (a, a). 
‘b wo (fb 
Then i Taye aa——> | Un(av) g(x) da, 
a lva 
rb wo fb 
provided that either the integral i I(x) g(a) dx or the series > | u(x) g(«) dx 
converges. rf “are 


"b 
Let us suppose that | F(@) 9(z) dx converges. 


In other words, we are given that the repeated limit 
b-€& nr 
Lt | [ Lt Dwu,(v)]9(v) dx exists. 
&>0 Ju mn 1 X 
Since the functions w(x), w.(x), ... are all positive, as well as g(~), in (a, a), 


°b 
from the convergence of | T(x) g(a) dx there follows at once the convergence 
Ja 


of : 
b 
i) UAe)g(a) da  (r7=1,°25...): 
Again, let F(®) =X) + Ug (@) + 00. + Un (v7) + R(x). 


wr) 
Then | h(x) g(x) dx also converges, and for every positive integer x 
a 


[ oy ata doe 3 | uno) a(a)de= [A@) gadis a (1) 


b 
But from the convergence of [Keg @)de it follows that, when the 


arbitrary positive number € has been chosen, as small as we please, there will 
be a positive number € such that 


b 
0< |" Ae)g@de<s 
b-¢ 
a 
A fortiori ; AY h06 ae mi Seah ks Gene 
fortiori, o</', Ry (ow) gw) de <5, ». (2) 


and this holds for all positive integers x. 
Let the upper bound of g(w) in (a, b— €) be M. 


wo 
The series Y w,(~) converges uniformly in (a, b— &). 
1 
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Keeping the number e we have chosen above, there will be a positive 
integer y such that 
0<Br(2) <5 — = 
= @)~2%(b=0) when n=y, 


the same v serving for all values of « in (a, b— &). 
rb-é z rb-& 
Tl 0) O\GO\C pe a) dx 
si <|, Fino) g(@) de <a), OE 
€ b-§ 
2(b —a)Ja 


a 
ao WIHETINIU Sis, weseaiaces enec clones tos (3) 


Combining these results (2) and (3), we have 
b 
o</ R(x) g(x) dx<e, when n=v. 
Then, from (1), f 
b n [bh 
0< / F(a) g(x) dz-> | u,(v)g(a)dx<e, when n=v. 
a lla 


Therefore | we g(4) da= » | : uy(a) g(a) de. 
va a 

The other alternative, stated in therenunciation, may be treated in the 
same way. 

Bromwich has pointed out that in this case where the terms are all 
positive, as well as the multiplier g(~), the argument is substantially the 
same as that employed in dealing with the convergence of a Double Series of 
positive terms, and the same remark applies to the corresponding theorem 


in § 75.* 
1 a o fl 
Ex. 1. Show that if 782 ade=¥[ vlog x du t 
ee 
a (n+1)* 


0 


=e 
acy & 
: l+adu 2 1 7 
. 2. Sho that [ OS Equi 
Bee nen tae Rd eee a 44m 19 4 
The conditions imposed upon the terms w,(7), U2(#), ... and g(), that they 
are positive, may be removed, and the following more general theorem stated : 


Dn 
III. Let u,(x), u%o(2), ... be continuous and the series >| un(x)| converge wnt- 
1 


ormly in the arbitrary interval (a, a), wherea<a<b. Also let Yu,(«)=f(«). 
A gy. 


* Of. Bromwich, Infinite Series, p. 449, and Mess, Math., Cambridge, 36, p. 1, 
1906. 

+The interval (0, 1) has to be broken up into two parts, (0, a) and (a, 1). In 
the first we use Theorem I. and in the second Theorem II. Or we may apply 


§ 72, VI. 
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Further, let g(a) be bounded and integrable in (a, a). 
: bs 
Then [" Ae) g(a) de= > P unGe) g(a) de, 


provided that either the integral iE CRONE |g(x)|da or the series 


sf | wn(v)| g(a) | de converge. 
lia 
This can be deduced from IT., using the identity : 
Ung = {tin + | tn |} 19 |} Leen | tn P19 |=] eem fg +19 1} 1 een | ls 
since that theorem can be applied to each term on the right-hand side. 


gl 
Ex. 1. Show that | ae =x(- iy x" log wx da 


2(-1r 1y"#2 
0 Gry 


Ex. 2. Show that 


fl ge 1 a ile -1)" 
ft ~ ee n—1 ‘ a+p-l x dv: , 
|, Eee log vdx ~ 1) [ 1 log x da pa ene 


when p+1>0.* 
75. Integration of Series. Infinite Integrals. Interval Infinite. 


For the second form of infinite integral we have results corresponding to 
the theorems proved in § 74. 
4 
I. Let u(x), w(x), ... be continuous and bounded in x=a, and let the series 


Dun,(x) converge uniformly to f(x) inxZa. Further, let g(x) be bounded and 
ze 
integrable in the arbitrary anterval (a, a), where axa, and a may be chosen as 


large as we please ; and let | “9 (wx) da converge absolutely. 


Then | Fa) g@)de=D] una) g(a) ae. 
Ja lva 
The proof of this theorem follows exactly the same lines as I. of § 74, 
nO x wo 2 e-* ax 
Ex. ae = 
| “F Bass | (wtn—-V(@+n) 


This follows from the fact that ae series 
1 1 
a(a-+1)* @+1)(@+2)* 
converges uniformly to 1/# in #1. 


 * Tf p>0, Theorem III. can be used at once. 

If 0>p> —1, the interval has to be broken up into two parts (0, a) and (a, 1). 
In the first we use Theorem I, and in the second Theorem III. Or we may apply 
§ 72, VI. 
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But it is often necessary to justify term by term integration when either 
| |9(2)| dx is divergent or Sw,(«) can only be shown to converge uniformly 
a 1 


in the arbitrary interval (@, a), where a can be taken as large as we please. 
Many important cases are included in the following theorems, which 
correspond to IT. and ITI. of § 74: 


Il. Let u,(x), uo(2), ... be continuous and positive and the series Len(#) con- 


verge uniformly to f(x) in the arbitrary interval (a, a), where a may be taken as 
large as we please. 
Also let g(a) be positive, bounded and integrable in (a, a). 


Then [ “F(x g(x) daz= » [ue (x) g(x) dex, 


provided that either the integral i Te) g(a) dx or the series . / Un(a) g(a) de 
converge. ya ne 


Let us suppose that i F(#) g(a“) dx converges. 


In other words we are given that the repeated limit 


Lt Ahh Lt 


Steg g(a) dz exists. 
a>raia nol -# 
Since the terms of the series Sue(o) oe all positive, as well as g(w), in 
2 =a, from the convergence of [ ne g(x) dx there follows at once that of 
3 u(x) g(a)dx (r=1, 2, ...)- 
Again let J(2)= Uy (#2) + U(X) + 00 + in () + Ry (@). 


Then if R,,(x) g(x) dx also converges, and for every positive integer » 
Ja 


[Aarg(o) da — S| u,(x) g(a) dx =| Ti ACRYOKEBNCHIS  Gaopscone: (1) 


But from the convergence of / T(v)g9(«) da, it follows that, when the 


arbitrary positive number ¢ has been chosen, as small as we please, there will 
be a positive number a such that 


0< [ Hla)g (a) dee <5 


is ! 
A fortiori, 0 ah Rh, (x) g(«)dx <5) 


and this holds for all positive integers x. 
With this choice of a, let the upper bound of g(x) in (a, a) be I. 


2 . 
The series }w,,(7) converges uniformly in (a, @). 
T 
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Keeping the number € we have chosen above, there will be a positive 
integer v such that 
O—iA(Z es TCE iG aay when =v, 
the same v serving for all values of # in (a, a). 
Thus o<|" SAG. gw) dex <5, when n=v. 
But o<| Ry (2) g(a) de <§ 
and this holds for all values of 7 

Combining these two results, we have 

o</ Rr(x) g(x) dx <«, when n=v, 


and from (1), 
o<| f(2) g(a) dz —- 3/ Uy (x) g(x) dx <«, when xn=v 
lva 


Therefore | f(e)g(w)de=3 | Ws acl 
va lia 
The other alternative can be treated in the same way 
fics) wo Z2n £2 
Ex, 1: | e— cosh bx dx napa ‘ Cade it Obl; 
Jo 0 2ntJo 


Co) 


< om [ a2x2 Yn 
ena” da: 


| “e-@ cosh bx dx = 
0 
and g(a), that they 


Bx, 2. 


Further, the conditions imposed upon w(x), w(x), 
shall be positive, may be removed, leading to the theorem 


ioe) 
ybe continuous and the series S| u,(x)| converge uni- 
a 


TUT. Let 2)(2), un (@)s 2 
formly in the arbitrary interval (a, a), where a may be taken as large as we 


please. Also let s OA CIRCA) 
; 
Further, let g(a) be bounded and integrable in (a, a) 


Then | Te) g(x) da= ~ Un(a) g(x) da, 
provided that either the integral ite S| tn *)| | g(v)|dax or the series 


Sf | Un(v)||9(v)| dae converges. 


> Ja 
This is deduced, as before, from the identity 
G\-|*altgtlol}+leml Ig, 


UnJ = Unt | nl HIF G |} — (thn + en | 5 |g 
since the Theorem II. can be applied to each term in the right-hand side 
i npen =) z . 
) a enn ag, if O<|b| <a 


Show that i e—™ cos bu da = inl 


Ex, 1 
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( a O22 


roo 
ara | eee" da. 
. J0 


Br 2: Show that [ e-” eos ba dx= > 
J0 0 
76. Certain cases to which the theorems of § 75 do not apply are covered 
by the following test : 
Let u(x), U(x), ... be continuous in «Za, and let the series ¥ u,(x) converge 
ay 


uniformly to f(x) in the arbitrary interval (a, a), where a may be taken as large 
as we please. 
Further, let the integrals 


[ u(x) dx, U(x) da, ete., 


converge, and the series of integrals 


Pe (a) dz + | us(a) da+... 


converge uniformly in x” = a. 
Then the series of integrals 


nm 


[i 2, (x) des U(x) dat... 


converges, and the integral / f(@) dx converges. 
Ja 


Also i “f() da =| u(x) dx +] Up(t) dB +... 
Let S;,(#) =I u,(2) dx +f Uy(v) da+...+ iP Uy(a) da. 


Then we know that Lt S,(~) exists in «=a, and we denote it by F(2). 


no 


Also we know that Lt S,(#) exists, and we denote it by G‘(n). 


We shall now show that Lt (x) and Lt G(n) both exist, and that the 


two limits are equal. 
From this result our theorem as to term by term integration will follow 


at once, 
I. To prove Lt F(x) exists. 


Since Lt S,,(w) converges uniformly to F(xv) in v=a, with the usual 
n—>o 


notation, we have | F(x) —S,(@)|< : ae eay., 


the same v serving for every ~ greater than or equal to a. 
Choose some value of 7 in this range. 


Then we have Lt 8,(v)= G(x). 
Therefore we can choose X so that 
| Sn(@”) — Sn(2’) |< a when 247 = 14> a. 


Cc. I L 
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But Flat") Fle) 
=| F(x") —8,(37”)| +] Sule”) — Sn(2’) | +] Sala’) - F(#)| 
<gtats 


<¢€ when 7 >v2X>a. 
Thus F(x) has a limit as 7> 0. 
II. To prove Lt G(n) exisis. 
n—> 2 


Since Lt S,(x) converges uniformly to /(#) in c=a, 
n—>o 


| Sa(v) — Sy(v) | < when 2” >n' =), 
the same v serving for every x greater than or equal to a. 
But Lt S,.(v)=G@(n). 
xo 
Therefore we can choose Y,, X, such that 


| G(n’) — Sy (a) I<5 when += X,><a, 


| G(r") — Suna) |<5, when v= X >a. 


Then, taking a value of x not less than Y, or X., 
| @(n”) — G(x’) : 
>| Gn") = Syi(x) | +|Sp(w) — Surv) | +| Snr(x) - G(r’) | 
(3 € € 
aT 37s 
<e, when n”>n/=vy. 
Therefore Lt G(n) exists. 


_ n—>2 


< 


III. To prove Lt F(ayE Lt G(r). 


Since Lt G(x) exists, we can choose v, so that 


> | Uy(a) dx 


In+1 Ja 


€ 
<-—, when n=1,. 
3? ie | 


oO pr 
Again =| u,(x) dx converges uniformly to F(«) in «=a. 
a 
Therefore we can choose vy so that 


wo (x 
3 | U,( xv) da 


n+1 Ja 


the same v, serving for every « greater than or equal to a. 
Choose v not less than v, or vy. 


€ 
<-—, when n=yv, 
57 — "3s? 


Coy 
From the convergence of the integral | Du,(«) dx, we can choose Y so that 
al 


I > Uy, (x) dx 
Cal 


< when t= X>a. 


‘ 
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But ES, | u(x) dv — F(x) 
1 


a 


= | Du,() dar+ | u(x) da — > \. u,(a) dar 
| 1 v+1Ja v+l1Ja 


| > u,(2) ae + a U, (a) de + > i; U(x) dx 
1 | Ip+iJa v+1Ja : 


€ € 
<= = Zs 
+3 +3) 


<«, when = X >a. . 


Therefore _ Lt F(z)= =| u,(a)dv= Lt Gn). 
a> 1 1 Ja n> x 


IV. But we are given that the series 
Uy (v7) + Uy(a)+... 


converges uniformly to /(#) in any arbitrary interval (a, a). 
Therefore we have 


a Flo)do= | Uy (7) det | u(v)da+... in vZa. — 
Thus, with the above notation, 
P(o)= |" f(a) de. 


{t follows from [. that / J(@) dx converges, and from IIT. that 


[re do= | (x) dx + [n) Eade 
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EXAMPLES ON CHAPTER V. 
UNIFORM CONVERGENCE. 


1. Examine the convergency of the series 
~ x 
“merit le+ill@tae+ ile 
and by its means illustrate the effect of non-uniform convergence upon the 
continuity of a function of w represented by an infinite series. 


x=), 


2. Prove that the series 
2 2 
Po ye asc it a 
(1+?) (1427)? 
is convergent for all values of 7, but is not uniformly convergent in an 


interval including the origin. 


Siuees 


3. Determine whether the series 
2 1 
Tn +ntu2 


is uniformly convergent for all values of ~. 


oe 
4, Find for what values of w the series } wv, converges where 
Ty 


er — eon 
Un = (a fe a") (a ara te gent 
1 . 1 


(eee) (@— eae 
Find also whether the series is 
(i) uniformly convergent through an interval including +1 ; 
(ii) continuous when wx passes through the value +1. 


5. Discuss the uniformity or non-uniformity of the convergence of the 
series whose general term is 
u L= (ial a (tee, 
n 1+(1+2)* 1+(1 +-g)e-b 
6. Let Ag+dy+... 


be an absolutely convergent series of constant terms, and let 


Jo(*), ti (2) eee 


be a set of functions each continuous in the interval arf, and each 
comprised between certain fixed limits, 


where A, 4 are constants. Show that the series 
USo(e + fi(4) +... 


represents a continuous function of w in the interval a =w#= B. 


* 
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7. Show that the function defined by the seriés 
= x 
= n(1 +nzx?) 
is finite and continuous for all values of w Examine whether the series is 
uniformly convergent for all such values. 


8. Show that if Up(4)+u,(v)+... 


is a series of functions each continuous and having no roots in the interval 
a4=xSb, and if 
Un+1(%) | — 
Un(2) 
where y, v do not depend on #, then the given series is uniformly con- 
vergent in this interval. 
Apply this test to the series 


=7=<1, when n=», 


L+20+a(0— 1) + 0(#- I(w-2)o+..; 
where 0<a<]. 


THE POWER SERIES. 
9. From the equation sin-47= ie Jay 


show that the series for sin—z is 


Be ore wh [wed 
‘ 23 Ce ine aes en |v . 


Prove that the expansion is also valid when |#|=1.* 


: art 
10. From the equation tan—7v= fens 


obtain Gregory’s Series, 
tan av =¢—443 +42 — 


Within what range of w does this hold? 


11. Show that we may substitute the series for sin-!v and tan~!wv in the 
integrals Rerteva peerartela 
2 | © Sin© de and | ee ax, 
0 av J0 av 
and integrate term by term, when | 7! <1. 
Also show that 


‘1 gin le aN leis ea ed ieee 1 [ tan —1x il 
y ~di= =i (| oa —. 
| x 2 > 9.4...9n (Qn+1)” Jo 4 >( "On+1) 


ates BS 
and from the integration by parts of a and - x 
series also represent aS 
at 
ifs poet ie and | [log al te 
J/a- Jo 1l+a? 


*When «=1, Lt ““+!=1, but Raabe’s test (cf. Bromwich, Joc. cit., p. 35, or 
n—>o Un 
Goursat, loc. cit., p. 404) shows that the series converges for this value of . 
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12. If|#|<1, prove that 

pa: 2 GG 
ic BIA Leth a“ 
J, en tede=F5-s-at53 


Show that the result also holds for #=1, and deduce that , 
1=}—14441-,,.=042682;... 


13. If |a|<1, prove that 


a yea 


i ee (ae de - pe vane os 


Does the result hold for v= +1? 
14, Prove that 
1e Jog (1—«) Gee Sy ee 
0 x ied (re 


(a ax EA) ‘ un ay 
| log (1+) ae =( 1) ? Wace ip 


I ee =) dx Sees 
] = 29 — Oa 7 <1. 

ih oe(7*2 & 25 (an—1)? oe 
Express the integrals 


t dav ‘ n dx : t o 1+ da 
if log(1-2)—, | log (1 +.) —— and i: log (Gree 


x 


\ 


as infinite series. 


15, Show that 1-4-#4+44+2-t-bet.. 
=f tide 
1+28 
= log (2+ V3). 


INTEGRATION AND DIFFERENTIATION OF SERIES. 


16. Prove that the series } (ae-”«*— Be-”8*) is uniformly convergent in 
1 
(c, y), Where a, 8, y and ¢ are positive and c<y. 
Verify that 


tei wn ioe) 
i >» (ae- naw — Be — Bx) da= Sy - (ae- nav — Be - np) ax. 
c 1 1lJe 
ry S ny 
Is | > (ae-nax — Be - Bx) da => (ae- na — Be — BX) ly ? 
Jo ot 1/0 


17. If it be given that for values of w between 0 and z, 


: : {1 acosx acos2x \ 
a cosh av=2 sinh ar leon Se = 
Qa 


lta® " +a? "Ss? 


prove rigorously that 
sinv 2sin2e  3sin3x \ 
lta? 24-92 © Biparh "J 


a sinh av =2 sinh ar { 
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18. Show that if f(«)= pe Sree then it has a differential coefficient 


ae 02) 


equal to —2x ee for all values of x. 


1 
n2(1 + na)? 
19. When a stands for a positive number, then the series 
Seed | es oat py ate ap 
~ rl a + 3? ~ Cee Oak 


are uniformly convergent for all values . «; and if their sums are f() and 
F(x) vespectively, iL es Oma 
vl v! dx (<a) 


(=1e") 
DOS Es i (ae : 
20. Find all the values of x for which the series 


ée’ sin v+e" sin2v+... 


8 ates 


converges. Does itconverge uniformly for these values? For what values 
of x can the series be differentiated term by term ? 

21.* Show that the series 

Bue" = 3 Que (he 7 ane") 

can be integrated term by term between any two finite limits. Can the 
function defined by the series be integrated between the limits 0 and o? 
If so, is the value of this integral given by integrating the series term by 
term between these limits ? 

22. If each of the terms of the series 

Uy (x) +Ug(v)+... 
is a continuous function of v in w= a>0, and if the series 
LUy(L) +H Uy(“)+... (K>1) 

satisfies the I/-test (§ 67), then the original series may be integrated term by 
term from @ to a. 


23. Show that the series 
1 1 os 
ee re v=0 
(+2pPt @+ap? (Fen) 
can be integrated term by term between any two positive finite limits. Can 
this series be integrated term by term between the limits 0 and ©? Show 
that the function defined by the series cannot be integrated between these 


limits. 
24, Show that the function defined by the series 
1 1 
a) +apt 2 apt 
can be integrated from 0 to ©, and that its value is given by the term by 
term integration of the series. 


* Ex. 21-27 depend upon the theorems of §§ 74-76. 
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25. Prove that 
Sige : Papel aes 
Jol+a  @ atl a+2 ~~ 
Explain the nature of the difficulties involved in your proof, and justify 


the process you have used. 


(a>0). 


26. By expansion in powers of a, prove that, if |a|<1, 


[ea — e702) log (1 +a), 


x 


pee dx 
i tan—!(a sin «)—— =$7 sinha, 
0 sina 7 


examining carefully the legitimacy of term by term integration in each case. 
: ba 2 
a) ( ie 1"( 2) 
27. Assuming that J) (b2)=> ——_— 
0 (n!)? 


“00 


show that l e~* J, (bu) da = 


1 
V+ 
when a>0. 


CHAPTER VI. 


DEFINITE INTEGRALS CONTAINING AN ARBITRARY 
PARAMETER. 


77. Continuity of the Integral. Finite Interval. In the 
ordinary definite integral iF p(x, y)dx let a, w be constants. 


Then the integral will be a function of y.* 

The properties of such integrals will be found to correspond 
very closely to those of infinite series whose terms are functions 
of a single variable. Indeed this chapter will follow almost the 
same lines as the preceding one, in which such infinite series 
were ‘treated. 


I. If p{@, y) is a continuous function of (x, y) in the region 
G=—t=65 bD=y=0; 
then le p(x, y) dx is a continuous function of y in the vnterval 
(b, bY). 
Since (a, y) is a continuous function of (, y)t, as defined 


in §37, it is also a continuous function of # and a continuous 


function of y. 
Thus (a, y) is integrable with regard to a. 


Let fuy)=|" oy) ae. 


* As already remarked in § 62, it is understood that before proceeding to the 
limit involved in the integration, the value of y, for which the integral is required, 
is to be inserted in the integrand. 

+ When a function of two variables 2, y is continuous with respect to the two 
variables, as defined in § 37, we speak of it as a continuous function of (a, y). 

Tt will be noticed that we do not use the full consequences of this continuity in 


the following argument. 
169 
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We know that, since (a, y) is a continuous function of (2, y) 
in the given region, to any positive number e, chosen as small 
as we please, there corresponds a positive number y such that 


| p(x, y+ Ay)— (a, y)|<e, when | Ay|=n, 
the saine serving for all values of w in (a, «’).* 
Let Ay satisfy this condition, and write 


F(yt+Ay) = iF p(x, y+ Ay) da. 


Then fytAy)—/(=| [pe y+Ay)— ol )] de. 
Therefore 
y+ Ay-F) |S | |p @y+Ay—H@ |e 
<(a’—a)e, when |Ay]| =p. 
Thus /(y) is continuous in the interval (0, 0’). 
Il. If p(a, y) 1s a continuous function of (a, y) Mm O=t—6, 
b=y=V, and wW(a) is bownded and vntegrable im (a, a’), then 


|. p(x, y) W(x) dx is a continuous function of y wn (0, b’). 


Let A=) $e Vode, 


The integral exists, since the product of two integrable func- 
tions is integrable. 


Also, with the same. notation as in L., 


Hu+d)-Fw)=\ [pe y+y)- $e, WIW@) dee 
Let M be the upper bound of | ¥-(x) | in (a, «’). 


Then |f(y+Ay)—f(y)|<M(a’—a)e, when |Ay| =x. 
Thus f(y) is continuous in (0, 0’). 


78. Differentiation of the Integral. 
I. Let fy)=)" p(w, y) da, where o(x, y) is a continuous func- ~ 


tron of (%, y) im aSaeSa, b=ySv, and oe 


the same condition. 


*This follows from the theorem on the uniform continuity of a continuous 
function (cf, $37, p. 75). 
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Then f(y) exists and is equal to {3 oD atop, 
og 


Since <* is a continuous function of (a, y) in the given region, 
oy 
to any positive number e, chosen as small as we please, there cor- 


responds a positive number y, such that, with the usual notation, 


3 3 
| p@, yeep pa, SD <e Gena Auleoe. 


the same y serving for all values of in (a, @’). 
Let Ay satisfy this condition. 


Then 
Hy t+Ay)—FY) _ ir $(@ y¥tAy)—-o@ 4) 4, 
Ay a Ay 
=|" pee de, where 0<0<l, 


_ (“a6(a,y) +P p(w y+OAy) Wla,y)] , 
et soy Ae 


a 


Thus we have 


hen —fY) ali St ae, oe 
a OY 


ig [es ote yee) “ Dae 


<(a’—a)e, when |Ay] =n. 


And this establishes that Lt : eee eh (Y) } exists and is 


Ay 


equal to i °F ae at any point in (8, 0’). 


© 
IJ. Let et p(x, y)W(a) dx, where p(a, y) and = wre as 
in L., and (a) is bounded and integrable vn (a, w’). 
#2 
Then f(y) exists and vs equal to ik ev) da. 


Let the upper bound of | ¥-(«)| in (a, a’) be M. 
Then we find, as above, that 


Aer ea re _(" io) de |< Ma’ =a), when |Ay] =». 


And the result follows. 
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The theorems of this section show that if we have to differ- 
e 
entiate the integral | F(a, y)dx, where F(x, y) is of the form 


p(2, y) or (a, y) (x), and these functions satisfy the conditions 
named above, we may put the symbol of differentiation under 
the integral sign. In other words, we may reverse the order of 
the two limiting operations involved without affecting the result. 

It will be noticed that so far we are dealing with ordinary 
integrals. The interval of integration is finite, and the function 
has no points of infinite discontinuity in the interval. 


79. Integration of the Integral. 


Let fy=| p(a, y) W(x) dx, where (a, y) is a continwous 


function of (x,y) in G=ev=a, b=y=v, and (a) is bounded 
and integrable in (a, a’). ; 


then f’ flydy=J" de |’ ple, Wye o)ay, 
where yo, Y ee two points oi (b, 5°). 

Let D(o, =|" oe, yay. 

Then we know that = p(a, y) [§ 49], 


and it is easy to show that 2(a, y) 18 a continuous function of 
(x, y) in the region a=aSa’, b=ySd’. 


Now let iy)= | P(x, y) (x) dx. 


From § 78, we know that 


gy)=\" Eye) de 


=|" gle, 9) Wo) de. 


Also g‘(y) is continuous in the interval (6, b’) by § 77. 
i] i a! 

Therefore | gy) dy =|" dy | p(x, y) v(x) da, 
Yo YN a 


where ¥), y are any two points in (b, b’). 
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Thus [dy [" ge.yyeoyde 
=9(y)—9 (Yo) 


al [P(x, y)— P(x, Yo] (a) da 
=\"| Fon ay—-[" oe aay | ya) ax 


=|. ae |’ pea) wenay. 


Thus we have shown that we may invert the order of integra- 
tion with respect to w and y in the repeated integral 


if da \ F(a, y) dy, 
a Yo 


when the integrand satisfies the above conditions; and in par- 
ticular, since we may put y-(z)=1, when F(a, y) is a continuous 
function of (x, y) in the region with which the integral deals. 


80. In the preceding sections of this chapter the intervals 
(a, aw’) and (0, b’) have been supposed finite, and the integrand 
bounded in a=a=a’/,b=y=b’. The argument employed does 
not apply to infinite integrals. 

For example, the infinite integral 


nD 


Aw=|, ye-*Y dex 


converges when y=0, but it is discontinuous at y=0, since 
F(y)=1 when y>0, and f(0)=0. 


[oa} 
Similarly | sin ry e- "may dp 
0 


converges for all values of y, but it is discontinuous for every 

positive and negative integral value of y, as well as for y=0. 
Under what conditions then, it may be asked, will the infinite 

integrals 


| F(x, y)d« and ip F(a, :y) da, 


if convergent when b= y=V’, define continuous functions of y 
in (b, b’)? And when can we differentiate and integrate under 
the sign of integration ? 
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In the case of infinite series, we have met with the same 
questions and partly answered them [ef. §§ 68, 70, fA. We 
proceed to discuss them for both types of infinite integral. The 
discussion requires the definition of the form of convergence of 
infinite integrals which corresponds to uniform convergence in 
infinite series. 


81. Uniform Convergence of Infinite Integrals. We deal 
first with the convergent infinite integral 


| F(a, y) da, 


where F(a, 7) is bounded in the region a=av=a’, b=y=D’, the 
number w’ being arbitrary. 


I. The wntegral | F(x, y) dx 1s said to converge uniformly to its 
a 


value f(y) in the interval (b, b’), of, any positive number e 
having been chosen, as small as we please, there 1s a positive 
number X such that 


x 


sw)-| Fe y)de| <e when «=X, 


the same X serving for every y in (b, b’). 

And, just as in the case of infinite series, we have a useful test 
for uniform convergence, corresponding to the general principle 
of convergence (§ 15): 


Il. A necessary and sufficient condition for the wniform 
convergence of the integral | F(x, y) dx in the interval (6, b’) is 


that, if any positive number ¢ has been chosen, as small as 
we please, there shall be w positive number X such that 


“ 


il F(x, y) da|<e, when & >a =X, 
we 
the same X serving for every y in (b, b’). 

The proof that II. forms a necessary and sufficient condition 
for the uniform convergence of the integral, as defined in L, 
follows exactly the same lines as the proof in § 66 for the corre- 
sponding theorem in infinite series. 
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wo 


Further, it will be seen that if | Fe, y)dx converges wni- 


formly in (b, b’), to the arbitrary positive number ¢ there corre- 
sponds a positive number X such that 
i} F(a, y) dx ee when x= 4X, 
the same X serving for every y in (b, b’). 
The definition and theorem given above correspond exactly to 
those for the series U, (a) +U,(a)+..., 


uniformly convergent in a=a2=b; namely, 

| Rn(w)|<e, when n=», 
and |,R,(a#)|<e, when n=», for every positive integer /p, 
the same y serving for every value of a in the interval (a, b). 


82, Uniform Convergence of Infinite Integrals (continued). 
We now consider the convergent infinite integral 


i Ee Yy) da, 


where the interval (a, qa’) is finite, but the integrand is not 
bounded in the region a=x=a’,b=y=b’. This case is more 
complex than the preceding, since the points of infinite discon- 
tinuity can be distributed in more or less complicated fashion 
over the given region. We shall confine ourselves in our 
definition, and in the theorems which follow, to the simplest 
ease, which is also the most important, where the integrand 
F(x, y) bas points of infinite discontinuity only on certain lines 
=O, Uo, --. On (WHO, < a... <a, =a), and is bounded in the 
given region, except in the neighbourhood of these lines. 

This condition can be realised in two different ways. The 
infinities may be at isolated points, or they may be distributed 
right along the lines. 5 

Cae een LY ate ee 
Eg. (i) | Fecaay when 0=y=b. 
(ii) i a’-1e-*da, when 0O=y<l. 
0 


In the first of these integrals there is a single infinity in the 
given region, at the origin; in the second, there are infinities 
right along the line «=0 from the origin up to but not including 


y=l. 
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In the definitions and theorems which follow there is no need 
for any distinction between the two cases. 
Consider, first of all, the convergent integral 


ib F(x, y) dx, 


where F(z, y) has points of infinite discontinuity on a=a’, and 
is bounded in w=r=a'—€, b=y =v’, where aw —-E<w’. 

For this integral we have the following definition of uniform 
convergence : 


I. The integral \ F(a, y) dx is said to converge uniformly to 


its value f(y) in the interval (b, b’), if, any positive number e 
having been chosen, as small as we please, there is a positive 
number yn such that 


' 


a’ -& : eee 
\fy)- |. Fey) dai<e, when 0<2=, 


the same » serving for every y in (b, b’). 

And, from this definition, the following test for uniform con- 
vergence can be established as before : 

II. A necessary and sufficient condition for the wniform con- 
vergence of the integral | F(a, y) dx in the vnterval (b, b’) as that, 


uf any positive number e has been chosen, as small as we 
please, there shall be & positive nwmber n such that 


a! — £" 
I] F(a, y)de| <e, when 0<&"< & =n, 
a’ —& \ 


the same 7 serving for every y in (b, b). 

Also we see that if this infinite integral is uniformly con- 
vergent in (b, b’), to the arbitrary positive nwmber ¢ there will 
correspond a positive number yn such that 


i" F(a, y) du\|<e, when 0<€=n, 


the same » serving for every y in (b, b). 

The definition, and the above condition, require obvious modi- 
fications when the points of infinite discontinuity lie on «=a, 
instead of w=’. 
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And when they lie on lines w=a,, ay, ... a, in the given 
region, by the definition of the integral it can be broken up into 
several others in which F(x, y) has points of infinite diseon- 
tinuity only at one of the limits. 

In this case the integral is said to converge uniformly in (0, b’), 
when each of these integrals converges uniformly in that interval. 

And, as before, if the integrand F(a, y) has points of infinite 
discontinuity on 7=(,, d5,... Gn, and we are dealing with the 


integral | F(a, y) dz, this integral must be broken up into several 
integrals of the preceding type, followed by an integral of the 
form discussed in § 81. 

The integral is now said to be uniformly convergent in (0, b’) 


when the integrals into which it has been divided are each 
uniformly convergent in this interval. 


83. Tests for Uniform Convergence. The simplest test for 
the uniform convergence of the integral | F(a, y) dx, taking the 


first type of infinite integral, corresponds to Weierstrass’s M-test 
for the uniform convergence of infinite ye (§ 67). 

I. Let F(a, y) be bounded in a=a=a'’, b=y=)' and in- 
tegrable in (a,a’), where a’ is arbitrary, Pe every Yy an (6, 6’). 


Then the vntegr all F(a, y) da will converge uniformly i (b, b’), 


if there is a function u(x), independent of y, such that 
(i) u(a)=0, when w=a; 
(ii) |F(a, yi\=u(x), when =a and beySv; 


and (ill) | p(x) dx enrsts. 

For, by (i) aa (ii), when @” >a’ =a and b=ySV*, 
[ Fe, y)de| = \" ule de, 
and, from (iii), there is a positive Acrnbat X such that 


i u(a)da<e, when #” >a#=X. 


These conditions will be satisfied if w”F(a#,y) is bounded 
when w=a, and b=y’=b' for some constant greater than 1. 
Cc. 1 M 
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CorotuaRy. Let F(a, = (a, y)W(a), where o(@, y) 48 
bounded in a=a and b=ySV’, and integrable in the interval 


(a, a’), where w is arbitrary, for every y in (b, 0’). Also let 
i v(x) da be absolutely convergent. Then 3 F(a, y)dx is wni- 


formly convergent in (b, b’). 
° dx Seok 5; Pee 
Ex, 1, ata? eee 4 dx converge uniformly in y=y>0. 


x == . . . . 
Ex. 2. [ e Yda converges uniformly in 0< v= Y, where Vis an arbitrary 
Jo 


positive number. 


Ex. 3. ‘i ley is SIN 2Y (yy [ss ee oy a hae ony de converge 
AD J0 


yy +7 ao +n 


uniformly for all values of vy, where n>0. 


Il. Let (a, y) be bounded in w= a, b= y=’, and a monotonic 
function of « for every y in (b,b’). Also let Wy(a) be bownded 
and not change sign more than a finite number of times in 


the arbitrary interval (a, a’),* and let | W(x) dx exist. 


Then | p(x, y) Wr (w) da converges uniformly in (b, b’). 


This follows immediately from the Second Theorem of Mean 

Value, which gives, subject to the conditions named above, 
el! & xl 

[se MVe) dee sey | ploydrt go’ y) | eae, 
where € satisfies aa’ =é=a”. 

But $(@, y) is bounded in w=a and b=y=V’, and | ur (a) da 
converges. ‘i 

Thus it follows from the relation 


“oC y) No(a) dee 


| =| g(a’, i vr (a) dav + p(w", D) Jove da 


that | p(x, y) W(@) dw converges uniformly in (0, b’). 


* This condition is borrowed from the enunciation in the Second Theorem of 
Mean Value, as proved in $50. If a more general proof had been given, a 
corresponding extension of II, would have been treated here. 
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It is evident that y(a) in this theorem may be replaced by 
W(a, y), if a vy(a, y) dw converges uniformly in (b, b’). 


a a 
= sine COSE F : 
Ex. : etY —— dy, | Cac! —, da (a> 0) converge uniformly in y=0. 
Ja « 


IIT. Let ae y) be a monotonic function of « for each y in 
(b, b’), and tend uniformly to zero as « increases, y being kept 
constant. Also let yy(a) be bounded and integrable in the arbi- 
trary wnterval (a, wv), and not change sign more than a finite 


' . . . fs 
number of times in such an interval. Further, let | W(x) da be 
bounded in x=a, without converging asw>o. ~~“ 


Then { p(a, y) (a) dx is uniformly convergent im (b, b’). 


This follows at once from the Second Theorem of Mean Value, 
as in II. Also it will be seen that W(x) may be replaced by 
wW(a, y), if | W(«, y) dx is bounded in wa and b=y=b'’* 


2x1. | e-Ysin £04, fe e—” cos” da converge uniformly in y¥=y> 0. 
/0 


Ex. 2. [ ee de a and ig? Ae sa oe » both converge uniformly. % in y=¥>0 
and y=—-y%<90 
It can be left to the reader to enunciate and prove similar 


theorems for the second type of infinite integral ‘ F(x, y) de. 


a 
The most useful test for uniform convergence in this case is that 
corresponding to I. above. 


We! 1 
Ex. 1. [ a! da, [ a e-* dx converge uniformly in 1 >y=% >0. 


Ex, 2. ft _ si) “dx converges uniformly in 0<ySy% <1. 
0 


pity 


84. Continuity of the Integral i: F(x, y)dx. We shall now 
consider, to begin with, the infinite integral | F(a, y) dw, where 


* F(a, y) is bounded in the region a=a=a’, b=y=V’, w’ being 
arbitrary. Later we shall return to the other form pafnite 
integral in which the region contains points of infinite dis- 
continuity. 


*In Examples 1 and 2 of $88 illustrations of this theorem will be found, 
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Let Ay=| Fe y) dx, where F(x, y) is either a continuous 


function of (a, y) inaSv=a, b=y=l’,, wv being arbitrary, or 
is of the form (x, y) W(x), where $(a, y) is continuous as above, 
and W(a) is bounded and integrable in the arbitrary interval 
(a, @’). 


ice) 


Also let | F(a, y) dx converge uniformly vn (b, 0’). 


Then f(y) is a continuous function of y in (b, b’). 
Let the positive number e be chosen, as small as we please. 
Then to ¢/3 there corresponds a positive number X such that 


iP F(a, y) dx 


the same Y serving for every y in (0, b’). 
But we have proved in § 77 that, under the given conditions, 


ot . when x= 4, 


x 
| F(x, y) dx is continuous in y in (0, b’). 


Therefore, for some positive number 4, 


bs x 
| F(a, y+ Ay) do—| F(a, y) ite <S, when | Ay|=y. 


xXx oe 
Also Ty) =| F(a, y) dx +] F(x, y) dx. 
a x 


Xx xX 
Thus /(y+Ay)—f(y)= | | F(x, y+ Ay) dx -| F(x, y) dx | 
J +| F(x, y+ Ay) da— | F(a, y) da. 
x JX 


Also we have 


| F(a, y)da\<£, 
x 3 


and 


| Fa, yt Ay) de <s. 
[JX 1 
Therefore, finally, 
aay, Leg ks 
FY +A -fMl<gtgts 
<e, when |Ay|=7. 
Thus /(y) is continuous in (0, b’). 
85. Integration of the Integral | F(x, y) dx. 


Let F(a, y) satisfy the same conditions as in § 84. 
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Then ’ dy | F(a, y) d= | due |’ F(a, y) dy, 
Jy a a Yo 


where y,, y are any two points in (0, v’). 
Let TY) =| F(x, y) da. 


Then we have shown that under the given conditions f(y) is 
continuous, and therefore integrable, in (0, b’). 
Also from $79, for any arbitrary interval (a, ~), where a can 
be taken as large as we please, 
fa y 'Yy ‘xz 
| dia \ F(x, ¥) dy =| dy | F(x, y) da, 
a Y% Yo a 
Y), y being any two points in (), b’). 
Therefore 
| da ‘ E(agy)da= Lt i: dy | F(x, y) dx, 
a Yo r—>n J Wy a 
provided we can show that the limit on the right-hand exists. 
But “ 
x y ee) "y Pn 
if dy | Fl, y)de=|" dy | F(x, y) dn — | dy | F(x, y) de. 
Yo a Y% a Yo PP 
Thus we have only to show that 
Lt ie dy | Ee, y)dx=0. 
t—>n JH L 
Of course we cannot reverse the order of these limiting pro- 
cesses and write this as 
| dy Lt | F(a, y) de, 
Yo ao dx 
for we have not shown that this inversion would not alter the 
result. z, 
But we are given that | F(a, y)dx is uniformly convergent 
in (b, b’). x 
Let the positive number e¢ be chosen, as small as we please. 
Then take ¢/(b’—b). To this number there corresponds a positive 
number JX such that 


i] F(a, yds <p when w=, 


the same ZX serving for every y in (0, 0’). 
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It follows that 


i: dy {. F(a, y) dx 
Yo 4 


if yo, y lie in (6, b’). 
In other words, 


<e, when =X, 


Lt ik dy | F(a, y) dx | =). 
Yo ae 


“2D 
And from the preceding remarks this establishes our result, 
86. Differentiation of the Integral | F (x, y) dx. 


Let F(a, y) be either w continuous function of (@,y) vm the 
region @=a=w,bSySb’,w being arbitrary, or be of the form 
p(a, y) W(a), ie a y) is continuous as above, and v(x) ws 
bounded and integrable in the arbitrary interval (a, a’). Also 


let F(a, y) have a partial differential coefficient SS which satis- 
fies the same conditions. gy 


Then, vf the integral | F(a, y) da: converges to f(y), and the 
integral | = ed da converges ween in (b, 0’), f(y) has a dif- 


ferential Sau at every point nb, b’), and 


ry=| Zan 


oy 
We know from $84 that, on the assumption named above, 


| - dy is a continuous function of y in (6, b’). 


” OF 
Let g(y)= { oy dex. 
Then, by § 85, 


['saay=] da \" on dy, 
Yo a Oy 


where ¥Y), y, are any two points in (6, b’). 
Let Youy and y,=ytAy. 


y+Ay x 
Then | glydy =| (F(x, y+ Ay) — F(x, y)] da. 
y a 
Therefore 9) Ay=f(y + Ay)—fY), 
where y=ES SytAy and fy)=| F(x, y) dex. 
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Thus y(€) DIVE, =! —F(Y) 


But Lt g(é)=9(y), since g(x) is continuous. 
Ay—>0 


It follows that f(y) is differentiable, and that 
Pid PAgore 
ro=|. ey 
where y is any point in (6, b’). 


87. Properties of the Infinite Integral | F(x, y)dx. The 


results of §§ 84-86 can be readily extended to the second type of 
infinite integral. It will be sufficient to state the theorems 
without proof. The steps in the argument are in each case 
parallel to those in the preceding discussion. As before, the 
region with which we deal is 


H=eSe, b=ySv. 


J. Continuity of i. P(x, y) day 


Let fy)=|" F(a, y) dx, where F(a, y) has points of infinite 


discontinuity on certain lines (€.g., © =, by, ». Un) between =a 
and 2=a', and 1s either a continuous function of (x, y), or the 
product of a continuous function o(a, y) and a bounded and 
integrable function W(x), except in the neighbourhood of the 
said lines. 


Then, uf xc y) da is uniformly convergent un (b, b’), f(y) vs 
a Pepe sritadun function of y vn (8, b’). 

IL. Integration of the Integral i F(x, y) da. 

Let F(a, y) satisfy the same ions as in Tf, 

Then ih dy E F(x, y) da = \. da [' F(x, y) dy, 
where Yo, Y ae any two points in (b, b), 


Ill. Differentiation of the Integral | F(a, y) da. 


Let fy=| F(a, y)dx, where F(x, y) has points of infinite 
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discontinuity on certain lines (6.9., © = G1, Ay, ++» Gy) between “=a 
and x=’, and is either a continwous function of (x, y), or the 
product of a continuous function d(x, y) and a bownded and 
integrable function vy(a), except in the neighbourhood of the 
said lines. 


PF 
Also let F(a, y) have a partial differential coefiiciont —, which 
satisfies the same es 10ns. oy 


, 


Further, let * F(a, y) dx converge, and | 5 di converge 


a 


uniformly in (b, b’). 
Then f(y) exists and is equal to | 5 in (6, b’). 


88. Applications of the preceding Theorems. 


Ex. 1. Zo prove i, = da= =5- 
0 


(i) Let (a)= | ea M8 dy (40). 


This integral converges uniformly when a=0. (Cf. § 83, IIT.) 
For e-4*/v is a monotonic function of w when a> 0. 
Thus, by the Second Theorem of Mean Value, 


x! 


x" @-ax e-ax’ sé ne — ax! 
[ sin « dz#=— ff sinwdx+ =|. sin w da, 
i Ja ‘ é 


Ais 


where 0< 2’ = Be =74 
Therefore 


xv!” @-a% |__ e- ax 
_— sin 7 da i a. 


‘ 


ao lt 


le sin v de 


eax" 


ae 


& sin x da|+ 


ax 


ea! 


<4—_._ since =2 for all values of p and q, 
wz 


ne 
| sin w dx 
JP 


ee s since a=0. 
a 


a 


Tt follows that he e- ay SIN 


J ay! xv 


du | <¢ when #’>a°=2X, 


provided that Y > 4/e, and this holds for every a greater than or equal to 0. 
This establishes the uniform continuity of the integral, and from § 84 
F(a) must be continuous in a= 0. 


Thus F(0)= Lt [ e- ax SINT oy, 
a—0 /0 Xv 


i 

a S1n Vv sin Oe 

i.e, | ——de= Lt | e-oB2 dr. 
J0 xv a 


a—0 /0 
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(ii) Again, the integral fh e-4 sin a ala 
0 


is uniformly convergent in a= a)>0. 
This follows as above, and is again an example of § 83, III. 
Thus, by § 86, when a> 0, 


P(a)= [2S (o-w D2) ae 


io 2) 
= -{ e-% sin ada. 
0 


But ee (costa sin v)= —(a?+1)e-4 sin w. 
Therefore if e-*sinadxa= — wd : 
0 a? +1 
Thus Wes Eel Z 
gr 
And F(a)=- tanta+F, 
since Lt F(a)=0.* 
an 


It follows from (i) that | a dam. 
~0 


Ex. 2. Yo prove 


cos an 7 = Sint ox — 
ie ==, 00 =e and I; mea nee ) (a=). 


* If a formal proof of this is required, we might proceed as follows : 
Let the arbitrary positive e be chosen, as small as we please. 


2 ; 
: sin x é ; : ie 
Since | eae * dx converges uniformly in a=0, there is a positive number 
0 % 
X such that bh ee ie 2Sina 4 die|<&, 
1 JX 


and this number X is independent of a. 
Also we can choose x, independent of a, so that 


a) _ Sine @ 
a (oe dis|<f. seen 
0 
(<A aime a sin « -{(* sinew 
But | e-% ——— dx = e—9%0 ——-die+e-°*X | —— du, 
x we % # SE aw 


where 2, =é=X. 
And we know that 


<m for q>p>0 (ef. p. 202). 


f sin x We 
2 


Jp x 


x inw 
i Ca dn SIO iM a Ire %*o, 
x 


ay 


Therefore 


Thus we can choose A so large that 


xX x 
Le e— fas Sn dae] <é _, when a= A. 
xO ae 


Tt follows that ie en OT dae me ES, when a= A. 
0 Ae ase aes Peas) 
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si COS Oa 
(i) Let fla)= | oe ae 
The integral is uniformly convergent for every a, so that, by § 84, fla) is 


continuous for all values of a, and we can integrate under the sign of 
integration (§ 85). 


(ii) Let b(a)= if * #(a) da. 
0 
Then (a) is a continuous function of a for all values of a (§ 49). 
COS a 9 
Ase Hen [a ah eo ad 


-{" sin av 
v(1 +2?) rer fe 
(iii) Again, we know that f(a) will be equal to oo, Tp sinarde, if a 


lies within an interval of uniform convergence of this integral. 


= 
But ne > 3 18 monotonic when w= 1 »and Lt ; == =(; 


Thus we have, when w#”>wa'=1, 


Wt a 


, 

x iSite xv ; 
sin av PR hikdnd = i sin aur die + rf sin ax du. 
+a? 1L+a? Jz eee : 


CS 

aw 1+a 

WHEE = Cag 
It follows that 


x 


al Pp ag i ax!’ d 
—— sn 07 2 =—__—_ sin 
i ae 1 Ow Oe = ae iS CAL +- ies | sin w dx. 
Ee 4a" 
Therefore i (eo) = 
PES weer re 5 Sin av AL =a +07) 


a) 
On oe 
Thus 5 Sin aw dw is uniformly convergent when a= a) >0, and 
0 1 +a* a ? 


tC w=-[ ear 75 sin aw da. 


(iv) Now p(a)= i f(a) da. 
0 
Therefore b(a)=f(a) : 
and $'(a)=f'(a)= -| rs sin av de. 

Thus e(Gas eS a sin OF ag 
__ [' sinawr Sinem. 
i i gi ot] alta) 
ae 


This result has been established on the understanding that a> 0. 
(v) From (iv) we have 


(a)= Aer + Be-e+F, when a>0. 
But (a) is continuous in «=0, and $(0)=0. 
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Therefore pe o(a)=0, 

and A+ B+5= 0. 
Also ¢’(a) is continuous in a=0, and $(0)=5- 
Therefore Me Be : ES 
it follows that A—0* and (B= — 5 
Thus P(a)=5 (1—e-), when a>0. 
And f(a)= $(a)=Fe -a, when a>0. 


Both these results obviously hold for «=O as well. 


Ex. 3. The Gamma Function ['(n)= | e*z"— dx, n>0, and tts derivatives. 
0 


(i) To prove I'(n) ts uniformly convergent when N= n= n> 0, however large 
NV may be and however near zero ny may be. 


When n= 1, the integral [ e-“x"— dx has to be examined for convergence 
0 


only at the upper limit. When 0<n <1, the integrand becomes infinite at 
z=0. In this case we break up the integral into 


it 2) 
i ea" dar 4- | oa" da. 
0 


1 
Take first the integral i Cape aa 
0 
When 0<#7<1, iS TT a= My 10: 
Therefore Cas Re mn Line 10, Os 


rL 
It follows from the theorem which corresponds to § 83, I. that i ee" dav 
) 
converges uniformly when 7 = > 0. 


‘Te 
Again consider i ete da, n>0. 
When Ce ea elie Oe 1, 
Therefore fA =e4 if On Nh. 
—— d a, 


It follows as above from § 83, I. that | e-*a""" dx converges uniformly 


for O<n=N. 
Combining these two results, we see that | e-"a"— dx converges uniformly 
0 


DO 


when VZn=n,.>0, however large V may be and however near zero 7, 
may be. / 
(ii) To prove I’(n)= l en" logudz, n>0. 
We know that Lt (# log v)=0, when r>0, 
«t—>0 


so that the integrand has an infinity at #=0 for positive values of 2 only 
when 0<n=1. 
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But when 0<2<1, Ca HS Ais op if n== 2 0. 

Therefore ea" log «|Sa™") log a|, if n= >0. 

And we have seen [Ex. 6, p. 119 ] that i x —logadx converges when 
Oana. 

It follows as above that [ ee" log x dx is uniformly convergent when 


N= Ny —> 0. 


Also for i © grtyn log dx, we proceed as follows : 


Jl ; 
When gl, ae ar a Oe 
Therefore Cr me lOt asa eae LOE 
og x 
<e~7", “since log # <1 when w>1. 


x 


90 
But [ ea" dx is convergent. 


Therefore [ e~*x" log « dx is uniformly convergent when 0<2= WN, 
Combining these two results, we see that | e*x" log w dx is uniformly 
J0 \ 
- * 
convergent when V= n=) > 0, however large V may be and however near 
Zero Ny) may be. 
We are thus able to state, eens on S§ 86, 87, that 


a) ib ex" log a dx for n> 0. 


It can be shown in the same way that the successive derivatives of ['(n) 
can be obtained by differentiating under the integral sign. 


Ex. 4. (i) Zo prove i log (1 — 2y cos x+y") dx is uniformly convergent for any 


interval of y (e.g. b= y=’); and (ii) to deduce that [? log sin x dx= —4}7 log 2. 


(i) Since 1 —2y cos wtp (y— cos .”)?+sin*x, this expression is positive for 
all values of , y, unless when w=mm and y=(—1)", m=0, +1, +2, etc, and 
for these values it is zero. 

It follows that the integrand becomes infinite at e=0 and w=7; in the 
one case when y= 1, and in the other when y= —1. 

We consider first the infinity at «=0. 

As the integrand is bounded in any strip 0=x2= NX, where <7, for any 
interval of y which does not include y=1, we have only to examine the integral 


I log (1 —2y cosw+y*) da 
in the neighbourhood of y= ¥. 


Put y=1+h, where || =a. and a is some positive number less than unity, 
to be fixed more definitely later. 


Since if log (1 — 2y cos x +7") dx 
0 


cg h2 
=| log (1 -0082-+ srs) du +x log 2(1+h), 
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it is clear that we need only discuss the convergence of the integral 


h 
ip log (1 — cos, eee aH) ax. 
Take a value of a(0<a<1) such that sa aon 
2 2 
Then tS hi since |A| Sa. 


=> =0 
20 —a) =20+/)—”’ 


2 
Now let Be et 
Be at ta 
It wili be seen that, when |/|Sa, 
2 
0<1-—cosx%=1-—cos#+———~ i = 1) 


2(1+h)= 
provided that 0<v#=fP. 
Therefore, under the same Boi ot 


xED ) | S| tog (1 - cos.) . 


But the p-test shows that the integral 


{ 
| log (1 —cos#+ 


°B 
| log (1 — cos x) dx 
/0 
converges, 


-B Sa }2 
It follows that | log { 1 — cos: AGL “Fy a 
/0 


converges uniformly for |k|=a. [Cf. § 83, I.] 
And therefore i log (1 —2y cos v+y?) dx 
/0 


converges uniformly for any interval (4, b’) of y. 
The infinity at v= can be treated in the same way, and the uniform 
convergence of the integral 


i log (1 — 2y cos a+ y") dx 
JO 


is thus established for any interval (4, b’) of y. 


(ii) Let TYy)= [ree (1 —2y cos a+y") da. 
We know from § 70 that 
SY)=9, when |y|<1, 
and (y= logy*, when |y|>1. 


But we have just seen that the integral converges uniformly for any finite 
interval of y. 
It follows from § 87, I., that 


eas Lie Tat 
and . f(-1)= Lt fy)=9. 
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But A())= iM log 2(1 — cos a) dx 
0 


= 27 log 2+ 2 log sin 5a 
0 


=27 log2+4[*log sin wd: 
0 


TT 
os . 
Thus [ log sin + dv= —}7 log 2.* 


/0 
From /(—1)=0, we find in the same way that 


7 
z ee 
[log cos. do= — 47 log 2, 


a result which, of course, could have been deduced from the preceding. 


89. The Repeated Integral | dx |, f(x, y)dy. It is not easy to deter- 
mine general conditions under which the equation 
| ae] Meydy=| dy], Mag)de 
is satisfied. . 
The problem is closely analogous to that of term by term integration of an 


infinite series between infinite limits. We shall discuss only a case some- 
what similar to that in infinite series given in § 76. 


Let f(a, y) be a continuous function of (ay) in xa, y=b, and let the 
integrals aaah 2 re 
(i) | F(a, yadx, (ii) [ fe, y) dy, 


respectively, converge uniformly in the arbitrary intervals 
PRES SNe) (ESAS Gi 


Also let the integral (iii) | dx : : F(a, y)dy 
. Ja Jd 
converge uniformly in y= i. 


Then the integrals 
| da | F(a,y)dy and | dy | (a, y) da 
va Jd vd va 


exist and are equal. 


roo 


Since we are given that | I(x, y) dx converges uniformly in the arbitrary 
interval b=y=UV', we oy on § 85 that 
ib aly | "Aa, Y) du= | é de tt F(a, y) dy, when y> b, 
It follows that 
| ay], Her gae= Us | del" Ho” dy, 


provided that the limit on the right-hand side exists. 


* This integral was obtained otherwise in Ex. 4, p. 118, 


— 
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To prove the existence of this limit, it is sufficient to show that to the 
arbitrary positive number ¢ there corresponds a positive number Y such that 


a) ate is 
| ee[ tea ay 


But from the uniform convergence of 
[ * de i “fay dy 

in y =), we can choose the positive number X such that 

[ ae” Hendy |< 


the same X serving for every y greater than or equal to b. 


<6 when 7’ >7 = Y. 


amy WNC AA AX gp ety na ds enna dene (1) 


Also we are given that / F(a, y) dy 
Jb 


is uniformly convergent in the arbitrary interval (a, a’). 
Therefore we can choose the positive number VY so that 


yl! ‘ | € os ae 
if WE Y) dy | << Be =ay when y >yYy = ry ; 
the same JY serving for every « in (a, X). 


Sie a 
Thus we have | dz "Ha, y) dy 
a y 


te Wael. egy ee Pa ke rawness (2) 
But it is clear that 
ro yl! xy ‘yy! Pe) ‘yl! 2) yy! 
[ ae)" Ho, dy=[° de |” Fo, 9) dy [do [" He, dy ao]” Hay gay. 
Ja Jy! Ja vy! JX Jb JX Jb 
Therefore from (1) and (2) we have 


|[aef He,ghay 
a y 


€ € (a 
<gt3t3 


<e, when y’>7/=Y. 
We have thus shown that 


[af Ke ado= Ut [dof feng) dy. renee (3) 
b a yo a b 


It remains to prove that 
Lt [de #e,y)dy=[ de] fle, yey. 
yonva b a vb 


Let the limit on the left-hand side be J. 
Then ¢ being any positive number, as small as we please, there is a 
positive number Y, such that 


i [ dic” flay) dy 
Ja b 
Also, from the uniform convergence of 


[ awl" fe yay, when y=, 
a b 


ee 7 Wet Geeey fe. iaiaineans (4) 
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we know that there is a positive number X such that 


iL du ig T(x, y) dy — [lee] re, Y) 


a 


<e when, X22 XM, Jovan (5) 


the same X serving for every y greater than or equal to 6. 
Choose a number XY’ such that X’=2X >a. 


pa 


Then, from the uniform convergence of | f(a, y) dy in any arbitrary 
Jb 


interval, we know that there is a positive number Y, such that 


[Kon )dy— se F(a, y) dy |< 5(X s(x’ cay When y=, 
the same FP, serving for every w in (a, X’). 
x! (" x ro 
Thus dv] flo, yay - | dir| f(a, Ae = when y= Vo. ese (6) 
a /b a Jb | e 


Now take a number Y greater than Y, and Y4. 
Equations (4), (5) and (6) hold for this number Y. 
But 


| rs [ “de | 


<lt-[so[* a snarle 


[ el de [s "fhe, yay - if de] 
[few f f(a, y) dy — i; de] Me, Y) dy 
€ € 


€ i= 
<$+S+5, from (4), (6) and (6), 


+ 


<a iGs 


This result holds for every number X’ greater than or equal to _Y. 
Thus we have shown that 


¢ i) i) i) 
Panis | dee | f(x, y) dy= | de] f(r, y) dy. 
a0 a b a b 
Also, from (3), we have 


[ae | fanay= [ay fede 


under the conditions stated in the theorem. 
It must be noticed that the conditions we have taken are swfficient, but not 
necessary. Kor a more complete discussion of the conditions under which the 


integrals Fa Hi 2 Pa 
‘ de) f(a, yy dy, | dy|. fla, y)dex, 


when they both exist, are equal, reference should be made to the works of — 
de la Vallée Poussin,* to whom the above treatment is due. A valuable dis- _ 


* His investigations are contained in three memoirs, the first in Bruwelles, Ann. 
Soc. scient., 17; the second in J. math., Paris, (Sér. 4) 8, 1892; and the third in 
J. math., Paris, (Sér. 5) 5, 

See also Bromwich, London, Proc. Math. Soc, (Ser. 2), 1, 1903. 
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cussion of the whole subject is also given in Pierpont’s Theory of Functions 
of a Real Variable. The question is dealt with in Hobson’s Theory of 
’ Functions of a Real Variable, but from a more difficult standpoint. 
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EXAMPLES ON CHAPTER VI. 
1. Prove that I ed is uniformly convergent in a=a)>0, and that 


| sae is uniformly convergent in a0, when b>0. 


“b 


2. Prove that [~ ew de is uniformly convergent in y=y,>0, and 
0 c 


that | Oe ee is uniformly convergent in y=0, when a>0. 
/0 


3. Prove that | e“7"— cosda# is uniformly convergent in the interval 
Jo 
a4=a)>0, when n=1, and in the interval a—0, when 0<”<1. 
is) 
4, Prove that I e 4" sin vada is uniformly convergent in the interval 


a=a)>0, when 2 =0, and in the interval ~a=0, when —1<n2<1, 
5. Using the fact that fe AID Yay is uniformly convergent in 
E /0 aL 


Y=aHoaO and y=—Y%<0, 


sin VY COS AX 
xv 


show that i dx is uniformly convergent in any interval of 
which does not include y= +4. 
ay oe sin 7 
6, Show that (i) | (1—e-") "de, 
ye ee Oe 
Jo x 


are uniformly convergent for v= 0. 
Gui N 
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7. Discuss the uniform convergence of the integrals : 


cy fe ase ae a da: Peaee [ema 
(i) i ee du. (ii) 2 (awa a (iil) | aw dx. 
Ww [ ee me () 3 wx (log x)"dx, n>0. 


8. Show that differentiation under the integral sign is allowable in the 
following integrals, and hence obtain the results that are given opposite each : 


PU Sema i flas a a vr Tee .. (2n—1) 
(i) ip eu i 5 Le g2nrg—ax* dp = ae “gn nee : 
Sr ° dat aw 1.3...(2n—1) 
{2 aes 2a? Eee i) G@?+ayt 2° Onl arth” 
wy [1 yy eae, 1% [’ a ee m! 
(iii) np area t (tls | (— log «) oO Lyme 
ue v8 “x log & To aT Nir 
C= Onan: [ 5 dyr= sec : E 
(iv) f° len” re a Ne “Tau da q 8ee-> tans 


os 


- 


9. Establish the right to integrate under the integral sign in the following 
integrals : 


ao 
(i) i e—* dx ; interval a= a)>0. 
i % 
(ii) : e— cos ba dx ; interval a= a)>0, or any interval of b. 


i) 
(iii) [ e- sin be dx ; interval a= a)>0, or any interval of b. 


1 
(iv) [ a dx; interval aZa>—1. 


: Fi. Geen b 
10. Assuming that | “sin ba dat =p a>0, show that 
PO 4—fe _ p—g% 
| : sin be de=tan—” — tan-1: I g>f>0. 
0 b be Saas 
Deduce that “of fe ain hu ae tan“. 
) 


(ii) te ee b>0. 


11, Show that the integrals 


2) 
a Rr 
| e— cos ba du=—.- 55 | e- sin ba da= a>0, 
Jo a+b? Jo 


b 
amy 
can be differentiated under the integral sign, either with regard to a or b, 
and hence obtain the values of 

-00 


ae 
| we— cos bx dx, | ve“ sin bx da, 
/0 /0 


ro 


a) 
| a*e—* cos ba da, [ we—™ gin bx dx. 
J0 J0 
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12. Let KK n=| fel “der 


Show that /(y)= if sin wy e~* da for all values of y, and deduce that 
f(y)=slog(1+y/). 


13; Let fyy={- e- cos 2ay da. 
J07 


Q 7 fi 2 
Show that /(y)= —2 J, ve “sin 2ay da for all values of y. 


On integrating by parts, it will be found that 


FY) + 29 f(y) =9. 
From this result, show that f(y)=3./7 e~, assuming that '(4)=,/z. 


Also show that i do" e—* cos 2ay dy = [4 dy, 


and deduce that i Cae sae dan = /1 i e-? dy. 
0 0 


14, Let = I Cutie COS DAC Va ‘ : ea" sin bx da, 
where a>0, n>0. 
Make the following substitutions : 
a=rcos@, b=rsin 6, ~where —$7<0<3r, 
r=, Ursu,PVl" =». 
du _ dv 


= -—nv A= NU. 
dé , 


Then show that 10 


From these it follows that a Yt neu =) 


Deduce that u=(n)cosn@, v=['(n)sinné. 
Thus EG (ee wy, Pa We a nO 
Also show that, if 0<n<1, Lt U= a uA cosoran, 
‘ a—>0 . 
t= ee gr sin ba da. 
a—0 


And deduce that 


ar quar 
[2 be | Lee 3 i One a be I‘ (x) sin 
yin n br : yi-n ——— 


COs v7 i sin xv i 
cit) [Ss dit = a5, ares d 


[Compare ae Treatise on the Calculus, p. 471.] 
15. Prove that 


ine) 2) ‘ n n 
i deo, e-*Y sin & dy=| dy | e- sin x da, 


where b is any positive number, 


CHAPTER VII 


FOURIER’S SERIES 


90. Trigonometrical Series and Fourier’s Series. We have 
already discussed some of the properties of infinite series whose 
terms are functions of w, confining our attention chiefly to those 
whose terms are continuous functions. 

The trigonometrical series, 


y+ (a, cos %+b, sin @) + (a, Cos Bae gin 297) -f« <0 ectare (1) 

where dy, @,, ,, ete., are constants, is a special type of such series. 

Let f(#) be given in the interval (—7, 7). If bounded, let it 

be integrable in this interval; if unbounded, let the infinite 
integral I; f(x) dx be absolutely convergent. Then 


<9 
T us e 
| T(x’) cos ne'de" and | F(x’) sin na’ da’ 
= ¥ Fah (i 
exist for all values of n. (§61, VL.) 
The trigonometrical series (1) is called a Fourier’s Series, when 
the coefficients a, a,, >, ete., are given by 


2 


“ 


1 7 

Or -| I (a’) cose’ dav’, 
aes reo ...(2) 
i us ye) , , 1 i / : , / 

On = — | T(e) cosa’ de’, bas = | T(x) sin ne'da | 


and these coefficients are called Fourier’s Constants for the 
function /(«). 

The important thing about the Fourier’s Series is that, when 
J(«) satisfies very general conditions in the interval (—7, 7), 
the sum of this series is equal to f(x), or in special cases to 


S[ f(@+0)+f(@—0)], when «@ lies in this interval. 
196 
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If we assume that the arbitrary function f(x), given in the eo 


interval (—7r, 7), can be expanded in a trigonometrical series of 
the form (1), and that the series may be integrated term by 
term after multiplying both sides by cos nz or sin nx, we obtain 
these values for the coefficients. 

For, multiply both sides of the equation 


F(€) =a) +(a, cos e+, sin x) +(a, cos 2a-+b, sin 2x)+..., 


—TSUET, cose (3) 
by cos nw, and integrate from —7 to 7. 
T 
Then | J(x) cos na da= 7p, 
T ee T 
since | cos Mx cos na da =| sin mx cos nx dx =0, 
-47 ~7 


when m, 7 are different integers, and 


Tv 
| cos? nx da =n. 
sec 


Thus we have 
1 e / , , = 
n= — I(x’) cos ne'da’, when n=1. 
-7 a 
And similarly, 
Mili 
Dn = x Hx’) sin na’ da’, 
aly 


A ee dg 
y= 5 | 2 Fa) de’. 


Inserting these values in the series (3), the result may be written 


Fay= a| F(a’) da’ + = 2> | J (2) cos n(x’ — ax) da’, 
ae ee ah eee (4) 
This is the Fowrier’s Series for f(a). 
If the arbitrary function, given in (—7, 7), is an even function— 
in other words, if f(x) a —«) when AY <a“<a—the Fourier’s 


Series becomes the Cosine Series: 
1 z: , , 2 es / / / 
foe ET F(a’) da’ + — >> cos na | J (x) cos nx’ da’, 
7 Jo Ta 0 aie 
OS 4 = 7: RPT 


Again, if it is an odd function—zve. if f(~)=—f(—«) when 
0<«<7—the Fourier’s Series becomes the Sine Series : 


fe) = 2 >) sin nw [7 SUL WIe yt Olea aa TN wc scx on (6) 
CG 0 
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The expansions in (5) and (6) could have been obtained in the 
same way as the expansion in (3) by assuming a series in cosines 
only, or a series in sines only, and multiplying by cos na or 
sin na, as the case may be, integrating now from 0 to z. 

Further, if we take the interval (—/, /) instead of (—7, 7), we 
find the following expansions, corresponding to (4), (5) and (6): 


Ao=y) fede, DS] fe)eos Ew’ —2) de, 


(as eee (7) 
Oe 7 l 
fe) = il F(@) da’ + I cos uF a | f(a) cos a a da’, 
t 0 
0=x7=.. ...... (8) 


fe)=4 > sin "7 | fw ‘sin F alder, (2c 
However, this method does not give a‘rigorous proof of these 
very important expansions for the following’ reasons : 


\@) We have assumed the possibility of the expansion of the 
function in the series. 


\ii) We have integrated the series term by term. 

This would have been allowable if the convergence of 
the series were uniform, since ‘multiplying right through 
by cosnx or sinna does not affect the uniformity; but 
this property has not been proved, and indeed is not 
generally applicable to the whole interval in these ex- 
pansions. 

\(iii) The discussion does not give us any information as to the 
behaviour of the series at points of discontinuity, if such 
arise, nor does it give any suggestion as to the conditions 
to which /(7) must be subject if the expansion is to hold. 

Another method of obtaining the coefficients, due to Lagrange,* 
may be illustrated by the case of the Sine Series. 
Consider the curve 
y=, sinw+a, sin 27+ ...+y,_; sin (n—1)a@. 
We can obtain the values of the coefficients 


hs, +g ee aeons 


* Lagrange, Wuvres, T. L., p. 533; Byerly, Fourier’s Series, ete., p. 30. 
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so that this curve shall pass through the points of the curve 


= y =f (2), 
at which the abscissae are 
— Wr 7 
ny ae eee Gosek) 


In this way we find a, dy, ... @,-, a8 functions of m. Proceeding 
to the limit as »->0%, we have the values of the coefhicients in 
the infinite series 


f(#) =a,sinaw+a, sin 2a+.... 


But this passage from a finite number of equations to an 
infinite number requires more complete examination before the 
results can be accepted. 

The most satisfactory method of discussing the possibility of 
expressing an arbitrary function f(x), given in the interval 
(—7, 7) by the corresponding Fourier’s Series, is to take the series 


dy + (a, cos x +b, sin x) + (a, cos 2x +b, cos 2x”) +..., 


where the constants have the values given in (2), and sum the 
terms up to (a, cosna+b, sin nz); then to find the limit of this 
sum, if it has a limit, as n—2. 

In this way we shall show that when /(x) satisfies very general 
conditions, the Fourier’s Series for f(x) converges to f() at every 
point in (—7, 7), where f(«) is continuous; that it converges to 
L[ f(w+0)+f(~—0)] at every point of ordinary discontinuity ; 
also that it converges to 4[f(—7+0)+f(7—0)] at w=47, 
when these limits exist. 

Since the series is periodic in « with period 27, when the sum 
is known in (—7, 7), it is also known for every value of «. 

- If it is more convenient to take the interval in which /(«) is 
defined as (0, 27), the values of the coefficients in the correspond- 


ing expansion would be 
itt Qa hie) , 
y= 5 | F(x’) de’, 


2ar 2 1 sh / s / —— 
bn == | T(x’) cos na'da’, by=— | fe’) sin nada’, n=1. 
Tsu TJ 


It need hardly be added that the function f(x) can have 
different analytical expressions in different parts of the given 
interval. And in particular we can obtain any number of such 


200 FOURIER’S SERIES 


expansions which will hold in the interval (0, 7), since we can 
give f(x) any value we please, subject to the general conditions 
we shall establish, in the interval (—7, 0) 

The following discussion of the possibility of the expansion 
of an arbitrary function in the corresponding Fourier’s Series 
depends upon a modified form of the integrals by means of which 
Dirichlet * gave the first rigorous proof that, for a large class of 
functions, the Fourier’s Series converges to f(x). With the help 
of the Second Theorem of Mean Value the sum of the series can 
be deduced at once from these integrals, which we shall call 
Dirichlet’s Integrals. 


91. Dirichlet’s Integrals (First Form). 


Lt f(a) PM de = 2 +0), Alye 


I teal) 


where 0<a<b. \ 
When we apply the Second Theorem of Mean Value to the 


integral ’ sina 
; [de 0<i'<e, 
b * 


Sin pa area, 
x f 2 


€ sin & 
we see that {= 
b’ 


ae iL fie. 
d= sinwde-+1,| sin x da, 
b v’ Cc é 


where b' =é=c. 


| fe oj 
Thus | | shut fe | =? ie a5 2) 
, Cc 


It follows that the integral 


aes 
Sin @ 
da 
0 we 


is convergent. Its value has been found in § 88 to be 47. 
: Sin “x 2 sin ps 
The integrals a, we" de and | See 
0 a a a 
can be transformed, by putting wa =a’, into 


ee sin eo » sina 
da, dx, 
a 


0 aw pa 


respectively. 


* J, Math., Berlin, 4, p. 157, 1829, and Dove’s Repertoriwm der Physik, Bd. I1., 
p. 152, 1837. 
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It follows that 
Lt | nM do =(_ en ee ln, V0<a, 
0 o w& 


> 00 x 
Ouray Gras 
ead Lt | me Sie \’ U0) 06.8. 
Nn Ya wv prodna & 


These results are special cases of the theorem that, when f(a) 
satisfies certain conditions, given below, 


i ure AME d= F H(+0), 0<a, 
Li fe eae 


p> 
In the eLison of this theorem we shall, first of all, assume 
that f(x) satisfies the conditions we have imposed upon ¢(«) in 
the statement of the Second Theorem of Mean Value (§ 50); viz., 
it is to be bounded and monotonic (and therefore integrable) in 
the interval with which we are concerned. 


02=0) =< o<b: 


sin “x 


It is clear that satisfies the conditions imposed upon 


W(x) in that theorem. It is bounded and integrable, and does 
not change sign more than a finite number of times in the interval. 
We shall remove some of the restrictions placed upon /(«) later. 


I. Consider the integral 
i; fle) de, 0<a<b. 
From the Second Theorem of Mean Value 


| fe SMe dn = flat0) | Se ie +f0b—0)) 


where € is some definite value of « in a=a=b. 

Since f(z) is monotonic in a=x=b, the limits f(a+0) and 
f(b—9) exist. 

And we have seen that the limits of the integrals on the right- 


hand are zero as u>. 
It follows that, under the conditions named above, 


Lt | fe 1) OM ae =0, when 0<a<b. 

born Jo 

II. Consider the integral 
[4 


sin “a 


da, 


sin we 


dt, <u: 
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Put f(z~)=9(x)+f(+0). The limit f(+0) exists, since f(x) is 
monotonic in 0=a#=a. 

Then (a) is monotonic and ¢(+0)=0. 

Also 


free) ME ae = pe [SH ae Fey 


As u>o the first integral on right-hand has the limit $7. 
We shall now show that the second integral has the limit zero. 

To prove this, it is sufficient to show that, to the arbitrary 
positive number e, there corresponds a positive number y such that 


|. p(x 1) He dal <e when w=vp. 


Let us break up the interval (0, a) into two parts, (0, a) and 
(a, @), Where a is chosen so that 


|p(a—0)| < 6/27. , 
We can do this, since we are given that ¢(+0)=0, and thus 
there is a positive number a such that 


| p(w)|<e/27, when 0<w=a. 
Then, by the Second Theorem of Mean Value, 


J p(y dn = pao) f 


since ¢(+0)=0, € being some definite value i in O=e2=a. 


gin Ae sin pe sin hace 


sin we sin a 
fee dx 


’ 


sin x ; 


But, in the curve y y= ee x=0, 


y 


the successive waves have the same breadth and diminishing 
amplitude, and the area between 0 and 7 is greater than that 
between 7 and 27 in absolute value: that between 7 and 27 is 
greater than that between 27 and 37, and so on; since | sin @| goes 
through the same set of values in each case, and 1/2 diminishes 
as @ increases. 


sin a sin a 
Thus he du ayes di<m, 
0 0 
whatever positive value x sa suas 
1 sin isin & ? sin & 
Also {= ——~ da= dx r—| = ag, 
p 0 0 & 


and each of the aitaeats on in eae is positive and less 
than 7 for 0<p<q. 
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Therefore 


[2 ae <x, when 0=p <q. 
Pp 


It follows that be pla ) IRM das| < sf xe 
ra 


=<] 
and this is independent of u. 
But we have seen in I. that 


it | o@ 


_ Therefore, to the arbitrary Peis number ¢/2, there corresponds 
a positive number y such that 


I p(x pees da <$ when u=». 


sin a2 


dg =), N—a<a, 


Also 
i He pyr ag el (0) Pe d+ ec je 


Therefore 


* 5(2) DM a 
Joe Be 
<e, when n=». 
Thus Lt pl: 32 Me de = 0. 
p> on 


And, finally, under the conditions named above, 
it |" Ae) =F (+0) 
po 


92. In the preceding section we have assumed that f(x) is 
bounded and monotonic in the intervals (0, a) and (a,b). We 
shall now show that these restrictions may be somewhat relaxed. 

I. Dirichlet’s Integrals still hold when f(x) is bounded, and 
the interval of integration can be broken wp into a funite number 
of open partial intervals, in each of which f(«) is monotonic.* 

This follows at once from the fact that under these conditions 


we may write fv) = F(x)— G(a), 


sin Hee 


* This condition is sometimes, but less exactly, expressed by the phrase: /(2) 
shall have only a finite number of maxima and minima in the interval. 
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where F(a) and G(a) are positive, bounded, and monotonic in- 
creasing in the interval with which we are concerned [ef. § 36]. 


This result can be obtained, as follows, without the use of the theorem 
of § 36: 

Let the interval (0, ~) be broken up into the 7 open intervals, 

(0, ay), (4, ay), Mr} (Qn—1) a), 

in each of which /(x) is bounded and monotonic. 

Then, writing @=O0 and a,=a, we ee 

a! SIN pv ~ ye C 
[ T(®) — igs = ie fe) = dav 

The first integral in this sum has the limit 7 = gt Oi and the others have 
the limit zero when po. 

It follows that, under the given conditions, 


Lt ioe We da= TACO, Oza 
Bo 0 2 

The proof that, under the same conditions, 
Lt pe FC ealeee AG 0< ab, 
a 


is practically contained in the coe 

It will be seen that we have used the condition that the number of partial 
intervals is finite, as we have relied upon the theorem that the limit of a sum 
is equal to the sum of the limits. X 

IL. Lhe integrals still hold for certain cases where a finite 
number of points of infinite discontinuity of f(x) (as defined 
in § 33) occur in the interval of integration. 

We shall swppose that, when arbitrarily small neighbourhoods 
of these points of infinite discontinuity are excluded, the re- 
mainder of the interval of integration can be broken wp into a 
Jfinite number of open partial intervals, in each of which f(a) is 
bounded and monotonic. 

Further, we shall assume that the infinite integral \7@ da is 


absolutely convergent in the interval of integration, and that 
x=0 is not a point of infinite discontinuity. 
We may take first the case when an infinite Se 


sin [Ae 


occurs at the upper limit b of the integral | J (x) ——— da, and 


only there. ‘ 
Since we are given that | J(w) dx is absolutely convergent, we 
a 


1 


sin ww) 1 5 


x 


b 
Sin ma . 
know that | T(«) . dx also converges, for 


a Ww 


(a,b). And this convergence is uniform. 
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To the arbitrary positive number ¢ there corresponds a positive 
number y, which we take less than (b—«a), such that 


a ae a) — lel <5, wile Oe Beg. i. (1) 


and the same » serves for all values of Fie 
But 


: sin ua b-m i b i 
| f(z) = de = | f(x) we de+ | f(a) ee dx, (2) 
a a b-y 
And, by I. above, 
a ' 
Lt | "f(a de =0. 
po a x 


sin a 


It follows that there is a positive number » such that 
b-7 7 i 
| F(a) ee da | < 5 WHET (= ion skotawene (3) 
From (1), (2) and (3), we have at once 
: sin ua Cane 
J fo dae 5 +5 


<e, when w=». 
Thus we have shown that, with the conditions described above, 


ut | fla ae dx=0, 0<a<b. 
A similar Re chbce applies to the case when an infinite dis- 
continuity occurs at the lower limit a of the integral, and only 
there. 
When there is an infinite discontinuity at a and at b, and only 
there, the result follows from these two, since 


| f@ PM ae =I fa joe n+) Ge oe de loco 


When an infinite discontinuity occurs between a and b we 
proceed in the same way; and as we have assumed that the 
number of points of infinite discontinuity is finite, we can break 
up the given interval into a definite number of partial intervals, 
to which we can apply the results just obtained. 

Thus, under the conditions stated above in II., 


Lt fire ee dz=0, when 0<a<b. 


peda 
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Further, we have assumed that «=0 is not a point of infinite 
discontinuity of f(a). Thus the interval (0, a) ean be broken up 
into two intervals, (0, a) and (a, a), where f(x) is bounded in 
(0, a), and satisfies the conditions given in I. of this section in 
(0, a). 

It follows that 

Lt i fe) an de =™ f( +0), 
Loo a 2 


and we have just shown that 


ut |" He 7) DM de =0, 
pe a 


Therefore, under the conditions stated above in IL, 


1 |" fe) MM" do =F f( +0). 


b> on 


93. Dirichlet’s Conditions. The results which we have ob- 
tained in S§ 91, 92 can be conveniently expressed i in terms of what 
we shall call Dirichlet’s Conditions. 

A function f(«) will be said to satisfy Dirichlet’s Conditions 
in an interval (a, b), in which it is defined, when it is subject to 
one of the two following conditions : 

(i) f(a) 1s bounded in (a, b), and the interval can be broken 
wp vnto a finite number of open partial intervals, in each 
of which f(x) is monotonic. 

(ii) F(#) has a finite number of points of infinite discontinuity 
in the interval, but, when arbitrarily small neighbour- 
hoods of these points are excluded, f(x) is bounded in 
the remainder of the interval, and this can be broken wp 
into a finite number of opén partial intervals, in each of 
which f(x) is monotonic. Further, the infinite integral 

b 
| J (x) dx is to be absolutely convergent. 
a 

We may now say that: 

When f(x) satisfies Dirichlet’s Conditions in the intervals (0, a) 
and (a, b) respectively, where 0<a<b, and f(+0) ewists, then 


tt f(a)" daa H(+0), 


> a 


and Lt ik fa ) Ee »=0, 
b> 2 a 
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It follows from the properties of monotonic functions (ef. § 34) 
that except at the points, if any, where f(x) becomes infinite, or 
oscillates infinitely, a function which satisfies Dirichlet’s Con- 
ditions, as defined above, can only have ordinary discontinuities.* 
But we have not assumed that the function f(x) shall have 
only a finite number of ordinary discontinuities. A bounded 
function which is monotonic in an open interval can have 
an infinite number of ordinary discontinuities in that intérval 
[cf. § 34]. 

Perhaps it should be added that the conditions which Dirichlet 
himself imposed upon the function /(«) in a given interval (a, b) 
were not so general as those to which we have given the name — 
Dirichlet's Conditions. He contemplated at first only bounded 
functions, continuous, except at a finite number of ordinary dis- 
continuities, and with only a finite number of maxima and 
minima. Later he extended his results to the case in which 
there are a finite number of points of infinite discontinuity in the 


interval, provided that the infinite integral \. }() da is absolutely 
convergent. 


If the somewhat difficult idea of a function of bounded variation, due to 
Jordan, is introduced, the statement of Dirichlet’s Conditions can be simpli- 
‘fied. But, at least in this place, it seems unadvisable to complicate the 
discussion by further reference to this class of function. 


94. Dirichlet’s Integrals (Second Form). 


sin ME Cod fax BULLE <a 
i |"7¢e x) da= f+), pits |r oe da =0, 


ae sin 7 


where 0<ca<ib<7z. 

In the discussion of Fourier’s Series the integrals which we 
shall meet are slightly ditferent from Dirichlet’s Integrals, the 
properties of which we have just established. 


* These conditions can be further extended so as to include a finite number 
of points of oscillatory discontinuity in the neighbourhood of which the 
function is bounded [e.g. sin1/(w—c) at w=c], or of continuity, with an infinite 
number of maxima and minima in their neighbourhood [e.g. («—c) sin 1/(@—c) 
ab == Cl. 

This generalisation would also apply to the sections in which Dirichlet’s 
Conditions are employed. 
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The second type of integral—and this is the one which Dirichlet 
himself used in his classical treatment of Fourier’s Series—is 


[7@) sin ae 4 Te | 7) SS de, 


sin 7 sin © 
where 0<Ca<b<r. 
We shall now prove that : 
When f(a) satisfies Dirichlet’s Conditions (as defined in § 93) 
in the intervals (0, a) and (a, b) respectively, where Oca bem 
and f(+0) eaists, then 


Ut | pay AM de =F f(+0), 


SIN @ 
wnd Lt | fee) 
born Ja 


sin — 

Let us suppose that f(a) rey the first of the two conditions 
given in § 93 as Dirichlet’s Conditions: 

f(x) is bounded, and the intervals (0,@) and (a, b) can be 
broken up into a finite number of open partial intervals, in each 
of which f(x) is monotonic. 

Then, by $36, we can write \ 

F(a) =F(e) — G2), 
where F(x), G(x) are positive, bounded and monotonic increasing 
in the interval with which we are concerned. 


Then ~ f(@) 2 "2_| re) eq) | 


sin @ sin @ sin @ ax 


da=0. 


: . ¥ . . . : 
But «/sinew is bounded, positive and monotonic increasing in 


(0, a) or (a, b), when 0<Ca<b<x.* 
Thus F(x) and G(x) —"— will both be bounded, positive 
Ss1n @ sin @ 


and monotonic increasing in the interval (0, a) or (a, 6), as the 
case may be, provided that 0<a<b<rz. 
It follows from § 91 Uba 


ae oe ue sing 3 (F(+0)— G(+0)) 
=F (+0), 
a Lt | F(a) — am — dx=0, when 0<a<b<z. 
Moon Jo 


* We assign to a/sinw the value 1 at ~=0, 
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Next, let /(x) satisfy the second of the conditions given in $98, 
and let (+0) exist. 


We can prove, just as in § 92, II., that 


Lt | fe ) AM ae =0 when O<a<b<r. 


| Vere) 


For we are given that Ae J(«) dz is absolutely convergent, and 
a 


we know that «/sin a is bounded and ae, in (a, b). 


Tt follows that |. Fikes ees 


sin ae 


is absolutely convergent; and the preceding proof [§ 92, II.] applies 
to the neighbourhood of the point, or points, of infinite discon- 


tinuity, when we write f(x) xare in place of f(z). 


Also, for the case Lt \' F(z) Beau da, 
0 


sin & 


uo 
we need only, as before, break up the interval (0, a) into (0, a) 
and (a, a), where f(a) is bounded in (0, a), and from the results 
we have already obtained in this section the limit is found as 
stated. 


If it is desired to obtain. the second form of Dirichlet’s Integrals without 
the use of the theorem of § 36, the reader may proceed as follows : 


(i) Let f(z) be pee bounded and monotonic pie ca in (0, a) and (a, 6). 


Then - 78 so also, and }()= Kas 78 soalso, O0<a<b<r. 
But, a 
Lt bw ya ae =5 $(+0)= 5 (+0). 
uo 
Therefore 
ls bile he ee do =" f( +0). 
Also 
sin ee sin pv 4 pe PX 
ie ae a = [fey Ge ae - [fe sin 7 
Therefore ae if ay ee aa, 
sin 


(ii) Let /(x) be positive, bounded and monotonic decreasing. 
Then for some value of ¢ the function c—/(«) is positive, bounded 
and monotonic increasing. 
cht Co) 
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Also 
sin pv @ sin px ee sin ed 
hs Lea A ara: sina de=e| sina ik ree 
Using (i), the result follows. 

(iii) If /(~) is bounded and monotonic increasing, but not positive all the 
time, by adding a constant we can make it positive, and proceed as 
in (ii); and a similar remark applies to the case of the monotonic 
decreasing function. 


(iv) When f(x) is bounded and the interval can be broken up into a finite 
number of open partial intervals in which it is monotonic, the result 
follows from (1)-(i11). 

(v) And if /(~) has a finite number of points of infinite discontinuity, as 
stated in the second of Dirichlet’s Conditions, so far as these points 
are concerned the proof is similar to that given above. 


95. Proof of the Convergence of Fourier’s Series. In the 
opening sections of this chapter we have given the usual 
elementary, but quite incomplete, argument, by means of which 
the coefficients in the expansion ° 

f(a) =a,+(a, cos «+b, sin x) +(a@, cos 2a-+b, sin 2v)+.. 
—TSa0Enr 
are obtained. ‘ 

We now return to this question, which we approach in quite 
a different way. 

We take the Fourier’s Series 


a)+(a, cos x+b, sin x)+(a, cos 2v+b, sin 2xv)+..., 
where the coefficients are given by 


1 7 
i= | : Fe yd’, | 


Aly ou yr A 
On = | F(a’) cos na’ da’, b= | f(a’) sin na’ da’. | 
TT) 9 Ce 


~ 


We find the sum of the terms of this series up to cos nw and 
sinnw, and we then examine whether this sum has a limit as 
n>, 

We shall prove that, when f(x) is given in the interval 
(—7,7), and satisfies Dirvichlet's Conditions in that interval, 
this sum has a limit as n>. It is equal to fiw) at any 
point in —r7<a<7, where f(x) is continuous; and to 


2Lf(@+0)+f(a—0)], 


when there is an ordinary discontinwity at the point; and to 
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$[f(—7+0)+f(7—-—0)] at w=42, when the limits H(a—-0) 
and f(—7+0) exist. 
Let 
S,(@) =a) + (a, cos w+, sinx)+...+(a, cosna+b, sin na), 
where a, @,, b,, etc., have the values given above. 
Then we find, without difficulty, that 


if im 
a (x) = Qa 
po =r 


| F(a’)[1 +2 cos(a’ —a)+...4+2 cos n(a’—x)] da’ 
7 in 4(2; an — 2 
| f(a) sin 3(27 +1) (a —@) dx 


es sin $(@’—@) = 


fe) sin 3(2n + 1) (a’—2) 


ae sin 4(a@ — a) 


da’ 


sin $(2n +1) (a —«a) Ay 
sin }(w —@) 


il T 
char if f(a) - 
Thus 


Pane tua ie sin (2n+1)a 
S,(“) = re |, FG a 2a) sia 7 da 
L (e7 3% > sin (20+ l)a . 
+if Hata y— ye Oda vt gee (1) 
on changing the variable by the substitutions a —w= + 2a. 

If —7<a<z and f(x) satisfies Dirichlet’s Conditions in the 
interval (—7, 7), f(e+ 2a) considered as functions of a in the 
integrals of (1) set Dirichlet’s Conditions in the intervals — 
(0, 4x+4x) and (0, }2—42) respectively, and these functions of 
a have limits as a->0, provided that at the point w with which 
we are concerned f(7~+0) and /(z—0) exist. 

It follows from §94 that, when « les between —7 and 7 and 
f(«—9) and f(#+0) both exist, 


Ake S,(#) = a] fe —0)+ af le on 0) | 
= 31 /(@—0)+fle-+0)} 


giving the value f(w) at a point where /() is continuous. 

We have yet to examine the cases w= +7. 

In finding the sum of the series for c=7, we must insert this 
value for 2 in S,,(7) before proceeding to the limit. 


Thus S,,(7r) = *(" f(w—2a) sin (2n + 1)a om 
0 


sina 
- gince the second integral in (1) is zero. 
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It follows that 


} [*-= sin (27+ 1) 
Syl) | for 2) ee a 
I= sin (2n+1)a 
+2)" flr20) sin a 
Ube 3 
=1{ ie 28) ee ae 
m Jo sin a 


1 fé sin (2n+1)a 
+2 | f=2420) sin a as 
where € is any number between 0 and 7. 

We can apply the theorem of §94 to these integrals, if /(@) 
satisfies Dirichlet’s Conditions in (—7, 7), and the limits f(z —0), 
f(—7+0) exist. 


Thus we have 
Lt S,(7) = aL f(- a+0) +f (0 —0)]. 


A similar discussion gives the same value for the sum at 
«= —7, which is otherwise obvious since the series has a period 
27. 

Thus we have howe that when‘the arbitrary function f(a) 
satisfies Dirichlet’s Conditions in.the enterval (—7z, 7), and 


hy = 5 ig Tl x’) da’, | 


n= : ie F(x’) cos na’ da’, b,= us \ F(a’) sin na’ da’, | 
° TJ -2 
ie 
the Fourrer’s Series 
ly + (a, COS &+ b, Sin x) + (a, cos 2a+-b, sin 2x) +... 
converges to 4[ f(w@+0) +f(a— 0)] 
at every point in —37<a<a where f(w+0) and f(a—0) exist ; 
and at «= +7 it converges to 
s(f(—2+0)+f(r—0)], 

when f(—7+0) and f(a —0) ewist.* 


*If the reader refers to $101, he will see that, if f(#) is defined outside the 
interval (—7, 7) by the equation f(x +27) =/(x), we can replace (1) by 
Sued 5 [Fe = Bay Se ca = P(u+2a) ian + Ve 7, 
T Jo sin sin a 
In this form we can apply the result of §94 at once to every point in the closed 
interval (—7, 7), except points of infinite discontinuity. 
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There is, of course, no reason why the arbitrary function should be defined 
by the same analytical expression in all the interval [ef. Ex. 2 below]. 

Also it should be noticed that if we first sum the series, and then let « 
approach a point of ordinary discontinuity 2), we would obtain f(2)+0) or 
F(%—9), according to the side from which we approach the point. On the 
other hand, if we insert the value , in the terms of the series and then sum 
the series, we obtain $[ f(a) +0)+/(2)—9)].- 

We have already pointed out more than once that when we speak of the 
sum of the series for any value of «, it is understood that we first insert this 
value of x in the terms of the series, then find the sum of n terms, and 
finally obtain the limit of this sum. 


Ex. 1. Find a series of sines and cosines of multiples of « which will 


represent e* in the interval —7<av<z. 


2 ane 1 
What is the sum of the series for v= +7? 


Here Ae) = 


7 


ee 
2 sinh wJ-7 


Co AG Oy— EC COSMUAL, Na). 


2 sinh + 


Fia, 16, 
Integrating by parts, 


(14m) [ e* cos nn dv =(e" — e-") cos nr. 


(21) 
Therefore n= Ty 8 
Also we find a)=4- 
fins nee Miley tee a Fe 
Similarly, bn=5 ae ieee sin 2x dd. 
n veh 
ot rr y 
Therefore © ; 
ws r=34+(- J cos «+ 7s ysin «) 
Qsinhar 2 i+ i+T 
#( is COS 2x psn 2) tea 


when -—7r<v<m. 


214 FOURIER’S SERIES 


When w= +7, the sum of the series is $7 coth z, since 
f(-—7+0)+f(r —0)=7 coth z. 
In Fig. 16, the curves 


4 2sinhar ’ 


y=i+(- ae w+ — sine) +(...)+(- tacos r+ 25, sin 32) | 


are drawn for the interval (—7, 7). 

It will be noticed that the expansion we have obtained converges very 
slowly, and that more terms would have to be taken to bring the approxima- 
tion curves {7 =S,(~)] near the curve of the given function in —7<4v<7. 

At «v=-+7, the sum of the series is discontinuous. The behaviour of the 


approximation curves at a point of discontinuity of the sum is examined in 
Chapter IX. 


Ex. 2. Find a series of sines and cosines of multiples of w which will 
represent /(2) in the interval -7<a<7, when 


WAG =e F m< av SON 
VACA) ess 0<a<z.J ~ 


/ a2 
Here el a Tu d= Te 


1 


~~ 
a = 1% COS nae de =F Fpacos em — 1), 
7 
= np —rv sin nx a =— — cos nr. 
ajo 4 4n 


Therefore /(x)= ia aL — cos w+5sin | - 5 sin 2¢+-..., 
when —7r<a<7. , 
When w= +7 the sum of the series is ve and we obtain the well-known 
result, 
- i a oes sete. 
Ex. 3. Find a series of sines and cosines of multiples of « which will 
represent 7+.” in the interval —7<w<zT. 


2 
4 


beat ay SNe te ees pe 
Pale (w+ x?) da == urdu = 


Here a= 


me 


Ie ; OREO ee 
Ar=—| (x+27) cos na da=— i 2" cos na da, 
TT TJ0 
and, after integration by parts, we find that 


ao 
On = 3 COS NT. 
ne 


1M Fs = As lela 
Also, b.= = (w+ 4?) sin nw da=- #sin ne dx, 
T w/o 


me y 
a 2 
which reduces to 6,=(—1)""1!-. 
n 
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Therefore 


3 
when —7r<a#<7. 


ota T +4( _ cos.+3 sin.) ~a( 5, cos Op eon 20). ; 


22 4 


. When w= +7 the sum of the series is 72, and we obtain the well-known 
result that 7 Leia 
Galtptat.- 5 

96. The Cosine Series. Let f(x) be given in. the interval 
(0, +), and satisfy Dirichlet’s Conditions in that interval. Define 
J(@) in —7=x2<0 by the equation f(—«)=f(x). The function 
thus defined for (—7, 7) satisfies Dirichlet’s Conditions in this 
interval, and we can apply to it the results of § 95. 


But it is clear that in this case 
UY EEE RS 5; Ce ones 
y= s|_ fee )die leads to a,= al F(x’) de’, 


1 fae ral ieee 
a= >| }(x’)cos na’ da’ leads to tn ==| T(# COS He da, 
Ties y TJ0 


and b= 2" J(#’)sin na’da’ leads to b,=0. 
TS) 7 


Thus the sine terms disappear from the Fourier’s Series for 
this function. 

Also, from the way in which f(x) was defined in —7=a<0 
ieceere AL f(+0) +/(—)]=f(+0), 
and tia 0) + a0) |= 7(r— 0), 
provided the limits /(+0) and /(7—0) exist. 

In this case the sum of the series for w=0 is f(+0), and for 
w= itis f(r—0). 

It follows that, when f(a”) is an arbitrary function satisfying 
Dirichlet’s Conditions im the interval (0, 7), the sum of the 
Cosine Series 

a I (@’) da’ + =>y cos nur) F(x’) cos na’ da’ 
is equal to LT f(w@+0)+f(@—0)] 
at every point between 0 and 7 where f(a+0) and f(a—O) exist ; 
and, when f(+0) and f(7—0) exist, the swm is f(+0) at x=0 
and f(7—0) at «=7. 
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Thus, when /(x) is continuous and satisfies Dirichlet’s Con- 
ditions in the interval (0, 7), the Cosine Series represents it in 
this closed interval. 


Ex. 1. Find a series of cosines of multiples of « which will represent in 
the interval (0, 7). 


Here ag== f a da =r, 
TIO 
and n= f “cos nx da = (cos na —1). 
0 
m 4 1 a 
Therefore t=>5-——| cosx+s,cosdr+... |, Or 7. 
2a: 3 
Since the sum of the series is zero at v=0, we have again 
ca dee <1 
go tate 
¥ Fig. 17. 
In Fig. 17, the lines EER 02a »\ 


Y=-%, —-wSeZ0,J 
and the approximation curve 


1 1 
gp C08 3+ = 5.C0s 504). =r SoS: 


yt" ( b> 
A Roh = ROR Os 


are drawn. 


Fia. 18. 


It will be seen how closely this appr oximation curve approaches the lines 
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y=+z in the whole interval. 


Since the Fourier’s Series has a period 27, this series for unrestricted 
values of x represents the ordinates of the lines shown in Fig. 18, the part 
from the interval (—z, 7) being repeated indefinitely in both directions. 


The sum is continuous for all values of w. 


Ex. 2. Find a series of cosines of multiples of x which will represent 


J(«) in the interval (0, 7), where 


Here 


and 


which gives a,= 


OS ee 0Se=>$7,)\ 
f(«@)=hir(r-2), driv. J 


hr 


1 5 \ Vem: i 5 
a= i, gme dae + mG a) dx= jr, 


2 a7, 2/7, 
p= 472 cosnadx+— | ga(r—2)cosnx dx 
TIS T Pus 


iY 
oT T 
=i [ x cos na da + f° (7 —x) cos nx dx, 
“JO “A 


3,2l1 + cos nm — 2 cos jnr]=-, cos” - sig? Ee 
SEF 
Z 
(1) 
a 
7, 
(2) 
: # 
Fia. 19. 


Thus a, vanishes when 7 is odd or a multiple of 4.— 


-Also 


In Fig. 19, the lines y=477@, 0 
71% 


i(e)= a ~~ 2[ pcos 2ur+ gy cos Bur+ ri O=r=r. 


x “~ 
y=4r(a - 2), 3 Ta Tis 
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and the approximation curves 


1 
=qem?-% cos 2x, 
JT eo 


Y= Ys? — ¥ C08 2x — zg COS a 
are drawn. 

It will be noticed that the approximation curves, corresponding to the 
terms up to and including cos 6x, approaches the given lines closely, except 
at the sharp corner, right through the interval (0, 7). 


oy, 
A oe uae ao . 
-2T ju -T -7 0 T 7 gu 20 
2 a a 2 
Fig. 20. 


For unrestricted values of w the series represents the ordinates of the lines 


shown in Fig. 20, the part from —7z to 7 being repeated indefinitely in both 
directions. \s 


The sum is continuous for all values of . 8 


\ 


Ex. 3. Find a series of cosines of multiples of 2 which will represent /(«) 
in the interval (0, 7), where 


Here = _ |" fa)dem= |" srdv=Fa. 


2 4 
2". 7 | Ie 
Also Gn =— =) S(mcos na da= si cos nx du = — 7 Sin dn. 
Thus J(«)=49 —[cos x—4cos8e+4cosba—...], OSeZz, 


since, when #=4$7, the sum of the Fourier’s Series is $[ /(47 +0) +/($m — 0)]. 
From the values at 7=0 and w=, we have the well-known result, 


gal-$+tau. 


In Fig. 21, the graph of the given function, and the approximation curves 
y=1r —cos 2, 
y= 1m — cos 7+ Cos 3x, (= Sn, 


y=ir—cosx+icos3xu—-1 | 
are drawn. 


The points v=0 and w=7 are points of continuity in the sum of the series : 
the point v= 7 is a point of discontinuity. 

The behaviour of the approximation curves at a point of discontinuity, 
when 7 is large, will be treated fully in Chapter IX. It will be sufficient 
to say now that it is proved in § 117 that just before «=42 the approxima- 
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tion curve for a large value of,» will have a minimum at a depth nearly 0°14 
below y=0: that it will then ascend at a steep gradient, passing near the 


: es eee ; : : 
point (37, 37), and rising to a maximum just after «=47 at a height nearly 
0:14 above 4z. 


J 


Fig. 21 


Ex. 4. Find a series of cosines of multiples of # which will represent /(7) 
in the interval (0, 7), where 


S(@)=3", OSx7<jr, 
=a; bruce, | 
fommin ircsan. | 

Also Sam)=ht, f(r)= -4r. 
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: “dar 7 
Here a=4 | du—i| dx=0, 
Jo ar 
dr Us 
and Gi af cos na da — 3 / cos na av 
0 J 30 
2 


=—[sininr+sin Zn 
3n is 


Ao Gy 7 
= >— SIN gn7 COS ET. 


3n 


Thus a, vanishes when x is even or a multiple of 3. 


5 


2 » 
And f(x«)= *~3 Foos 2 —1cos54+4cos 7#— 7, cos ll#+...], O54 =a: 
The points 2=0 and a=7 are points of continuity in the sum of the series. 
The points v=47 and x= 37 are points of discontinuity. pets 
Fig. 22 contains the graph of the given function, and the approximation 
curves 


y= ab COs 2, 


€ 


Y= oe [cos v—} cos 5x], WY 


2/3 
y= Ae [cos v7 — + cos 5u4++4 cos 7x], 


« 


2/3 
Y= 5 [cos v—+ cos 54 ++ cos 7x — zhscos 112], 


97. The Sine Series. Again let f(x) be given in the interval 
(0, 7), and satisfy Dirichlet’s Conditions’ in that interval. Define 
f(e) in —7=ax<0 by the equation f(—a#)=—f(x). The funce- 
tion thus defined for (—7, 7) satisfies Dirichlet’s Conditions in 
this interval, and we ean apply to it the results of $95. 

But it is clear that in this case 

C= (" f(x’) sin nada’ leads to b,= \ F(x’) sin na’ da’, 
and that a@,=0 when n= 0. 
Thus the cosine terms disappear from the Fourier’s Series. 
Since all the terms of the series 
b, sinw+b, sin 2a+... 
vanish when «=0 and w=7, the sum of the series is zero at 
these points. 

It follows that, when f(x) is an arbitrary function satisfying 
Drichlet’s Conditions in the interval (0, x), the swum of the Sine 
Series, 9 7 

> sn nr F(a’) sin na’ da’, 
T T 0 


as equal to xl f(e@+0)+f(a@—0)] 
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(2) 


e (3) 


(4) 


Fie. 22. 
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at every point between 0 and 7 where f(a+0) and f(a—0) exrst ; 
and, when ~=0 and w=7, the sum is zero. 

Tt will be noticed that, when f(«) is continuous at the end- 
points 7=0 and a=7, the Cosine Series gives the value of the 
function at these points. The Sine Series only gives the value 
of f(x) at these points if f(a) is zero there. 


Ex.1. Find a series of sines of multiples of « which will represent # in 
the interval 0<w<7. 
2 


ge 2 
Here b,== | asin nv dx=(-1)"1-. 
T Jo n 


Therefore 2=2[sinv—dsin 2v+}sin3r—...], O24<z. 


At «=7 the sum is discontinuous. 


Fie, 23. 
eet ; x 
In Fig. 23, the line Y=“, =r StS 
and the approximation curve 
y=2[sin «—}sin 2v+4sin 3¢—1sinda+tsin5c], —rSarSr, 


are drawn. 


The convergence of the series is so slow that this curve does not approach 
y=«x between —7 and 7 nearly as closely as the corresponding approximation 
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curve in the cosine series approached y=+2. If n is taken large enough 
the curve y=S,(7) will be a wavy curve oscillating about the line y=z 
from —z to +7, but we would be wrong if we were to say that it descends 


at a steep gradient from «= ~—v7 to the end of y=, and again descends from 
the other end of y= to w=7 ata steep gradient. Asa matter of fact the 
summit of the first wave is some distance below y= at w=-—v7, and the 


summit of the last wave a corresponding distance above y=x at v= when 
n is large. 
To this question we return in Chapter IX. 


Fie. 24. 


Since the Fourier’s Series has a period 27, this series for unrestricted 
values of # represents the ordinates of the lines shown in Fig. 24, the part 
from the open interval (—7z, 7) being repeated indefinitely in both directions, 
The points +7, +37, ... are points of discontinuity. At these the sum is zero. 


Ex. 2. Find a series of sines of multiples of « which will represent /(x) 
in the interval 0= 7 =z, where 


Ne) =4re, Eoces 
fle)=}n(r-2), Yr SeEn. 
Q 37 ‘ a aie : 
Here b= =/ jrvsinnedx+—| gr(r—x)sin ne dx 
TJ0 Tih 


sl 
es us z 

=t | asinine du+4 [ (7 — x) sin nx dx, 
0 J3v 


: , eeeca 
which gives 6,= sing - 
Pn i a? et aE 
Thus F()=sin # - go Sin 3a+— sin 5 
: : : cs 
Fig. 25 contains the lines y= {r2, Ot = si, } 
yaar (or —«), 3u = ne ce) 


and the approximation curves 
y=sin 2, 


y=sin £— 35 810 3a, 6209 


: (ee 37 i eater 
y=sin v—, Sin oN eye oa, 
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It will be noticed that the last of these curves approackes the given lines 
closely, except at the sharp corner, right through the interval. 


(3) 


x“ 


f Fie. 25, 

For unrestricted valut of w the series represents the ordinates of the lines 
shown in Fig. 26, the part from —z to +7 being repeated indefinitely in 
both directions. 

The sum is continuous for all values of «. 


Fia@, 26, 


Ex. 3. Find a series of sines of multiples of « which will represent FB) 
in the interval (0, 7), where 


J@)=0, 0Sr<—4;, 

Hin), | 
F@)=hr, 4r<a< ul 
I(r)=0. 
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LS ies 
Here C= i sin 24 da 


dar 


Therefore 6, vanishes when x is a multiple of 4. 
And /(#)=sinw—sin2r+}sin3r+1sin5c—sin6r+... OS” 


Il 


TT. 


Fig. 27 contains the graph of the given function, and the approximation 


~ curves 
Y=Sin 2, 
¥=sin & —sin 22, 
: : : 025 
y=sin 4—sin 27+ sin 3a, 
y=sin «—sin 24 +4 sin 3v7+1 sin 52, 


The points e=37 and x=7z are points of discontinuity in the sum of the 
series. The behaviour of the approximation curves for large values of n at 
these points will be examined in Chapter IX. 


Ex. 4. Find a series of sines of multiples of « which will represent /(7) 
in the interval (0, 7), where : 


F(2)=41, O<r<tr, 
MO.) neu in, 
f(@)= tr, 3r<ae<r. 
Also f0)=fln)=0; fQn)=4n; fQn)= hn. 
Here ne ie sin nv dx — af" sin nv dx 
Jo in 
2; 


aie [1 —cos Ana — cos Zn + cos nz | 


8 A Vr in? nT 
= S Ss Py 
Bn 2 6 


Therefore a, vanishes when 7 is odd or a multiple of 6. 
And = f(x) =sin2v+4sin4v+jsin 8¢+1tsinl0r+..., O=a~r, 


The points 7=0, v=}7, «=3r and v=7 are points of discontinuity in the 
sum of the series. 
Fig. 28 contains the graph of the given function, and the approximation 


curves 
y=sin 22, 
y =sin 2v +4 sin 47. ds 
Y 5 é ; : OS c= 7 
y=sin 27 +4 sin 47+ sin 84, | 
y=sin 2v+4 sin 47+ 4 sin 87 + $ sin 102, 


c, I Pr 
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(1) 


(2) 


(3) 


ame 
a (3) 
y | 
Y 


(4) 
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98. Other Forms of Fourier’s Series. When the arbitrary 
function is given in the interval (—J, 1), we can change this 
interval to (—7, 7) by the substitution w=7a/l. 

In this way we may deduce the following expansions from 
those already obtained : 


a\_,fe wdc 7 >| f f(a’) cos (a! —2) de, —(s275). 5300 
U U 

AI f(#) da +7 > 008 ae al J) cos a da’, (0=25h 
0 

o> 2” 

[sin Fe [Fey sin 9 ; (Od, See eee ifdecce oe (3) 
1 


When /(x) satisfies Dirichlet’s Conditions in (—J, 1), the sum of 
the series (1) is equal to 4[ f(#+0)+/(@—0)] at every point in 
—l<a<l where f(#+0) and f(#—0) exist; and at x= +1 ‘its 
sum is ${f(—l+0)+/(—0)], when the limits f(—7+0) and 
f(L—0) exist. 

When f(x) satisfies Dirichlet’s Conditions in (0, l), the sum of 
the series (2) is equal to $[ f(@+0)+/(@—0)] at every point in 
0<a<l where f(z+0) and f(~—0) exist; and at «=0 its sum 
is f(+0), at w=1 its sum is f(/—0), when these limits exist. 

When /(«) satisfies Dirichlet’s Conditions in (0, /) the sum of 
the series (3) is equal to $[ f(#+0)+/f(w—0)] at every point in 
O<a<l where f(w+0) and f(zw—0) exist; and at w=0 and 
x= its sum is Zeno. 

It is sometimes more convenient to take the interval in which 
the arbitrary function is given as (0, 27). We may deduce the 
corresponding series for this interval from that already found 
for (— 7, 7). 

Consider the Fourier’s Series 


sy hee P F seh 7 ’ : : 
oa), Fee) de =) _F(@)cos n(a!—a) det, 


where F(a) satisfies Dirichlet’s Conditions in (—7z, 7). 
Let w=r+a, w=r+e’ and f(w)=F(u—zn). 
Then we obtain the series for f(w), 

sl. Fw) dw’ +— so] F(w) cos n(w’ —u) dw’, 


for the interval (0, 27r). 
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On changing w into «, we have the series for f(a), 
=| I(a’) da’ + — as F(@) cos n(a’ —a) da’, OSaS 27. ...(4) 


The sum of the series (4) is $[/(7+0)+/(~—0)] at every 
point between 0 and 27 where f(#+0) and /(e—9) exist ; and 
at i «=0 and «=27 its sum is 


SL f(+0)+f/(24—-0)], 


when these limits exist. 

In (4), it is assumed that f(x) satisfies Dirichlet’s Conditions 
in the interval (0, 27r). 

Again, it is sometimes convenient to take the interval in which 
the function is defined as (a, b). We can deduce the correspond- 
ing series for this interval from the result just obtained. 

Taking the series 


=I, F(a’) da’ + = I, F(x’) cos n(a’—ax) da’, 0S a=27, 
TT. 
we write wap le and (u)=F| =O) 

= Z a 


Then for the interval a=w=b we have ae series for f(w), 
b 
a Sw) aes a) T(w) cos 


On changing w into x, we obtain the series for f(v) ina=a=b, 
namely, 


paral Fede’ +5 =a So) fle!)e0s 57 (a'—a) det, (8) 


The sum of the series (5) is 4[ f(w+0)+/(w—0)] at every point 
in ax<a<b where f(x+0) and f(w—0) exist; and at w=a 
and «=b its sum is $[ f(a+0)+/(b—0)], when these limits exist. 

Of course f(x) is again subject to Dirichlet’s Conditions in the 
interval (a, b), 

The corresponding Cosine ee and Sine Series are, respec- 


aa : s 
Sass © oal, F(x’) da’ ioe oe COS p — Ge —d) 


x| Aaa pete ee (6) 


and é= poh rary ayaa -a)f Te. )sin 5 —— = (a — a) da’, 
Oe Or ell) 


a (th —u) du’. 
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Ex. 1. Show that the series 


# (sin 742 sin 22 4 ) 
w\ (ae bee 


is equal to 1 when 0<w<l. 


Ex. 2. Show that the series 


ca “ Ye (sin Ta be TH i 1 a 27a ae Qarx ri ) 
ip as t (ae if l ake 


is equal to c when 0<a%<a and to zero when a<v<l. 


Ex. 3. Show that the series 


Vz Ug +V5 BS . nmr { Qn .- Ne, 7, Te 
i 3 aise “sin 5 [2s ,) sin 3 sin] + (2v, —v, — v3) cos he 
is equal to v, when —l<ar< — 3? 


if 
v, when —=<“<-= 
2 3< <3” 


l 
v,; when 3 <a aie 


Ex. 4. Show that the series 


sin22 sin3x 
2 sin ¥+—>— + = +... 


represents (7 —.) in the interval 0<#< 27, 


99. Poisson’s Discussion of Fourier’s Series. As has been 
mentioned in the introduction, within a few years of Fourier’s 
discovery of the possibility of representing an arbitrary function 
by what is now called its Fourier’s Series, Poisson discussed the 
subject from a quite,different standpoint. 

He began with the equation 

1-r 
1—2r cos (a’—ax) +r? 


4 


wm 
=1+2>)7" cos n(a’ —«), 
1 


where 


r 


<1, and he obtained, by integration, 


1 [7 Loy 
ern Cos:(a’ - as ayer ¢') clas’ 


=5-\" J F(a’) da! +— eld T(x’) cos n(a’ — a) da’. 


Poisson proceeded to show that, as 7-1, the integral on the 
left-hand side of this equation has the limit f(«), supposing f(a) 
continuous at that point, and he argued that f(z) must then be the 
sum of the series on the right-hand side when r=1. - Apart from 
the incompleteness of his discussion of the questions connected 
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with the limit of the integral as r->1, the conclusion he sought 
to draw is invalid until it is shown that the series does converge 
when v=1, and this, in fact, is the real difficulty. In accordance 
with Abel’s Theorem on the Power Series (§72), if the series 
converges when 7=1, its sum is continuous up to and including 
r=1. In other words, if we write 


; if us oo fos 
V(r, #)= s| fe) da’ + _ a of" Se) cos n(a’ —a) dx’, 
we know that, if /(1, ~) converges, then 


Lie ry = 2 (1 ee). 
yeah | 


But we have no right to assume, from the convergence of 
Lt LG), 
aN 


that #1, x) does converge. 

Poisson’s method, however, has a definite value in the treatment 
of Fourier’s Series, and we shall now give a presentation of it on 
the more exact lines which we have’followed in the discussion of 
series and integrals in the previous pages of this book. 


100. Poisson’s Integral. The integral 


1 7 l-r 
ox = a a: af rl —<] 
| Verney sa pease Babe iceah 


is called Poisson’s Integral. : 
We shall assume that /(~) is either bounded and integrable in the interval 


(—7, 7), or that the infinite integral ie J(«) daz is absolutely convergent. 
J-T 


1l—7? 2 
, = IN ore 
Now we know that <r re 142 2,7" cos nO 


when |7!<1, and that this series is uniformly convergent for any interval 
of 6, when r has any given value between —1 and +1. 


I ia T—72 
It follows that af Z iss 27 cos (x" — 2) a Fe Ax => 1, 
and that 
Lifes 1-7 ee 
1 Lae aw) da 
se liet Sepuen tay! ) 


ba / if 1g an igs flat al corp V 
=, |_ fwd +5 21 [7 S@Ye08nn OTe acemas tt (1) 


under the limitations above imposed upon /(#). (Cf. § 70, Cor. IL, and 


§ 74, I.) 
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Now let us choose a number # between —z and z for which we wish the 
sum of this series, or, what is the same thing, the value of Poisson’s Integral, 


a ae f(a) det 


Ir} — 1 — 2 cos (xv — wx) +7? 


Denote this sum, or the integral, by /’(7, «). 
Let us assume that, for the value of x chosen, 
Lt (fwt+d+f(e-2)] 
t—0 
exists. 


Also, let the function 4(2”) be defined when —7=.2’ =7z by the equation 
P(a)=fw')—% Lt [flor H+fa—d), 


Then 


F(r,.2)-4 Lt [fw+o+fle-9) 


=e) cree pe RUO)-} Lt (Met) +fe—o de 


gah ie 1-7 a Ja’ (2) 
Tos i Ses 7 Pee se Ne <5 he Iie Om ous Ooapboriccoct coc 


nl —2r cos (a — 
But we are given that Lt [f(#+2)+/(~—0)] 
exists. <i 
Let the arbitrary positive number € be chosen, as small as we please. Then 
to </2 there will correspond a positive number 7 such that 


fat) +fle-t)— Lt [f+ +fe-O]l <5, eee (3) 
when 0<t=y». 


The number 7 fixed upon will be such that (#—1, 2+) does not go 
beyond (--7, 7). 


Then ‘ 
1 s2t+n 1-7 , : 
ah __ 1-2r cos (a’— x) +7 Pin) de 


Ih fg 1-7 
Orr. » 1—2rcost+72 


glow+t)tpw—st)]de 


Ue ia 1-7 
~ Fr}, 1—2r sos eq phd eI aa it [fwtit+fw-d]}d 


It follows that 


1-7? 
ie Loe tes -2r cost +72 


€ Tw 1-7 
<-/" dt 
€ 


1-7 
lef Menare errr h ys ola 


2r cos t+74 
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Also, when 0<7<1, 


1 fae Car ) poe : F 
EE on calle eras mr eee 


1 J? s nate 
lar <aresger|_ |) ae 


1-72 1 T 
Caaf Tate 5k ; ed 
eee Vole v3) AES [f(a H+ fe ))\) 
1-r 


<< 


aA SAV chan seep ereoceaa sere sesanicsscsweesenuseeteasr (5) 


—r2 ais 
But == io hi Orel 
Bk! (1—r)?+4r sin? : 
Wee 
7 


a 


< 
2r sin? 


And fat Se ee 


provided that PS 


one us 
1+7 sin 9 


It follows that # 
lf fe-a. fe ) l4r? ne ke 
Ae Ble T=2r cos ayer) e 2 


if Wee ee eee Sistine, oe (6) 


€ 
= gin? 
1 tH sin" 5 
Combining (4) and (6), it will be seen that when any positive number ¢ 
has been chosen, as small as we please, there is a positive number p such that 


FQ, 0)-4 Lt (fe+)+/le-dll<s 


when p=r <1], provided that for the value of # considered Lt [ /(7+?t)+/(«—-1)] 
exists. ace 

We have thus established the following theorem : 

Let f(x), given in the interval (—7, 7), be bounded and integrable, or have an 
absolutely convergent infinite integral, in this range. Then for any value of 


Ta Se for which Lt [/(o+)+f(a-21)] 
t— 


exists, Poisson's Integral converges to that limit as r->1 from below. 

In particular, at a point of ordinary discontinuty of f(a), Porsson’s Integral 
converges to 4[ f(w+0)+f(«-0)], 
and, at a point where f(x) is continuous, it converges to f(x). 

It has already been pointed out that no conclusion can be drawn from this 
as to the convergence, or non-convergence, of the Fourier’s Series at this 
point. But if we know that the Fourier’s Series does converge, it follows 
from Abel’s Theorem that it must converge to the limit to which Poisson’s 
Integral converges as 71. 
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We have thus the following theorem : 
If f(a) ts any function, given in (—7, 7), which is erther bounded and 


integrable, or has an absolutely convergent infinite integral he. f(z) da, then, at 


any point 7 in —3r<a<7 at which the Fourier’s Series is convergent, its sum 
must be equal to ‘ 

Lt [ie+)+f@-9) 

=> 


provided that this limtt exists. 

With certain obvious modifications these theorems can be made to apply 
to the points —7 and 7 as well as points between —7 and z. 

It follows immediately from this theorem that : 

If all the Fourier’s Constants are zero for a function, continuous in the 
interval (—7, 1), then the function vanishes identically. 

If the constants vanish but the function only satisfies the coudiinae 
ascribed to /() in the earlier theorems of this section, we can only infer that 
the function must vanish at all points where it is continuous, and that at 
points where a [f(wt+t)+f(v—2)], exists, this limit must be zero. 

t— 


Further, if (a, 6) is an interval in which /(#) is continuous, the same 
number p, corresponding to the arbitrary «, may be chosen to serve all the 
values of x in the interval (a, b); for this is true, first of the number 7 in 
(3), then of A in (5), and thus finally of p.  , 

It follows that Povsson’s Integral converges as r>1 uniformly to the value 
F(x) in any interval (a, 6) in which f(a) is continuous.* 

This last theorem has an important application in connection with the 
approximate representation of functions by finite trigonometrical series.t 


101. Fejér’s Theorem. | 
Let f(x) be given ww the interval (—7, 7). If bounded, let at 


be integrable ; af unbownded, let the infinite integral ifs: F(a) da 
be absolutely convergent. Denote by s, the sum of the (n+1) 


terms 1 (7 ee ee 
| ‘ She ior = s{ Fe) cos n(w’ — a) da’. 
Also let 8. (ge) oo ay 


VN 


*Tt is assumed in this that f(a —0)=/(a)=/f(@+0) and f(b —0) =f(b)=f(b+0). 
Also f(x) is subject to the conditions given at. the beginning of this section. 
§ 107. 


+CE. Picard, /'raité d’ Analyse, (2° éd.), T. I., p. 275, 1905; Bocher, Ann. Math., 
Princeton, N.J. (Ser. 2), 7, p. 102, 1906 ; Hobson, Joc. cit., p: 722. 


tC Math, Ann., Leipzig, 58, p. 51, 1904. 
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Then at every point x in the interval —r<a<7 at which 
J(@+0) and f(w—0) ewist, 
Le 8i(@)= 31 ee +0) + fe) 
With the above notation, 
ek =i BG a cae See EL 2%) ay } 


1 —cos (a —a@) 
Therefore 
1 1 Cone) 42, 
eo Qin Ae 7 ae —cos (a — a) de 


Ef peti n(x" =2) te J 


~ Qa) - sin? 3 (a —a) 


el Fe jE SN ao ene as Lay 


a oe sin?4(v’—«@) 
if f(x) is defined outside the interval (—7, 7) by the equation 
S(@+2r)=f(@). 
Dividing the range of integration into (—7+a,«) and 
(x, 7+), and substituting & ‘=a 2a in the first, and # =«+2a 
in the second, we obtain 


Sn @)==[" f(—2a)— +an| fe+2a ) 


Now suppose that # is a pot in (—7, 7) at which f(@+0) 
and f(«—) exist. 
Let « be any positive number, chosen as small as we please. 
Then to ¢ there corresponds a positive number » chosen less 
than 47 such that 
| (a+ 2a)|—f(w@+0)|<e when 0<a=y. 


sin Nay 
sin2q 


sin2 Ta 
sin? a 


Dae ee (2) 


es 
sin2 Na 


aa) ee +20 ee tas era: fla+0)) da 
a ae —— fe + of” 
+2. Me+2a)" 


™sin?na 
—_— — ( 
= fet »f 


sin? a 
edge gy BBY.” | cos scsscavveenn(@ 


*This discussion also applies when the upper limit of the integral on the left 
is any positive number less than 47. 


sin? na 

sin?a 

sin” na 4 
sin? a 


da 


236 FOURIER’S SERIES 


Putting o,,.,=4}+cos 2a+cos 4a+...+c08 2(n—1)a, 


= (cos 2(7 — 1)a—cos 2na) 


we have On-1= A(T e8828) , 
1 —cos 2na 
and otort ent oy eb eg 
PEA) sin? na 
ie einen 
47 aT 
Thus \. ee a= 2 (Geers eee 
6 ‘sina 
=}n7, 


since all the terms on the right-hand side disappear on integration 
except the first in each of the o’s. 


It follows that I,=4f(v@+0). 
Also | T,|=— an | fle 24) — flo dy da 
e (’sin?na 
eat sin®a oe 
e ("sin?na 
<i sila: 
RG desedea docs prvole ndene ape ane teen eae eee (4) 
- melee sin?n 
Further, [Z31=, eb | f(w@+2a)| “aint 2 
nail 
Ver ae | f(@+2a)] de 
1 ew } , 
=< rere Ie Meee ere eto cs (5) 


Tr 
But we are given that | | f(w’)| da’ converges, and we have 
—% 


defined f(x) outside the interval (—7z, 7) by the equation 
S(at+2r)=f(@). 


Let ie | mea say. 


Then we have |J,|< 
Qn sy 


Also lie oe =| 9 (at ON) Ace Cerne soueee neers (6) 
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Combining these results, it follows from (3) that 


al fla+2a eee SG 00) 


| Vr 


<het grace, (I+ sfle+0))} 


Now let » be a ee integer such that 


a en Sa (7) 


v sin?» 


Then 


sin2 aS 


da~3f(@+0)|<e+he 


wa|, Sette) 


<e, when n=y. 
In other words, 


Lt al (a+ 2a) — 


not 
when /(«+0) exists. 
In precisely the same way we find that 


sin? Nee 


7 Wa = et): 


Lt mal sin? May =1f(«—0), 


n> ow NT 


when /(«—0) exists. 
Then, returning to (2), we have 


ye Si(w) = $[f(@+0) +f(@—9)], 


when /(#+0) exist. 

This proof applies also to the points e=+7, when f(7—0) 
and f(—7+0) exist. Since we have defined f(x) outside the 
interval (—7z, 7) by the equation f(w~+27)=f(x), it is clear 
that f(—7+0)=f(7+0) and f(—7-—0)=f(7- 0). 

In this way we obtain 

Be Sn(+7)=4[ f(—7+0)+ f(a —9)], 


when f(—7+0) and /(7—0) exist. 


Corotuary. If f(x) is continuous in ¢a=wv=4, including the end-points, 
when the arbitrary positive number ¢ is chosen, the same 7 will do for all 
values of « from @ to b, including the end-points. Then, from (7), it follows 
that the sequence of arithmetic means 

Bye. oy 6 Say ns 


converges uniformly to the sun f(x) in the interval (a, b). 
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It is assumed in this statement that f(v) is continuous at w=a and 
v=b as well as in the interval (a, b); te. f(a-O0)=f(a)=f(a+0), and 
f(b-0)=f(b)=f(b + 0). 


102. Two Theorems on the Arithmetic Means. Before applying this 
very important theorem to the discussion of Fourier’s Series, we shall prove 
two theorems regarding the sequence of arithmetic means for any series 

Ut Ug +Ugt.... 
In this connection we adopt the notation 
SyH=Uy tet... +Un, 
Ree a Anes SL 
‘i n 
Turorem I. Jf the series uy +Ugt+U3t... 


converges and its sum is s, then Lt S,= Lt s,=s. 


n> n> 
We are given that the series 
Uy +Ugtugt... 
converges, and that its sum is s. 
Thus, to the arbitrary positive number ¢« there corresponds a positive 
integer v such that |s—s,|<e, when n=v. 


Thus, with the usual notation, % 


| plen|=|Sn4p—Sn|<2e, when n= v, for every positive integer p. 


Also it follows, from the definition of S,, that, when 2> v, 


Sr mt un( -2) 4. 4n(1 ee y| 
a nN 2 


But (1-4), eee (12358) 
n n n 


are all positive and decreasing ; and 
[Uytr], | Uvpi terol, 0. | Urpiterzot ...+Un | 
are all less than 2e when n> v. 
It follows, as in § 50, that 


Vv s+] .—] 
vio (1 =¥) tropa - — jPe +u,(1 2) < 2€(1 -») <e, when n> vp. 


Thus 


" 1 —] 
S,- {atra(1 = +e...4+ w(1 _ v= t\t | <2e, when n> vp. 


ae | Uy + 2ug +... +(v—1)ey | 
N 


Therefore |S,—s,|<2 


,» when n> vy. 


But v being fixed, we can choose the positive integer WV so that 


| Uy + 2ug+...+(v--1)u = 
oh os eben <e, when n= N>p,. 


FOURIER’S SERIES 239 


Therefore | S, —sy |<<, when n= V>v. 


But |s—sy|<e. 

And |S, -8|=|S,—s,|+|s—sy]. 
Therefore | S,—s|<4e, when n= WV>v. 
Thus Lt S,=s. 


THeEoreM II.* Let the sequence of arithmetic means S,, of the series 
Diy E Pa A Wah es sotepe teresa ainaionscuejaeiaes sleet (1) 
converge to S. Then, xf a positive integer no exists such that 
[Unl|<K/n, when n>, 
where K 7s some positive number independent of n, the series (1) converges and 
its sum is S. 
With the same notation as above, let ¢,=s,—S. 
We have to prove that Tet 0: 
nn 
If ¢, has not the limit zero as no, there must be a positive number h 
such that there are an infinite number of the terms ¢, which satisfy ether 
(i) t, >A or (il) h< —h. 
We shall show that neither of these hypotheses can pea admitted. 
Take the former to be true, and let 
On=ty big. ttn. 
Then Tn/2=Sr—S8, 
and WitnGe 0) 


n> 

Thus, to the arbitrary positive number «¢, there corresponds a positive 
integer n, such that |o,/n|<¢ when n= 74. 

Choose this number « so that h/K+2< th?/Ke. 

Now let 2 be any positive integer greater than both m) and m, such that 
tn >h. 

Then, when 70, 1, 2,...5 |¢nerli< Ain 


we 
rn Dae 
ag | 
ei oe ie 


Fie. 29, 
Now plot the points P,, whose coordinates are (7, ¢t,;,) in a Cartesian 
diagram. Since tasr41—tn+r=Unsrei, the slope of the line P,P,4, 18 less 


0 


*This theorem was published by Hardy in London, Proc. Math. Soc. (Ser. 2), 8, 
pp. 302-304, 1910. This proof, due to Littlewood, is given in Whittaker and 
Watson, Modern Analysis, p. 157, 1920. Cf. also de la Vallée Poussin, loc. 
Ch Meee S hols 
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in absolute value than tan-!/n. Therefore the points Py, P,, Ps,... lie 
above the line y=A—w tan 0, where tan 0=A/n. ’ 

Let Py be the last of the points Py, P,, P2,..., which lies to the left of, or 
upon, the line e=/ cot 0, so that xk =hcot d=hn/K. 

Draw rectangles as shown in the diagram. The area of these rectangles 


exceeds the area of the triangle bounded by the axes and y=h—w tan 6. 
Thus we have 


Onin On-1= tn ttagrt + thay, > scot O= $hn/K. 
But | Ons. —Onal Sl|Onsel+|onal<[(a+K«)+(m—-1)]e, since n> 1. 


Therefore (k+2n—1ye>th2n/K, 

But kSheot 0=hn/K. 

Thus ' hnf{ KZ K>th?n|/ Ke—(2n—1). 
Therefore n[h/|K —3h?/Ke+2]>1. 

But h/ K —3h?/Ke+2<0. 
Therefore n< : 


42/Ke—h/K—2- 
But we have assumed that there are an infinite. number of values of 2 
such that ¢, >h. 


The hypothesis (i) thus leads to a contradiction ; and a precisely similar 
argument shows that the hypothesis (ii) does the same. 


Thus Lite 
n—>o 
and it follows that Lt s,= Lt 3S,=S8. 
CoROLLARY. 
Let fy (2) Aly (2) Aig (@) teins ecneetae tere sseeemneeeene eee (1) 


be a series whose terms are functions of x, and let the sequence of arithmetic 
means S,(v) for the sees converge uniformly to S(x) in an interval (a, 6). 
Then, if a positive integer ny exists such that 

|un(v)|<H/n, when n>, 
where K is independent of n and x, and the same no serves for all values of x 
in the interval, the series (1) converges uniformly to S(x) in (a, 6). 

For, with the notation of the theorem just proved, if ¢,,(2) does not tend 
uniformly to zero through (a, 6), there must be a positive number , inde- 
pendent of # and , such that an infinite sequence of values of n can be found 
for which ¢,(a,)>, or t,(¢,)<—h for some point w, in the interval; the 
value of w, depends on the particular value of 2 under consideration. 

We then find, as in the original theorem, that both these hypotheses are 
inadmissible. 

103. Fejér’s Theorem and Fourier’s Series.* We shall now use Fejér’s 
Theorem to establish the convergence of Fourier’s Series under the limitations 
imposed in our previous discussion ; that is we shall show that: 


*Cf. Whittaker and Watson, loc. cit., p. 167, 1915, and the note on p. 263 below. 
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When f(x) satisfies Dirichlet’s Conditions in the interval (=7, 7), and 
1 hs / / 1 & , , , 
ohn ak Ste ) da‘, an= ate ) Bes NEAL. 


b= | Es J(#’)sin nz’ da’ (n= 1), 


the sum of the series 
dy + (a, cos x +, sin x) +(a, cos 2v +b, sin 27)+... 


is 3[f(v+0)+f(e—0)] at every point in —r<x<a where f(a+0) and 
S(@—0) exist; and at x= +47 the sum is $[f(—7r+0)+f(r—-0)], when these 
limits exist. 

I. First, let /() be bounded in (—z7, 7) and otherwise satisfy Dirichlet’s 
Conditions in this interval. 

Then the interval (—7z, 7) can be broken up into a finite number (say p) 
of open partial intervals in which /() is monotonic, and it follows at once 
from the Second Theorem of Mean Value that each of these intervals con- 
tributes to |a,| or |6,| a part less than 4///nz, where | /()|< MM in (—7, 7). 


Thus we have |a,cos nv+b, sin nv |< 8pM/nz, 


where J/ is independent of n. 
It follows from Fejér’s Theorem, conybined with Theorem II. of § 102, 
that the Fourier’s Series Zs 


a +(a,cos 7 + b, sin £)+(a,c0s 27+ b.sin 2x) +... 


converges, and its sum is 4[ f(7+0)+/(x—0)] at every point in -r<a<r 
at which /(#+0) exist, and at v= +7 its sum is 4[/(—7+0)+/(7—-0)], 
provided that /(—2+0) and f(z —0) exist. 

il. Next, let: there be a finite number of points of infinite discontinuity 
in (—7, 7), but, when arbitrarily small neighbourhoods of these points are 
excluded, let f(x) be bounded in the remainder of the interval, which can be 
broken up into a finite number of open partial intervals in each of which f(x) 


is monotonic. And in addition let the infinite integral fe tw’) dx’ be 
absolutely convergent. ait 

In this case, let 7 be a point between —z and 7 at which /(v+0) and 
J(«—0) exist. Then we may suppose it an internal point of an interval 
(a, b), where b—a<z, and f(x) is bounded in (a, 6) and otherwise satisfies 
Dirichlet’s Conditions therein. 


b 
Let nie [ f(x’) cos na! de | 
va (GM. 
and TO [ f(z) sin na‘ de!| 
Ja * i 
) pt / , 
while Qmay’ =| fla’) 


Then, forming the arithmetic means for the series 
ag, + (ay cos # + b,'sin v) + (ay' cos 2x + b,/sin 2v) +... , 
Cc. 1 Q 
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we have, with the notation of § 101, 


Shin) a Ete 


21 = 
za iE ) #) aa! 
~ Oneal, sin?4(a’ — 2) 
1 ( pee sin2na ae a Sine) seal 
== f "fla 20) rag dat | Tare) peat 
where 3(—a) and $(b—~) are each positive and less than $z. 
But it will be seen that the argument used in Fejér’s Theorem with regard 


to the integrals xl K Aa —- na. 
nT sin?a, 


da 


applies equally well when the upper limits of the integrals are positive and 
less than 47.* 
Therefore, in this case, 


Lt Sy(2)= HL fw +0) +/(e= OV} 
And, as the terms (a,' cos na +b,’sin na) 
satisfy the condition of Theorem II. of § 102, it follows that the series 
a) +(a,'cos v7 +b,'sin 2) +(a,/ cos 24+ by’ sin 27) +... 


converges and that its sumis Lt S,,(”). 


nn 


n * 
But (a) — a) + Z(t —d,/) cos nv +(b, — b,') sin nv} 
aiff +f} r f(a’) + ¥c08 n(e’ —x)} da’ 


Pee ae Sieh es a a: 


sin $(a’ — x) 


da+ T(@+2a)— 


sin a TID sin a 


Pie! Lf Wea ain (2n+1)a 1 pe sin (2nt+1)a7 
2(*- a)’ 2 ( 
By § 94 both of these integrals vanish in the limit as n>0. 
It follows that the series 
(A = dy )AXA(Gn — An’) cos n&+(b, — b,’)sin nar 
i 


converges, and that its sum is zero, 
But we have already shown that 


ao 
ay +> (a,/cos nv +b,/sin nv) 
1 
converges, and that its sum is 


a[ /(vt+0)+f(v -0)]. 


* Cf. footnote, p. 235. 
} Outside the interval (—7, 7) f(«) is defined by the equation f(a +2) =f(2). 
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It follows, by adding the two series, that 


a 
a +> (a, cos nv +b, sin na) 
1 
converges, and that its sum is 


alS(v+0)+f(@ -0)] 
at any point between —7z and z at which these limits exist. 

When the limits /( —7 +0) and f(z —0) exist, we can reduce the discussion 
of the sum of the series for ~=+7 to the above argument, using the 
equation f/(v+27)=f(z). 

We can then treat «= +7 as inside an interval (a, b), as above. 
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EXAMPLES ON CHAPTER VII. 


: l 
1, In the interval O<. <5, S(2)=4!-4, 


1 
and in the interval 3 <n<l, flr)=7—- 


21 Drie il Graz 1 107x 
Prove that flo)=75( cos ~ +9 cos - +55 cos in be). 


2. The function /(z) is defined as follows for the interval (0, 7) ; 
S(#)=32, when 0=2=}7, 
Hoje when bn <r<jr, 
S(%)=3 (9 —x), when 3m S¢#5S7. 
Show that 
Hoe sin }(2n —1) sin (Qn—1)e 


6 2) 
_ (2n — 1)? 


pew Nethe OS=7 = 7, 
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3. Expand f(x) in a series of sines of multiples of wa/a, given that 
f(a)=me, when 0=v=ta, 


f(z)=m(a—2), when ja=av Za. 
4, Prove that 


. Qnrx 
7 2 sin 
1l—-xr=- > , when 0<v<l, 
7 a 
Qnwer 
BR po 
and Ql- «P= 75+ 52a when 0=#Zl. 


5. Obtain an expansion in a mixed series of sines and cosines of multiples 
of # which is zero between —7 and 0, and is equal to ¢* between O and z, 
and gives its values at the three limits. 


6. Show that between the values —7 and +7 of x the following 
expansions hold: 


2 Oe. ( sinw Q2Qsin2r os 3 sin 37 . ) 
sin mv =— sin mar 5 hs a... }s 
7 1?—m? 22—m? *32—m?* 


~ 
1 mecosx mcos22 mcos3x ) 
Acad 


Oe ( 
cos mv =— sin M7 : ; . : 
T Qn 12 — Mm?" 22 —m? 3-— m? 


cosh mx 2 ( 1° mecosx mcos2a mecos3xr ) 
: = - : a a - : 
sinhmr a\Qm 124+m?2 224m? 324m? 


7, Express 2? for values of « between —7z and = as the sum of a constant 

and a series of cosines of multiples of «. 
Prove that the locus represented by 
3(- De : 
> — sin nv sin ny =0 
. 1 ne 

is two systems of lines at right angles dividing the plane of a, y into 
squares of area 7. 


8. Prove that 
ONE 


a 4d Nir 
hoe 3 qe 


(a sin -™° — rare cos ee cos — @ 
Tew oa Tee a” 
represents a series of circles of radius c with their centres on the axis of x 


at distances 2d apart, and also the portions of the axis exterior ‘to the circles, 
one circle having its centre at the origin. 


e) 

+S 

“4 
1 


9, A polygon is inscribed in a circle of radius a, and is such that the 
alternate sides beginning at 6=0 subtend angles a and £ at the centre of 
the circle, Prove that the first, third, ... pairs of sides of the polygon may 
be represented, except at angular points, by the polar equation 


27 0 
+B een 


70 : 
r= a, 8M ——,+ a, sin 
a+ 
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i @n(a +B) _ ? ra Bae ump 
where TG eer) cos ah cos eae sec hb db 
B 
. nr(2a+ 3) a ee pe 
+sin 2(a+B) cos F |, 6OS ome sec hdd. 


Find a similar equation to represent the other sides. 


10. A regular hexagon has a diagonal lying along the axis of a. Investi- 
gate a trigonometrical series which shall represent the value of the ordinate 
of any point of the perimeter lying above the axis of «. 


Il. If 0<wv<2z, prove that 


wsinha(r—x) sine 2QsinQv 3sin3x 
2 sinhar CFM 2eE OR an geet 320d i 


12. Prove that the equation in rectangular coordinates 


il ee Bre ) 
3? hee 


2 | Ta Qrxv 
y 3+ COS — — — 5 COS — — + 
represents a series of equal and similar parabolic arcs of height A and span 
2« standing in contact along the axis of ~. 


13. The arcs of equal parabolas cut off by the Jatera recta of length 4a are 
arranged alternately on opposite sides of a straight line formed by placing 
the latera recta end to end, so as to make an undulating curve. Prove that 
the equation of the curve can be written in the form 

STL Ie ete 
I I TH 


17 y on We 
64a 4a? 38 Ree 4a 1 53 a 4a 


14. If circles be drawn on the sides of a square as diameters, prove that 
the polar equation of the quatrefoil formed by the external semicircles, 
referred to the centre as origin, is 

7 
ee Js cos 40 — @s cos 89+ 7}3008120+..., 
where a is the side of the square. 


15. On the sides of a regular pentagon remote from the centre are 
described segments of circles which contain angles equal to that of the 
pentagon ; prove that the equation to the cinquefoil thus obtained is 


T < , cos 526 
7r= ba tan an —22(- 1) 26m? 1)? 


a being the radius of the circle circumscribing the pentagon. 


= 0% : 


16. In the interval eae . J (2) 


: l 
and in the interval gse< l, f(#)=0. 
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Express the function by means of a series of sines and also by means of a 


series of cosines of multiples of ae Draw figures showing the functions 


represented by the two series respectively for all values of x not restricted to 


é l 
lie between 0 and 7. What are the sums of the series for the value w=ot 


17. A point moves ina straight line with a velocity which is initially w, 
and which receives constant increments each equal to w at equal intervals T. 
Prove that the velocity at any time ¢ after the beginning of the motion is 


ut 2 ai Qn 
Wares +2 ae = ini, 
~9 Ores hy ae “a 


and that the distance traversed is 


ut UT Wie Qn a 
‘ gett) + 19 ee cos [See Ex. 4 above.] 


18. A curve is formed by the positive halves of the circles 
(w—(4n+layr+y=e 
and the negative halves of the circles \ 
(~—(4n — 1a) ytmar 
n being an integer. Prove that the equation for the complete curve obtained 
by Fourier’s method is 


Le ee Rodias l\re[*s. (  1\ 72"  —, , , 
hoe = (-1) sin(x-}) a sin K=o he Va?— x? da’. 


19. Having given the form of the curve y= =f(«), trace the curves 


fA 


—~ 
I 


» sin | S(t) sin rt dt, 


Cee) 


Sa ie 


sin (27 — ef? J (#) sin (27 —1)¢ dt, 


4 
oe 


and show what these become when the upper limit is - instead of > 


20. Prove that for all values of ¢ between 0 and b the value of the series 
a 


Rie ee na Oeeae TT THOU 
> =sin—— sin—— sin 
, l l is 


is zero for all values of 2 between 0 and b—at and between at+0 and J, and 


is ‘ for all values of w between b—at and at+b, when o<}. 


91. Find the sum of the series 


1 2 sin 2n7rx 
“4=— > ——__,, 
Trt nN 


12 sin (22 —1)rax 


py 2) 
T 2 In —1 : 


and hence prove that the greatest integer in the positive number w is 
represented by v+u—8v*, [See Ex. 1, p. 230, and Ex. 4 above.] 
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22. If x, y,2 are the rectangular coordinates of a point which moves so 
that from y=0 to y=« the value of 2 is x(a?—.2?), and from y=u to y=a 
the value of z is x(a?—¥y’), show that for all values of v and y between 
0 and a, z may be expressed by a series in the form 


YA, Sin oe (2 *) sin SS. 


and find the values of 4,,, for the different types of terms. 


23. If f(x) =F sin 2, when 0=wa =e 
and iia) = A when aS Ge 
prove that, when OES eee, 
sia +8,—83, 
4 6 
where s=> 3 sin 27 3p sin dete = sin 6x —.. ; 


S,=sinw+4sin3vr+4sin 5¢+..., 

S,=sin 27+4sin 6¢+14sin l0#+..., 
and find the values of S,, Sy, and S, separately for values of w lying within 
the assigned interval. [Cf. Ex. 1, p. 230.] 


4 sin3%  sindx 

24, If Ai Cio f= Pa (sin C— 32 aoe eS .) 
he Hare sin2z sin 3x 

ee (sin 7) ae 3 3). 


show that /(x) is continuous between 0 and w, and that f(7—0)=1. Also 


2 eat ae 
show that f(r) has a sudden change of value = at the point 5. [See Ex.1,2, 
Tv 2 
pp. 222-3.] 
25. Let 


sin 2 l)x 2 sin (2 — 1)a sin (22 —1)m sin(2n — 1)x 
Je) > —1 2 In -1 o> (Qn—1)2 : 
when=-0\s= 2 am. 
Show that J(+0)=f(a -0)= —417, 
es 


S(t +0) —fGr —0)= — 
Gr +0)—fGr- ae 
also that {0)=S0r) =n) =fr)= 
Draw the graph of f(w) in the interval (0,7). See Ex. 1, p. 280, and Ex. 2 
above. | 


CHAPTER VIII 


THE NATURE OF THE CONVERGENCE OF FOURIER’S 
SERIES 


104. The Order of the Terms. Before entering upon the 
discussion of the nature of the convergence of the Fourier’s 
Series for a function satisfying Dirichlet’s Conditions, we shall 
show that in certain cases the order of the terms may be 
determined easily. 


I. If f(a) is bounded and otherwise satisfies Dirichlet’s Con- 
ditions in the interval (—7, 7), the coefficients in the Fourier’s 
Series for f(a) are less in absolute value than K/n, where K 1s 
some positive number independent of n. 

Tv 
Since Thy = | F(x) cos na da, 


and the interval may be broken up into a finite number of open 
partial intervals (CryCr-41) in which /(#) is monotonic, it follows, 
from the Second Théorem of Mean Value, that 


Cyt] 
On, = =| J (x) cos nx dx 
C. 


& “ Cy] 
= ral T(er+ 0) cos nx da+f(Er44— 0). COS 1H due}, 
Cy. £} 
where €, is some definite number in (¢,, ¢,4). 


2 : : 
Thus 1 | On| < ne {| F(er-+0) |+] f(Gr41—0) |} 


where p is the number of partial intervals and M is the upper 
bound of | f(@)| in the interval (—7, 7). 
Therefore | n|<K/n, 
where ( is some positive number independent of n. 
248 
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And similarly we obtain 


| On |< K/n. 

We may speak of the terms of this series as of the order 1/n. 
When the terms are of the order 1/n, the series will, in general, 
be only conditionally convergent, the convergence being due to 
the presence of both positive and negative terms. 


Il. Lf f(x) 1s bounded and continuous, and otherwise satisfies 
Dirichlet’s Conditions in —r<a<, while f(7-0)=f(—7+0), 
and uf f(x) 1s bounded and otherwise satisfies Dirichlet’s Con- 
ditions in the same interval, the coefficients in the Fourier’s 
Serves for f(x) wre less in absolute value than K/n®, where K is 
some positive number independent of n. 

In this case we can make f(x) continuous in the closed interval 
(—7, 7) by giving to it the values f(—7+0) and f(7—0) at 
“x= —7 and 7 respectively. 


Then - 10,= i J(&) cos nx da 


= z fo) sin mae] _ . " _J@) sin nx da 
= — u i f(x) sin nx da. 


nN 
But we have just seen that with the given conditions 


; . I (@) sin nx dx 
is of the order 1/n. “ 

It follows that an |< in’, 
where K is some positive number independent of 1. 

A similar argument, in which it will be seen that the condition 
f(7—0)=f(—7+0) is used, shows that 

| On|< K/n?. 

Since the terms of this Fourier’s Series are of the order 1/n’, 
it follows that it is absolutely convergent, and also uniformly 
convergent in any interval. 

The above result can be generalised as follows: If the function 
f(a) and its differential coefficients, wp to the (p—1)", are 
bounded, continuous and otherwise satisfy Dirichlet’s Con- 
ditions in the interval —7#<a<7, and 


fU— r+ 0) =f(r=0), [r=0,1,-. (PD) 


\ 


250 THE NATURE OF THE CONVERGENCE OF 


and if the p” differential coefficient is bounded and otherwise 
satisfies Dirichlet’s Conditions in the same interval, the co- 
efficients in the Fourier’s Series for f(a) will be less in absolute 
value than K/ne+1, where K is some positive number vnde- 
pendent of n. 


105. Again suppose that the interval (—7, 7) can be broken up into a 
certain number of open partial intervals (—7, ¢), (Cy, C2), +++ (Cm, 7)y 
each of which f(v) and fv) are bounded, continuous and otherwise satisfy 
Dirichlet’s Conditions. Also let f(x) be bounded and otherwise satisfy 
Dirichlet’s Conditions in the whole interval. 

In this case /(—7+0), ... f(c¢,+0), ... f(r—0) and f(—7+0), ..., 
S'(G +0), ... f(r — 0) exist, when 7=m. 


Also T@,= | a (2) cos nw dz + [re cosnadu+... +/" Fe) cos na an. 
T cy Cm 


oe 


Integrating by parts, we find that 


, An b,,’ , ‘ ‘ 
Oe ae ead VED CR OOnICOuCe Ca. Steen eee eceeseesteeseernce eee (0) 
where 7A,=> sin ne,{ f(c,—0) —f(c-+0)} 
1 
and Gs = is S'(e) sin nex de. 
af an 


Similarly, from the equation 


T0n= is JS (2) sin na da + [°fe) sin na dat ..+ ["£@) sin nv da, 
Piatt at Jom 


we find that 


where 
TD, = = 2 cos nc, f(c, — 0) —f(e, + 0)} +. cos nw { f( — 2 +0)—f(r -0)} 


and 7a,’ = ie J'(e) cos nv da. 
A (eH 


In the same way we get 


Ase OG DS ae Oe 
| alarmed i) n , n n 
A, = , eae) b, == ate ’ 
Me 1 Nv Ve 


where 
me 
A,’ => sin ne, f'(c.— 0) —f'(c. + 0)}, 
1 


7B, = — z cos ne,{ f’'(c, — 0) —f'(c, + 0)} + cos nar{ f( — 7 +0) —f(a — 0}, 
and 7a,"= He S'(«) cos nx dx, 


by! = |" f(a) sin nw da. 
= 
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, 
Thus ae es ee al 


This result includes that of § 104 as a special case. It is also clear that 
|An|, +|Bal, t]An’| and a|B,’| are at most equal to the sum of the “jumps” 
in f(x) and /"(x), as the case may be, including the points v= +7 as points 
of discontinuity, when f(7—0)+#f(—z+0), and f(r—0)4f"(—7r+0). And 
under the given conditions a,,’ and b,,” are of the order 1/n. 

The expressions for a, and 6, can be used in determining the points at 
which the sum of a given Fourier’s Series may be discontinuous. 

Thus, if we are given the series 


sinv+4sin3v+tsindr+..., 
and assume that it is a Fourier’s Series, and not simply a trigonometrical 
series (cf. § 90), we see that 
an=0, b,=(1—cos n7r)/2n. 
So that (1) and (2) above would be satisfied if 
A,=0, B,=(1—cosum)/2, a,/=0=6,'. 
Hence, if c,, cy, ... are the points of discontinuity, 
7A,=0=[sin ne, { f(c, —0) —f(¢,+0)} +sin ney{ f(c,— 0) —f(c,+0)} +... ]. 


Since this is true for all integral values of 7, the numbers ¢,, c,, ... would 
need to be multiples of 7; and, since ¢,, cy, ... lie in the interval —7<wv<z, 
¢,=0 and cg, cs, ... do not exist. 

Substituting c,=0 in the equation for B,, 


(4 —4 cosnm)=cos nr{ f(—7 +0)—f(ar —0)} +{f( +0) -—f( - 0)}. 
Since this is true for all integral values of 1, 
$m ={f(+0)—-f(- 0} ={ f(a - 0) -f(— 7 + 0)5. 
Thus we see that, if the series is a Fourier’s Series with ordinary discon- 
tinuities, f(a) has discontinuities at v=Oandw=+7. Also, since a,’=b,'=0, 
we should expect f(z) to be a constant (say /) in the open interval (0, 7), 


and —/ in the open interval ( —7z, 0). 
Asa matter of fact, the series is the Fourier’s Series for /(~), where 


“a= trin 0<r<r,)| 
f(#)=-ji7 in marco, J 


106. Discussion of a case in which f(x) has an infinity in (—7, 7). 
We have seen that Dirichlet’s Conditions include the possibility of f(~) 
having a certain number of points of infinite discontinuity in the interval, 


, Do ' 
subject to the condition that the infinite integral { f(a) dz is absolutely 
convergent. re 
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Let us suppose that near the point 7, where -7t<a<7, the function 
J (a) is such that fay 2, 
(v—%) 
where 0<v<1 and (x) is monotonic to the right and left of 2), while 
(# +0) do not both vanish. 
In this case the condition for absolute convergence is satisfied. 
Then, in determining a, and b,, where 


A if f(x) cosnada and Paes i x f(z) sin na dx, 


we break up the interval into 


(—7, a), (a, 2%), (%, 8), and (f, 7), 
where (a, 2) is the interval in which f(a) has the given form. In (—7, a) 
and (8, 7) it is supposed that f(v) is bounded and otherwise satisfies 
Dirichlet’s Conditions, and we know from § 98 that these partial intervals 
give to a, and b, contributions of the order 1/n. 
The remainder of the integral, ¢.g. in a,, is given by the sum of 


ty — 8 i “B®. ms 
Lt ow) cos nx da and Lt | sh 


$000 (eh) 30. aoa), 


— cos nav ax, 


these limits being known to exist. 

We take the second of these integrals, and apply to it the Second Theorem 
of Mean Value. 

Thus we have 


B p(*”) COS #2 
at = é dx 
Jessa” esti cAls |. o+8 (vw — ay)” r+ $B). c, 
where “+0 £ =. 
Putting n(v—2))=y, we obtain 


ik (2) aks sO DEO Ot) 


COS 2 
J nd yr 


rotd(v— Xp)” ey 
COs (y +22) au 


rB cos nx 


Xo)” 


dx, 


+22) f 
glae, n(&— Xo) y 


oh 5 ‘ 
But | Soe (ge ety) dy =cos nay [© pe yi Na Ne any dy. 
Ja Ope Gh? 
Also when a, b are positive, 


ihe 7 


are both less than definite numbers eee he of a and 6, when 0<v<1. 
Thus, whatever positive integer » may be, and whatever value 6 may have 

subject to O<d<B-a, 
| ip _ f(*) 


J to+6 (Ge _ Coe 


b 
ihe sin aly 
G 


a 


b) 


cos nx dx 


<K'/ni-», 


where A’ is some positive number independent of n and &. 
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It follows that 
“B Up ; 
| Lt | ope) cos nv du|<K'/nl-y, 
80 J+ (a — a)” | 
A similar argument applies to the integral 
(eee 
JQ (a = aa)e 
It thus appears that the coefficient of cos nw in the Fourier’s Series for the 
given function f(w) is less in absolute value than A/n1-», where K is some 


positive number independent of 2; and a corresponding result holds with 
regard to the coefficient of sin nz. 


It is easy to modify the above argument so that it will apply to the case 
when the infinity occurs at +7. 


cos nx de. 


107. The Uniform Convergence of Fourier’s Series. We 
shall deal, first of all, with the case of the Fourier’s Series for 
}(z), when f(x) is bounded in (—7, 7) and otherwise satisfies 
Dirichlet’s Conditions. Later we shall discuss the case where a 
finite number of points of infinite discontinuity are admitted. 

It is clear that the Fourier’s Series for f(x) cannot be uniformly 
convergent in any interval whieh contains a point of discon- 
tinuity ; since uniform convergenée, in the case of series whose 
terms are continuous, involves continuity in the sum. 

Let f(x) be bounded in the interval (—7, 7), and otherwise 
satisfy Dirichlets Conditions im that wnterval. Then the 
Fourier’s Series for f(x) converges uniformly to f(a) m any 
interval which contains neither in its interior nor at an end 
any point of discontinuity of the function. 

As before the bounded function f(a), satisfying Dirichlet’s 
Conditions in (—7, 7), is defined outside that interval by the 
equation 

fe+2n)=f(2). 

Then we can express f(«#) in any interval—e.g. (—27, 27)—as 
the difference of two functions, which we shall denote by F(x) 
and G(«#), where F(a) and G(a) are bounded, positive and 
monotonic increasing. They are also continuous at all points 
where f(z) is continuous [S 36]. 

Let f(~) be continuous at @ and b* and at all points in 
a<a<b, where, to begin with, we shall assume —7<a and b<7. 

Also let 2 be any point in (a, b). 


*Thus f(a+0)=/(a)=f(a-0) and f(b+0)=/(b) =f (b-0). 
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Then with the notation of § 95, 
d Ral tas 3 sin $(2n4+1)(@’—«@) ,, 
Sa)=s-| fay One = ae 


Qn sin $(a’—@) 
= ela f(a+2a ae m4 da, where m=2n+1.* 
710 |= 
Thus 
Si(2)= -{... F(a+2a dae SE 7 
Lit G(w+2a ake ha. eet ieee (1) 
We shall now discuss the first integral in (1), 
in sin Ma 
es gts Sai 
ce fe F(a+2a ae ma ala le Fe 2a ieee De 


Let « be any number such that 0<u<}7 
Then 


i F(w@+2 9 pee Ae ae =F(e+ of sin Wea a 
0 


sin a 


ae {F(v+2a)— F(a+0)} me me da 
ety! sin ma 
+{ (Ft 2a)—F(w+0)} 


= EAT Lys SOVE sasvacneyeysteapnns sehees ed 
We can replace F'(#+0) by F(z), since F(x) is continuous at a. 


IT sin ma 
Now we know that |. ——— da=t17 
0 


sin a : 


since m or 2n+1 is an odd positive integer. 
Thus T= hark (@) cancer ence ee eee 
Also {F(«+2a)—F'(«)} is bounded, positive and monotonic 
increasing in any interval; and =e is also bounded, positive and 


monotonic increasing in 0<a= 4dr. 


*We have replaced the limits —7, r by -r+#, r+ in the integral before 
changing the variable from 2’ to a by the substitution w =a+2a. Cf. §101. 
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Therefore we can apply the Second Theorem of Mean Value to 
the inteoral sin mM 
‘ \ 9 g(a) da, 


where Me Asif pies, 
It follows that 
T= (Fle+2u)—F(e)} oe i SNe 
where 0= ¢=u. 
But we know that 
iy sin Ma - 


a 
sin a 


al=i|" net dal <n. ( (§ 91.) 


é a 


é a 


Therefore th Res eT ea HO) amare ie (4) 
ru 


“sin ma 
: ad 
, sina 


Finally J,={F(v+2u) —F(o)}| 


27 sin ma 
+{Fe+7)-F(o)}| See da) 
él sina 
where wu = €’ = jr. col 
But, if 0X<<0<¢=}1, 
’ sin ma 1 had eee Ved [Sm 
3 da=-———| sin mada+-———| sin mada, 
9 sina sin 0}, sin b)y 


where 0=y= ¢. 
¢’ gin me 
sin a 


Therefore i la da < . {cosec 8+ cosec d} 


4 
P< on Cone’ é. 
It follows that 


a= Sf , r) — x 

l4s Ieee [{F (e+ 2u) — F(x)} + (P(e+7) F(«)}] 
4h : 
Sane Pee es EB tse cc Powe osovti aneet eet) 


where K is some positive number, independent of m, and de- 
pending on the upper bound of | /(#)| in (—7, 7). 
~ Combining (3), (4) and (5), we see from (2) that 
1" 
elk F(w+2a)~ 
AK 


eae F(«)}7#-+———_.. ...... (6) 


sin 17 SIN uh 


sin ma 


MG da-3F (ew 2) 
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A sinilar argument applies to the integral 
sin ma 


|. F(w—2a) 


but in this case it has to be remembered that F(«#— 2a) is mono- 
tonic decreasing as a increases from 0 to $7. 
The corresponding result for this integral is that 


1 ie F(w— 2a)“ da—}F(e) 
TSO 


da, 


eae F(a)| oa (7) 


sin us ie sin wu’ 


K as before being some positive number independent of m, and 
depending on the upper bound of | f(a@)| in (—7, 7). 
Without loss of generality we can take K the same in (6) 
and (7). 
From (6) and (7) we obtain at once 
| 1 


ie Fw+2a ee Hy ves 
, 38 
Sing Ce 2) RO BAA) 
Similarly we find that 
aie G(a+2a eee — G(a) 
Mu : 8k 
<i (I M@+2n)— G(a)|-+|4@-2)-G@)|}+ a 
Thus, from (1), ¥ 
1p 
ele flo-+ 2a) rms la— f(x) 
<sny (IP@+2 2u)— F(a) |+| P@—2n)—F@)| 
+|G(w+2p)— (@)|+| @e@—u)— G(a))} 
tin eet (10) 
M7 SID je 


Now F(«) and G(a) are continuous in a<a<b, and also when 
e=a and v=. 


Thus, to the arbitrary positive number e, there will correspond 
a positive number uw, (which can be taken less than $7) such that 
| F(a+2u)—F(@)|<e, | G(w+2u)—G(a) |<e, 


when |u|, the same y, serving for all values of @ in 
Gaaw = b.\. (Cf. $32.) 
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Also we know that « cosec « increases continuously from unity 
to 37 as u passes from 0 to 37. 

Choose x, as above, less than 37, and put w=, in the argu- 
ment of (1) to (10). This is allowable, as the only restriction 
upon « was that it must lie between 0 and $7. 

Then the terms on the right-hand side of (10), not including 
16K/m7 sin u,, are together less than 8e for all values of z in 
(a, 5). 

So far nothing has been said about the number m, except that’ 
it is an odd positive integer (2n +1). 

Let n, be the smallest positive integer which satisfies the 
inequality 16K 

(2n9+1)7 sin pn, 


As K, », and e are independent of x, so also is n). We now 
choose m (2.€. 2n+1) so that n= n,. 
Then it follows from (10) that 
| S,(2) —f(a)|<9e, when n=), 
the same 7, serving for every # in a=a3b. 

In other words, we have shown that the Fourier’s Series con- 
verges uniformly to f(x), under the given conditions, in the 
interval (a, b).* 

If f(-7+0)=/(7—0), we can regard the points +7, +27, etc., as points 


- at which f(«), extended beyond (-—7, 7) by the equation f(w+27r)=f(x), is 
continuous, for we can give to f(+7) the common value of f(—7+0) and 


I( — 0). 


*It may help the reader to follow the argument of this section if we take a 


special case : 


J (x)=1, 
Then we have: 
Interval. S(*) F(x) G(x) 
-Qr<a<-T 1 1 0 
= a 0 1 1 
Oar, 1 2 1 
© <aUS lr 0 2 2 


If 0<a=x=be<r7, the interval (a, 6) is an interval in which f(x) is 


continuous, 
Cc. I R 


258 THE NATURE OF THE CONVERGENCE OF 


The argument of the preceding section will then apply to the case in 
which —7 or 7 is an end-point of the interval (a, >) inside and at the ends 
of which f(a”) is continuous. 


108. The Uniform Convergence of Fourier’s Series (continued). By 
argument similar to that employed in the preceding section, it can be proved 
that when f(x), bounded or not, satisfies Dirichlet’s Conditions in the 
interval (—7, 7), and f(x) is bounded in the interval (a’, 6’) contained within 
(—7, 7), then the Fourier’s Series for f(7) converges uniformly in any 
interval (a, 6) in the interior of (a’, b’), provided f(z) is continuous in (a, 6), 
including its end-points. 

But, instead of developing the discussion on these lines, we shall now show 
how the question can be treated by Fejér’s Arithmetic Means (ef. § 101), 
and we shall prove the following theorem : 

Let f(x), bounded or not, satisfy Dirichlet’s Conditions in the interval (—7, 7), 
and let it be continuous at a and b and in (a, b), where —7 =a and b=7r. 
Then the Fourier’s Series for f(a) converges uniformly to f(x) in any interval 
(a+6, b—8) contained within (a, b). 

Without loss of generality we may assume b—a@=z7, for a greater interval 
could be treated as the sum of two such intervals. 


b 
Let ana’ =| fle’) de’, 


Tn = i ; f(x’) cos ne’ dx 
mez il, 
and TO, = S(e’) sin n2' da’, 
a 
Since f(#) is continuous at a@ and b and in (a, 6), it is also bounded in 
(a, 6), and we can use the corollary to Fejér’s Theorem (§ 101) and assert that 
the sequence of Arithmetic Means for the series 


« 
ay +> (ay cos nx + b,' sin NX) 
T 


converges wniformly to f(a) in (a, 6). 


Also | a,’ cos nv + b,'sin na |= (ay/?+6,! 2b, 
But f(z) is bounded in (a, 6) and satisfies Dirichlet’s Conditions therein. 
Thus we can write S(«“)= F(x) - &(@), 


where W(x) and G(«#) are bounded, positive and monotonic increasing 
functions in (a, 6). It follows that we can apply the Second Theorem of 
Mean Value to the integrals 


7} Cr 6 
ih F(a!) 8 nat da’, [ Gal) 8 na! da’, 
a 


sin Fe sin 
and we deduce at once that (diy! 2 +.B y!2)2 <K/n, 


where { is some positive number depending on the upper bound of | f(«)| 


in (a, b). 
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Then we know, from the corollary to Theorem II. § 102, that the series 
My +d (ay' cos nx + b,’sin nx) 
1 
converges uniformly to f(x) in (a, b). 
Let us now suppose « to be any point in the interval (a+6, b—8) lying 


within the interval (a, b). 
With the usual notation 


fa ; / 
QT ay =|" fe )dz’, 
Tn = | : (2) cos na’ da’, 
1b, = / S(#)sin nx da’. 
Tt follows, as in § 103, that 


(&y — A) + Df (An — Gy’) COS 2+ (Dn — b,') sin nv} 
1 


is equal to 


? 


Ss Fer 20 pet ea date fT Se nee ae 
4(x—a) sin @ T 2(b- 


J(«) being defined outside the interval (>7z, ss by the equation 
flo +2n)=f(o). 
Now f(z) is supposed to have not more than a finite number of points 
(say m) of infinite discontinuity in (—7, 7), and Ho | f(a’) | dz’ converges. 


We can therefore take intervals 2y;, 272, ... 2ym enclosing these points, 
the intervals being so small that ; 


[ | f(a’) | da’ <'2esin $8, [r=1, 2, ... m] 
J2yp 


e being any given positive number. 

Consider the integral 

aT 
f° ‘Hn 20 Re EPID 
J3(a2-a) sin o 
a, as already stated, being a Bow in (a+6, 6-8). 

As a passes from $(7—a) to $7, we may meet some or all of the m points 
of discontinuity of the given function in /(v—2a). Let these be taken as the 
centres of the onda intervals y1,, Yo) +++ Ym-+ 

Also the smallest value of (~—«) is 6. 

[ i= 9a) sin (27+ 1a 4 
YP 


sin a < sin 


Laas ‘ yo di. th 
as 2 sin $6 te | Fa) | a 
<e. 


Thus ye | f(@ —2a)| do. 
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When these intervals, such of them as occur, have been cut out, the integral 
1 - y 
[fe =20) AE" 
i(a—a) sna 


will at most consist of (m-+1) separate integrals (J,). [7=1, 2, ... m+1.] 
In each of these integrals (J,) we can take f(a —2a) as the difference of two 
bounded, positive and monotonic increasing functions 


F(“@—2a) and G(#-2a), 


Then, confining our attention to (/,), we see that 
‘[@- G) sin (2n+1)a 9 


sin a ; 
= | [e- G’){cosec 6/2 — (cosec 6/2 — cosec a)! sin(2n + 1)a da 


=|J,|+]4e1+]431+144], 
where J, =cosec 8/2 [ Psin (2n+1)ada, 


J, =cosec a2 [a sin (2n+1)a da, 
5 f= [ Fieosee 6/2 —cosec a} sin (Qn 1 Jada, 


Abs [ @{cosec 6/2 —cosec a} sin (2n + 1)ada. 


But we can apply the Second Theorem of Mean Value to each of these 
integrals, since the factor in each integrand which multiplies sin (2n+1)a is 
monotonic. 


It follows that WAS 


where A is some positive number independent of x and x, and depending 
only on the values of fQ) in (—7, 7), when the intervals 2y,, 2y., ... have 
been removed from that interval. 

Thus 


bn sin (22+ 1)a (m+1)K 
2-2 de | 
[rte a) an da|< (Qna-Lyan pee: 


<(Qn+1)e, 
when (2n+1)> XK cosec $6. 
Since this choice of n is independent of .”, the integral converges uniformly 
to zero as no, when w lies in the interval (a+6, b—68). 
Similarly we find that 


a lor . 
: ~ sin(2n+ 1)a 
} owt +20) phe 


sin a 


converges uniformly to zero when « lies in this interval. 
Thus the series 


oO 
(@ — M%') + Z(G = Ay’) COS NL + (by — b,') sin nor 


converges uniformly to zero in (a+6, b—8). 
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But we have shown that the series 
ay + SG,’ cos nv +b,’ sin nx) 
u 


converges uniformly to f(z) in (a, 6). 

Since the sum of two uniformly convergent series converges uniformly, we 
see that z : 
dy + X(Gy cos rw +b, sin nx) 

1 
converges uniformly to f(z) in (a+ 6, b—8). 


109. Differentiation and Integration of Fourier’s Series. We have 
seen that, when f(z) satisfies Dirichlet’s Conditions, the Fourier’s Series 
for f(~) is uniformly convergent in the interior of any interval in which f(a) 
is continuous. We may therefore integrate the series term by term within 
such an interval, and equate the result to the integral of f(x) between the 
same limits. And this operation may be repeated any number of times. 

With regard to term by term differentiation, a similar statement would 
obviously be untrue. We have shown that in certain general cases the order 
of the terms is 1/n or 1/n”. In the first alternative, it is clear that the series 
we would obtain by term by term differentiation would not converge; and 
the same remark applies to the other, when second differential coefficients 
are taken, at, 

This difficulty does not occur in the application of Fourier’s Series to the 
Conduction of Heat. In this case the terms are multiplied by a factor 
(e.g. e-Krt/*), which may be called a convergency factor, as it increases the 
rapidity of the convergence of the series, and allows term by term differentia- 
tion both with regard to w and ¢. 

Tf f(x) is continuous in (—7, 7) and f(—7)=f(rr), while f(x) having only « 
finite number of points of infinite discontinuity ts absolutely integrable, the 
Fourier’s Series for f(x), whether it converges or not, is given by term to term 
differentiation of that corresponding to f(x). 

Let ag, 41, 51, +++, Go) M', 5,,..-be the Fourier’s Constants for f(x) 
and f(z). 

Then Ira) = i J(a) dz, Irae = | " f(e)de, 

ee We 
TO = - J(z) cos nx dx, may’ = |" f(x) cos nx dx, 
/ -W ear 
ete. 
Integrating the expression for a, by parts, we see that 


‘ : 
Oy = 1s tn) —f( — 7)} cos nar i i J(a’) sin na’ din’ 
T TJ-7 


On, 
since we are given /(7)=/(—7). 


Also ay =0. 
Similarly, starting with 0,’ and integrating by parts, we see that 


by’ = —NAy. 
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Thus the Fourier’s Series for f(z) is that which we obtain on differentiating 
the series for f(a) term by term. 

On the other hand, with the same assumptions, except that S(z)#f(-7), 
the terms in the series for f(a) are given by 


ag = tf) —fl—m), | 
Gy, ="{f(n) —f(—7)} cosnr+nby, | 


6,’ = — Nay. 


Thus the Fourier’s Series for fv) does not agree with that which we 
obtain on term by term differentiation of the series for f().* 


110. More General Theory of Fourier’s Series. The questions treated 
in this chapter and the preceding may be looked at from another point of 
view. 

We may start with the Fourier’s Series 


Ay + (ay cos w+, sin 7) + (ag cos 2a + by SIMDL) +... ceeeeeeeeeeeeee (1) 
where , 2ray= |” f(a’) da's 
Tn = / a F(z’) cos na'dz'’, mb,= / . f(a’) sin nv’ da’, 


the only condition imposed at this stage being that, if the arbitrary function 
is bounded, it shall be integrable in (—7, 7),‘and, if unbounded, the infinite 


integral | J(«) da shall be absolutely convergent. 


We then proceed to examine under what conditions the series (1) converges 
for 2=2p. v 

It is not difficult to show that the behaviour of the series at x) depends only 
on the nature of the function f(x) in the neighbourhood of xy. 

Also a number of criteria have been obtained for the convergence of the 
series at 2, to $[ f(v+0)+/(a2)—0)], when these limits exist.t 

Further, it has been shown that, if (a, b) be any interval contained in 
(—7, 7), such that f(w) is continuous in (a, b), including the end-points, the 
answer to the question whether the Fourier’s Series converges uniformly in (a, b), 
or not, depends only upon the nature of f(x) in an interval (a’, b'), which includes 
(a, b) tn its interior, and exceeds it in length by an arbitrarily small amount. 

Again it can be shown that, when f(x) has only a finite number of points of 


Palen) < ve . . ° . T 
infinite discontinuity, while 2 S(«) dx converges absolutely, then ‘| . F(x) da, 
<i; a 


where —r =a<B=r, és represented by the convergent series obtained by 


*See also Gibson, Hdinburgh, Proc. Math. Soc., 12, p. 47, et seq., 1894. 
+ Cf. de la Vallée Poussin, loc. czt., T. II., §§ 137-143. 
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integrating the Fourier’s Series (1) term by term, no assumption being made as 
regards the convergence of the original Fourier’s Series. 

The reader who wishes to pursue the study of Fourier’s Series on these 
lines is referred to the treatises of Hobson and de la Vallée Poussin. 
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Note.—The treatment of the uniform convergence of Fourier’s Series in 
§ 108 is founded on the proof given by Whittaker and Watson on‘pp. 169-170 
of the 1915 edition of their Modern Analysis. 

In the 1920 edition the authors have made considerable changes both in 


the proof of Fourier’s Theorem (9. 42) and in the discussion of the uniform 
convergence of Fourier’s Series (9. 44). 
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CHAPTER Ix 


THE APPROXIMATION CURVES AND GIBBS'’S 
PHENOMENON IN FOURIER’S SERIES * 


111. We have seen in $104 that, when f(x) is bounded and 
continuous, and otherwise satisfies Dirichlet’s Conditions in 
—r<a<a, f(7—0) being equal to f(—7+0), and f(x) is 
bounded and otherwise satisfies, Dirichlet’s Conditions in the 
same interval, the coefficients in the Fourier’s Series for f(a) are 
of the order 1/n?, and the series is uniformly convergent in any 
interval. 

In this case the approximation curves 

ving Sn(e) 
in the interval —7 <a@< 7 will nearly coincide with 
y =f(@); 
when is taken large enough. 
As an example, let f(w) be the odd function detined in (—7, 7) 


as follows: f(x)= -¥lr(r+a), —7Sax—4n, 
fa)= Ye, —\r Sehr, 
‘(a)=4a(3r—a boesast. 
I( ) 4 ) Ce i Ce 


The Fourier’s Series for f(«) in this case is the Sine Series 


: 1 1 
sin vw — BS sin 3¢@-+ RB sin 5@=.. 
which is uniformly conver gent in any interval. 
The approximation curves 


7 


y =sin &, 
1 = La) 
y =sin w — 32 SIN 3a, 
3 ee 5 
sin 38” sin a, 
3? 5? 


* This chapter is founded on a paper by the author in The American Journal 
of Mathematics, 39, p. 185, 1917. 


y =sin v— = 


264 
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are given in Fig. 30, along with y=/(«), for the interval (0, 7), 
and it will be seen how closely the last of these three approaches 
the sum of the series right through the interval. 

g 


(1) 


(3) 


Fig. 30. 


Again, let f(a) be the corresponding even function : 
—7 StS —$z, 


S(a)=in(r +2), 
f(a)= — 47%, 
fe) = he, 
f(a)=47 (7-2), 
The Fourier’s Series for f(w) in this case is the Cosine Series 
ar 21 5 cos 27+ cos 6a -++ = cos L0a+ =, 
which is again uniformly convergent in any interval. 
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The approximation curves 
: y = y57? — } cos 2m, 
y = s7" — 4 cos 2a — 315 cos 6a, 
are given in Fig. 31, along with y=/(a), for the interval (0, 7), 
and again it will be seen how closely the second of these curves 
approaches y =/() right through the interval. 
IJ 


(1) 


Fig. 31. © 

It will be noticed that in both these examples for large values 
of n the slope of y=S8,(«) nearly agrees with that of y=f(a), 
except at the coriers, corresponding to «= +47, where f(z) is 
discontinuous. This would lead us to expect that these series 
may be differentiated term by term, as in fact is the case. 

112. When the function /(«) is given by the equation 

f@)=%, —T<a<T, 
the corresponding Fourier’s Series is the Sine Series 
2{sinw—sin 2v+1 sin 8x7—...}. 

The sum of this series is « for all values in the open interval 
—7T7<u“<7, and it is zero when w= +7. 

This series converges uniformly in any interval (—7+6, 7—6) 
contained within (—7, 7) (ef. § 107), and in such an interval, by 
taking large enough, we can make the approximation curves 
oscillate about y=« as closely as we please. 

Until 1899 it was wrongly believed that, for large values of 7, 
each approximation curve passed at a steep gradient from the 
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point (—7, 0) to a point near (—7, —7), and then oscillated about 
y=« till « approached the value 7, when the curve passed at a 
steep gradient from a point near (7, 7) to(z, 0). And to those who 
did not properly understand what is meant by the sum of an 
infinite series, the difference between the approximation curves 


y =S,(@), 
for large values of », and the curve ie aoe S,,(@) offered con- 


siderable difficulty. 
In Fig. 32, the line y= and the curve 


y = 2(sin«—tFsin 2a+4sin 38x —1 sin 4a+4+4 sin 5x) 
are drawn, and the diagram might seem to confirm the above 
view of the matter—namely, that there will be a steep descent 


y 


Fig. 32. 
near one end of the line, from the point (—7, 0) to near the 
point (—7z, —7), and a corresponding steep descent near the 
other end of the line. But it must be remembered that the 
convergence of this series is slow, and that n=5 would not 
count as a large value of n. 
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113. In 1899 Gibbs, in a letter to Nature,* pointed out that 
the approximation curves for this series do, in fact, behave in 
quite a different way at the points of discontinuity +7 in the 
sum. He stated, in effect, that the curve y=S,(a), for large 
values of , falls from the point (—7, 0) at a steep gradient to a 
point very nearly at a depth af _ dx below the axis of a, then 

0 
oscillates above and below y=a close to this line until x ap- 
proaches 7, when it rises to a point very nearly at a height 
2)" “In dx above the axis of x and then falls rapidly to (7, 0). 
oe 

The approximation curves, for large values of , would thus 
approach closely to the continuous curve in Fig. 33, instead of 
the straight lines in Fig. 32, for the interval (—7, 7). 


Kia. 33. 


His statement was not accompanied by any proof. Though 
the remainder of the correspondence, of which his letter formed 
a part, attracted considerable attention, this remarkable observa- 
tion passed practically unnoticed for several years. In 1906 
Bocher returned to the subject in a memoir + on Fourier’s Series, 


* Nature, 59, p. 606, 1899. 

tAnn. Math., Princeton, N.J. (Ser. 2), 7, 1906. 

See also a recent paper by Bocher in J. Math., Berlin, 144, 1914, entitled 
‘On Gibbs’s Phenomenon.” 

Reference should also be made to Runge, Theorie u. Praais der Rethen, 
pp. 170-180, Leipzig, 1904. A certain series is there discussed, and the nature of 
the jump in the approximation curves described; but no reference is made to 
Gibbs, and the example seems to have been regarded as quite an isolated one. 
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and greatly extended Gibbs’s result. He showed, among other 
things, that the phenomenon which Gibbs had observed in the 
_ case of this particular Fourier’s Series holds in general at ordinary 
points of discontinuity. To quote his own words: * | 

If f(x) has the period 27 and in any finite interval has no 
discontinwities other than a finite number of finite jumps, and 
uf it has a derivative which in any finite interval has no dis- 
continuities other than a finite number of finite discontinuities, 
then as n becomes infinite the approximation curve y=S,(«) 
approaches uniformly the continuous curve made up of 

(a) the discontinuous curve y=f(x), 

(b) an infinite number of straight lines of finite lengths 
parallel to the axis of y and passing through the points a, dy, --. 
on the axis of « where the discontinuities of f(x) occwr. If ais 
any one of these points, the line in question extends between the 
two points whose hcaap cae are 


fla-0) + > fe 0) — 


where D is the magnitude i the jump in fee at at and 


DP, 


ele ee 2 = —0'2811. 


Fie, 34. 


This theorem is illustrated in Fig. 34, where the amounts of 
the jumps at a,, a, are respectively negative and positive. Until 


* Joc..cit., p. 131. tie. D=f(a+0)—f(a-9). 
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Gibbs made his remark, it was supposed that the vertical lines 
extend merely between the points whose ordinates are f(@+0). 


The series in the examples of Chapter VII. converge so slowly that 
the approximation curves of Figs. 21-23, 27, 28 are of little use in this ) 
connection. 

114. The series on which Bécher founded his demonstration of — 
this and other extensions of Gibbs’s theorem is ) 

sina+4sin27+4sin3@+.. 
which, in the interval (0, 277) represents the ‘nateeon F(@) defined 
as follows: f(0)=f(27)=0, 
f@=h(r—2),_ Valen. 
In this case 


: LAs 
S,(e)=sin +e sin 2% + b> sin ne 
=| (cos a+ cos 2a+ a). +c¢0s na) da 
0 < 


— he. 


bole 


it sin (n+3)¢ ae 
o sina 

The properties of the maxima and minima of S,,(#) are not so 
easy to obtain,* nor are they so useful in the argument, as those of 

Ry(v) = 3(7 —&)—8,(@) 
ay gal af sin(n+4 3a 7, 
0 singa 

In his memoir Bécher dealt with the maxima and minima of - 
R,(a), and he called attention more than once to the fact that 
the height of a wave from the curve y=/(x) was measured 
parallel to the axis of y. This point has been lost sight of 
in some expositions of his work. 

In the discussion which follows, the series 

2(sinv«++4sin3v+1sin 5v@+...) 

is employed, 

In the interval (—7, 7) it represents the function f(a), defined 
as follows: H(—7)=f(0)=f(7) =0, 

f@)=—-kn, —r<e<0, 
f(a)=40, 0<ac<r. 
*Gronwall has discussed the properties of S,,(«) for this series, and deduced 


Gibbs’s Phenomenon for the first wave, and some other results. Cf. Math. 
Ann., Leipzig, 72, 1912. Also Jackson, Palermo, Rend. Circ. mat., 32, 1911. 
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The sum of the first n terms of the series is denoted by S,(@), 
so that me 1 ; 
S,(&) = ome (2r—1)°" (2r— L)a. 


A number of interesting properties of the turning points of 
y=S,(«) are obtained by quite simple methods, and all the 
features of Gibbs’s Phenomenon, as described by Béocher, follow 
at once from these properties. 

It is, of course, not an unusual thing that the approximation 
curves y=S,,(2), for a series whose terms are continuous functions 
of a, differ considerably, even for large values of », from the 
curve y= Lt S,(x)=S(x). They certainly do so in the neigh- 


bourhood of a point where the sum of the series is discontinuous, 
and they also may do so in the neighbourhood of a point where 
the sum is continuous. This question we have already examined 
in Chapter III. But, in passing, it may be remarked that when 
/ (2) satisfies Dirichlet’s Conditions, the approximation curves for 
_ the corresponding Fourier’s Series will, for large values of 1, 
differ only slightly from the curve 7=/(«) in the neighbourhood 
of points at which f(a) is continuous, for we have shown that the 
Fourier’s Series converges uniformly in any interval contained 
within an interval in which f(x) is continuous. 

The existence of maxima (or minima) of S,,(«), the abscissae of 
which tend towards a as ” increases (a being a value of « for 
which the sum of the series is discontinuous), while their 
ordinates remain at a finite distance from f(a+0) and f(a—0), is 
the chief feature of Gibbs’s Phenomenon in Fourier’s Series. And 
it is most remarkable that its occurrence in Fourier’s Series 
remained undiscovered till so recent a date.* 


THE SY pasa Sum 


Sx(2)= 2 (sin n+5sin 3a+.. a Fier | + sin(2n—1).r) 


115. If we define f(x) by the ee 
I=) igen } 
f(a)= hr 0, OKT, 
f(@)= -3T 0, —TKEK 0, | 
* Of. also Weyl: (i) ‘‘ Die Gibbs’sche Erscheinung in der Theorie der Kugel- 


Funktionen,” Palermo, Rend. Circ. mat., 29, 1910; (ii) ‘‘Uber die Gibbs’sche 
Erscheinung und verwandte Konvergenzphinomene,” ibid., 30, 1910. 
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the Fourier’s Series for f(a) in the interval — 7 == 7 1s 
2(sinw+14sin 38v+1sin 5a+...). 
As stated above, we denote by S,(x) this sum up to and 
including the term in sin(2n—1)a, Then 


ae & ; O} 
n(x) =2 (cos ¢+-c08 80+... -+e08(2n—1)«) de=| pla 
0 » sina 


Since S,(@) is an odd function, we need only consider the — 
interval 0O=a=7. 

We proceed to obtain the properties of the maxima and minima 
of this function S,(@). 

f, Since, for any integer m, 

sin (2m—1)(47+2’)=sin (2m—1)($7—-@), 

it follows from the series that S,(x) is symmetrical about «=n, 
and when «=0 and x= it is zero. 


Il. When 0 <a <z,8,(a) 18 positive. 
From (1) we need only consider 0 <<#=}7. We have 


sin n2na 4 1 (2? sing 
S,(e)= | sively Pieces da. Wie oe 
sin a Zit hy ae a 
sm — 
on 


The denominator in the integrand is positive and continually 
increases in the interval of integration. a considering the 


¥ 
successive waves in the graph of sin a cosee an —, the last of which 
2n’ 


may or may not be completed, it is clear that the integral is 
positive. 


Il. The turning points of y=S,(x) are given by 


etna soar 2n—1 : 
®= 57 y= Freres Con — peed (maxim«), 
ren ye os n—1 
aber a Ho? Pea (minima). 
We have 
” sin 2na dy sin 2na 
y=| ——da, and = =— . 
5 Bria dx sing 


The result follows at once. 
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IV. As we proceed from «=0 to x=4n, the heights of the 
maxima continually diminish, and the heights of the minima. 
continually increase, n being kept fixed. 


a aie 2 


|_| 
coe 
th 
PN 
rte 
| | 


BRR Rae 


te 


The curve y=S,,(%), eh n=6 


Fig. 35, 


Consider two consecutive maxima in the interval 0< a= $7, 


2n— 2 1 : ane 
namely, 8,(— * 3) and 8, (7 Je 7), m being a positive 


integer less than or equal to }(n—1). We have 


‘ (2m-1)7 ‘ 1 
Si = r) ay Ba ee ) oa Al ae da 


2n 2” 2n @m+I)r ge 
2n 


20 1 Qm+1)r aj 
SIn a sina 
ee. | da + | pe as 


20+ \(am-1)x 2 & 2mm Po 
sn 5, sn 57, | 

The denominator in both integrands is positive and it con- 
tinually increases in the interval (2m —1)7Tla=(2m+1)7; 
also the numerator in the first is continually negative and 
in the second continually positive, the absolute values for 
elements at equal distances from (2m—1)7 and 2mz being the 
same. 

Cc. 1 s 
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Thus the result follows. Similarly for the minima, we have 
to examine the sign of 


s (512) —s(22), 


where ™ is a positive integer less than or equal to }n. 


V. The first maximum to the right of «=0 is at n= 5 and 


its height continually diminishes as n increases. When n tends 
to infinity, its limit os ee 
ot 


da. 


ea 

Vararaae NEvae 
WMA KAN TT bo tt 
I TLA\VA_AT ARR PR CA 
IF ae eS 


s 
at 
4) 
5 
ai 
5 
Bisseas 
FH 
NIQ) 


| 


Ce Se 
ort tt talst tt ealal | | I a Saat lor tt dated tt Tt Z 


The curves y=S,(”), when n=1, 2, 3, 4, 5 and 6. 


Fie. 36. 
We have a 
7 2n sin Qna 1 
Sxl s—)= . da=—| sin acosec —- da. 
2n o sine 20 J 2” 
mn Y Tv CL 
Thus Salo — Sede es 
2n 2n+2 


Eee 1 a 1 
=] sina (5 cosee —— cosec ~— =") da. 
\ 2n 2n In+2 2n ae 
Since a/sina continually increases from 1 to o,as a passes 
from 0 to z, it is clear that in the interval with which we have 
to deal 


i a 
— cosec - = cosec =—— 
2n S ~ On +2 mta7 
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Thus le) - Suletae) 0, 

But, from (1), 8, (x) is positive when 0<a< 7. 

It follows that S,, ) tends to a limit as ” tends to infinity. 

The value of this limit can be obtained by the method used by 
Bocher for the integral E pues da.* But it is readily 


sin da 
obtained from the definition of he Definite Integral. 
Wid. 6. tg ee Bh 
por 5.) =1( 5.) [ange + Pa 
oF Rs Qn 2 Iw) \ xz oes on | Bar aa ears ty 
2n . wn—!1 
Ge Sing Sa ener 7} 
Les ie Age > & Ean 


R| m=1) mh 
f nh=n J 


Therefore 
Lt 8,( )=2f Ine ay a= ET dex [ me de, 
loss n oe ae 3 


VI. The result obtained in (V) for the first wave is a special 
case of the following: 


: ; F 2r—-1 
The rv” maximum to the right of «=0 is at ®_,= “On ™ 
and its height continually diminishes as n increases, r being 
kept constant. When n tends to infinity, its limit is 
(27-1) gin oe 
—— de, 


0 
which is greater than $7. 


whens - ° ie . 
The vr” minimum to the right of «=0 r8 at Uy = 7 and its 


height continually increases as n increases, r being kept constant. 


Qe ay a 
5 A 7 ‘ 5 r Sin @ 6 7 
When n tends to infinity, its lumit is | — dx, which is less 


aw 
0 
than bar 
To prove these theorems we consider first the integral 


qe 1 1 ) 
| sin a(— cosee 5 — ea on si da, 


0 


* Ann. Math., Princeton, N.J. (Ser. 2), 7, p. 124. Also Hobson, Joc. cit., 
p. 649. 
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m being a positive integer less than or equal to 2n—1, so that 


ag seas in the interval of integration. 
1 a 1 a 
= ———>—~ cose 55 > 0 
Then F(a) on on Ine aes Be 


in this interval. (Cf. (V).) 
Further, 


F'(a)= ! 2 Z cos —— cosec? oe 
() 55 po ee ah aa ny? Di eee 


=a-?{¢" cos ¢ cosec? ¢ — W? cos yy cosec? W}, 
where ¢=a/(2n+2) and ~=a/2n. 


But ag? Cos # cosec? ) 


= — ¢cosec’ g[ p(1 cos ¢)? +2 one p(p+sin ¢)]. 


And the right-hand side of the equation will be seen to be 
negative, choosing the upper signs for 0<o<}7 and the lower 
for 4r<ig<cT. 

Therefore ¢?cos ¢ cosec? diminishes as ¢ increases from 0 to 7. 

It follows, from the expression for F’(a), that F’(a)>0, and 
F(a) increases with a in the interval of integration. 

The curve 


1 Ye if x 
peat — cosee —— — ~=——x coset =—_z},..., OCU mT 
y =sin © eS cose 5 — a7 1g Coser a3): », 9 LK MT, 


thus consists of a succession of waves of length 7, alternately 
above and below the axis, and the absolute values of the ordi- 
nates at points at the same distance from the beginning of each 
wave continually increase. 

It follows that, when m is equal to 2, 4, 
integral 


.., 2(n—1), the 


Vw é il 
K sin (5. -cosece =— care mn Spy core mn srg) da 


is negative ; and, when m is equal to 1,3,.,., 2v—1, this integral 
is positive. 

Returning to the maxima and minima, we have, for the 7” 
maximum to the right of «=0, 
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S,, (1) — Sn41(@op—1) 
oer Se 
=|* m sin 2na as ana sin 2(n+ Lag 
0 


sin a 0 sin a 


Cre 7] rw 
= | sin a(5, cosec 5 Borat 3 cosec on es da. 
Therefore, from the above argument, S,,(z,,_,) > S, red a) 
Also for the r minimum to the right of c=0, we have 


2r7r ; i 
Se) —Sy41 (Cer) = f- sin a ( ap Cone’ a= a ae geoees rae =) da, 
and 1S,.(a>,.) < Sys (23,): 


By an argument similar to that at the close of (V) we have 
Lt 8 @)= |" Sn ae * 
RL >n 


It is clear that these limiting values are all greater than $7 for 
the maxima, and positive and less than $7 for the minima. 


G1BBs’s PHENOMENON. FOR THE SERIES 
2(sinva+} sin 8e+1sin5a+...). 

116. From the Theorems I-VI. of $115 all the features of 

Gibbs’s Phenomenon for the series 
2(sinv+isin3x%+4sin 5u+...).., -7Sv=7, 

follow immediately. 

It is obvious that we need only examine the inter val O27 =m: 
and that a discontinuity occurs at «=0. 

For large values of 1, the curve 

y =Snr(@), 


where S,(a) = 2 (sin mee sin 38@+.. “+57, ae 5a 8 (Qn- 1a), rises 


3 
at a steep gradient from the origin to ne ce maximum, which 


is very near, but above, the point (o,| — du) (§115, V.). The 
0 / 
curve, then, falls at a steep gradient, without reaching the axis 


of «($ 115, IL.), to its first minimum, which is very near, but 


below, the point (o,f ODE dn) (g 115, VI.). It then oscillates 
0 


*For the values off =e SID © ty see Ann. Math., Princeton, N.J. (Ser. 2), 7, 
p. 129. 
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above and below the line y=47, the heights (and depths) of 
the waves continually diminishing as we proceed from a=0 to 
x= ($115, 1V.); and from z=42 to w=7, the procedure is 
reversed, the curve in the interval 0=a”=7 being symmetrical 
about «w= 4 (§ 115, L.). 

The highest (or lowest) point of the 2*® wave to the right of 
x=( will, for large values of », be at a point whose abscissa is 


Z (§ 115, III.) and whose ordinate is very nearly 


LF SUL de iba Ey 
0 we 


By increasing 7” the curve for 0=a=7 can be brought as 
close as we please to the lines 


C= a, VY | ny | 


0 


{9 


Fig. 37. 


We may state these results more definitely as follows : 


(1) If ¢ is any positive number, as small as we please, there is 
a positive integer vy’ such that 


tm —S8,(%)|<e, when nZ2y’, eSashr. 


This follows from the uniform convergence of the Fourier’s 
Series for /(x), as defined in the beginning of this section, in an 
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interval which does not include, either in its interior or at an 
end, a discontinuity of f(a) (cf. § 107). 


(ii) Since the height of the first maximum to the right of c=0 
sin 


tends from above to i, me “ da as n tends to infinity, there is a 
: 0 


positive integer y” such that 
0< (= )— =i 2 dn <e, when n=”. 
0 


(ii) Let »” be the integer next greater than = Then the 
€ 


abscissa of the first maximum to the right of «=0, when n=v’”, 
is less than e. 

It follows from (i), (ii) and (iii) that, if vy is the greatest of the 
positive integers y’, y/” and v’”, the curve y=S,(«), when WP, 
behaves as follows: 

It rises at a steep g oradient from the origin to its first maximum, 


which is above \, 
0 


= da and ait the rectangle 


sin @ 


O<a<c, 0<y <|’ dete, 


After leaving this rectangle, in which there may be many oscilla- 
tions about y= 47, it remains within the rectangle 


e<a<a—e, tr—e<y<prte 


Finally, it enters the rectangle 


sin ax 


T—E<LON, 0<y< [nr -da +e, 


and the procedure in the first region is repeated.* 


* The cosine series 


: -[ cos 2 ~ 300830 + 5 008 s+... |, 
1. 3 5 


F ‘ . Ue T. F naG be 
which represents 0 in the interval 0 =a<5 and 9 in the interval 5 << #=7, can 


be treated in the same way as the series discussed in this article. 
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Gupps’s: PHENOMENON FoR FourRIER’S SERIES IN GENERAL. 


117. Let f(~) be a function with an ordinary discontinuity 
when «=a, which satisfies Dirichlet’s Conditions in the interval 
—TWSVET. 

Denote as usual by f(a#+0) and f(a—0) the values towards 
which f(a) tends as w approaches a from the right or left. It 
will be convenient to consider /(#+0) as greater than f(#—0) in 
the description of the curve, but this restriction is in no way 
necessary. 


Let $(w@—-—a)= 25) a ees (2r—1)(w@—a@). 


Then o(e—a)= $7, when a<a<ar+a, 
o(@—a)=— 37, when ml 
105, Bu NGOS aa eal 

#(0)= O and (x)= o(x+27). 


Now put 
; 1 

Wa) = f(a) —Hfla+0)+f(a- 0)} -— {fla +0)-fla—0)} $e - a), 
and let f(x), when «=a, be defined as ${f(a+0)+/f(a—0)}. 

Then Wy (a+0)=vW(a—0)=W(a)=0, and W(x) is continuous 
at V=a. 

The following distinct steps in the argument are numbered for 
the sake of clearness : 

¥ 

(i) Since yW(#) is continuous at x=a and vy(a)=0, if € isa 

positive number, as small as we please, a number » exists such 


that fp ec 
| Wr (@)| <a when |w—a |=». 


If » is not originally less than e, we can choose this part of y 
for our interval. 

(ii) y(@) can be expanded in a Fourier’s Series,* this series 
being uniformly convergent in an interval a=a= 8 contained 
within an interval which includes neither within it nor as an 
end-point any other discontinuity of f(x) and ¢(a—a) than 
a=a (cf. § 108), 


*If f(x) satisfies Dirichlet’s Conditions, it is clear from the definition of 
o(«-—a) that (x) does so also, 
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Let Sn(), gn(w—a) and o,(z) be the sums of the terms up to 
and including those in sin nx and cos nz in the Fourier’s Series 


for J(@); p(x—a) and v(x). Then e being the positive number 
of (i), as small as we please, there exists a positive integer y’ such 
that 

| or 2) — Vy(a) | ee 4, ? when es => ys ? 


the same y’ serving for every «in aSaSZ. 


Also [on()| S| on(x)— W(@)|+ | ¥(@)|< 543 Ae 5 
in |z—a|<=y, if aca-—yn<a<atyn< B, and n=v’. 


(iii) Now if 7 is even, the first maximum in fee to the 
right of =a is at ate, and if 7 is odd, it is at a+—— al In 
either case there exists a positive integer y” such that the height 
of the first maximum lies between 

sin & sli © Te 
= ap and (= dx h Zan 
3 = : °F fw +0) Da 20K when nZy 


(iv) This first maximum will have its abscissa between a and 


a+, provided that os n- 

Let vy” be the first positive integer which satisfies this in- 
equality. 

(v) In the interval a+y= 258, 8,(x) converges uniformly 
to f(z). Therefore a positive integer py) exists such that, when 


n= v™), | f(a) —8,(@) |<e, 


the same vr") serving for every z in this interval. 
s yi 
Now, from the equation defining W(x 
5) U ) 


Bn(@) = 2 CG font) ete 9) 


It follows from (i)-(v) that if y is the first positive integer 
greater than y’, v”, y’” and y", the curve y=s,(2), when 7 = pv, in 
the interval a = x=, behaves as follows: 

When x=a, it passes through a point whose ordinate is within 


pr(& a a) =i on(Z). 


ao 4(f(a+0)+f(a—0)), and ascends at a steep gradient to 
a point within e of 


9 & 
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This may be written 


he aS 


“y, 
vw 


and, from Bocher’s table, referred to in § 115, we have 


| = © da= —0°2811. 


It then oscillates about y = f(«) till x reaches a+ y, the character 
of the waves being determined by the function ¢,(%—«), since 


the term o,(z) only adds a quantity less than : to the ordinate. 


And on passing beyond c=a+y, the curve enters, and remains 
within, the strip of width 2e enclosing y= f(x) from «=a+y to 
TD of 

On the other side of the point @ a similar set of circumstances 
can be established. = 

Writing D=f(a+0)—f(a—0), the erest (or hollow) of the 
first wave to the left and right of e=a@ tends to a height 


a 
ae Oe F(a+0)— 
where P,=| mn 
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Note.—The approximation curves 
sin(27— 1) 
he =>! = 1 
for xn=1, 6, 11 and 16 can be obtained as lantern slides from the firm of 


Martin Schilling, Berlin. The last of these illustrates Gibb’s Phenomenon 
even more clearly than Fig. 35 above. 


CHAPTER X 
FOURIER’S INTEGRALS 


118. When the arbitrary function f(x) satisfies Dirichlet’s 
Conditions in the interval (—1, 1), we have seen in § 98 that the 
sum of the series 


I 9 eee ad Ue aeons) oat ae aera 
af) fle) de +70] fe) e087 ( eo) cla hae ihe (1) 


is equal to 3[ f(w+0)+/f(~—0)] at every point in —l<a<l 
where f(x+0) and f(z—0) exist;”and that at w=+1 its sum 
is $[ f(—/+0)+/(l—0)], when these limits exist. 

Corresponding results were found for the series 


ig a) U 
| f(a’) da’ + aS cos mF of F(a’) cos BE eda ti ven (2) 
3 l 0 l 1 U 0 l 
o L ¢ 
and 7Sysin el se) sin Te AE ep BNE Cree (3) 
1 


in the interval (0, /). 
_ Fourier’s Integrals are definite integrals which represent the 
arbitrary function in an unlimited interval. They are suggested, 
but not established, by the forms these series appear to take as / 
tends to infinity. 

If / is taken large enough, 7/l may be made as small as we 
please, and we may neglect the first term in the series (1), 


D 
-assuining that | f(a) dw is convergent. Then we may write 
-0 
nT 


Deed hae ? amg 
2 Dy) _,fle’)e0s / (a — x) dx 


og L t : 
| Aa| T(x’) cos Aa (a’ — x) da’ + Aa | cos 2Aa(a’ —«x) da’+.. ‘l 
ate 1 


- where Aa=7/l. 
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Assuming that this sum has a limit as /+2x, an assumption 
which, of course, would have to be defended if the proof were to 
be regarded as in any degree complete, its value would be 


‘| dal f(a’) cos a(a’ — a) da’, 
0 -@ 


T 


and it would follow that 


=| dal f(x’) cos a(x’ — x) dw’ =4[ f(2+0)+f(@—9)], 


TJ 0 


me Oe <a w , : 
when these limits exist. : 
In the same way we are led to the Cosine Integral and Sine | 


Integral corresponding to the Cosine Series and the Sine Series: _ 


Z| da| F(a’) cos ax cos ax’ da’ | 
0 Jo 

8 SHEFF een. 

| dal J(2’) sin aw sin aw’ da’ 
© =ILf@+0)+F(e-0)], 
when these limits exist. \ 

It must be remembered that the above argument is not 
a proof of any of these results. All that it does is to 
suggest the possibility of representing an arbitrary function f(@), 
given for all values of w, or for all positive values of «, by these 
integrals. 

We shall now‘ show that this representation is possible, 
pointing out in our proof the limitation the discussion imposes 
upon the arbitrary function. 


119. Let the arbitrary function f(x), defined for all values 
of x, sutisfy Dirichlet’s Conditions in any finite interval, and 
in addition let | J (x) dx be absolutely convergent. 

Then 

1 eo a) oe ; A ‘ 
| da I(x’) cos a (a — 2) de’ =h[ f(w+0)+f(e—0)], 
T Jo =o 
at every point where f(«+0) and f(a—0) exist. 
Having fixed upon the value of a for which we wish to 


evaluate the integral, we can choose a positive number @ greater 
than x such that f(x’) is bounded in the interval a=a’ <b, 
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oo 
where b is arbitrary, and | | f(x’) | dw’ converges, since with our 
a 


_ definition of the infinite integral only a finite number of points 
of infinite discontinuity were admitted (§ 60). 


Tt follows that | F(a’) cos a(a’ — a) da’ 


_ converges uniformly for every a, so that this integral is a con- 
tinuous function of a (S$ 83, 84). 


Therefore i dal F(a’) cos a(a’ —x) da’ exists. 
0 a 
Also, by § 85, 
” 2 * 
| dal T(x’) cos a(a’ — x) da’ =| dat fo) cos a(a’ — a) da 
0 a a 0 


is | f@) SEES = ar, .....(1) 


But « —x=a—x>0 in 2 =a, since we have chosen a>2. 


And | | f(a’) | da’ converges. 
Therefore j & If a ) ae dx’ also converges. 


It follows that a joysngee—) dat’ 


converges uniformly for every q. 
Thus, to the arbitrary positive number e there corresponds a 
positive number A >a, such that 


1 ico 


the same A serving for every Lee of q. 
But we know from § 94 that 


Lt ic oer &) Tn! 


qq? 2 a 


=i |" f(u+a)* ah 


qn 


ul le =) da! <5, when 4’24>4.......(2) 


=(), 
since f(w+«) satisfies Dirichlet’s Conditions in the interval 
(a—a, A—«), and both these numbers are positive. 
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Thus we can choose the positive number @ so that 


\(4 . , sin g(a’ — , 
It follows from (2) and (8) that 


fe He je awl <5 ft Sas 


when q=Q. 


Thus pe | fey IE —9 det =0 
and from (1), | da (ec) cos. a(a.—a) da =O, ...ccestnerereae 
0 a 
But,.by § 87, 


oeute a og 
| du| T(x’) cos a(x’ — x) da’ = | da | F(a’) cos a(a’ — x) da 
0 x & Oy 


——+— dw. 


Letting g->2% , we have 


\, “dal. I(x’) cos a(a’ —x) da’ =5/(@+0), skis deine a 
when f(x+0) exists, 
Adding (4) and (&), we have 


[dal fe) cos a (a — 2) da’ =5 fle+0), eveeeeeee(6) 


x 
when /(«+0) exists. 
Similarly, under the given conditions, 
isa x ee 4 Fae oe 
|, dal fle ) cos a(v’—ax) da =9/(%—9), wee beneees (7) 
when /(«—0) exists. 
Adding (6) and (7), we obtain Fourier’s Integral in the form 


arc d: I(x’) cos a(a’ — x) da’ =3[ f(w+0)+f(~—0)] 


for every point in —2% <ax<o, where f(w+0) and f(#—0) 
exist. 
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120. More general conditions for f(x). In this section we shall show 
that Fourier’s Integral formula holds if the conditions in any finite interval 
remain as before, and the absolute convergence of the infinite integral 


- I(x) dv is replaced by the following conditions : 


For some positive number and to the right of it, f(a’) is bounded and mono- 
tonic and Lt f(x')=0; and for some negative number and to the left of tt, f(a’) 
a/—>20 


ts bounded and monotonic and Lt f(x’)=0. 


Having fixed upon the value of # for which we wish to evaluate the 
integral, we can choose a positive number a greater than x, such that f(«’) 
is bounded and monotonic when w’ Za and Lt f(x’)=0. 

ac! —>00 


Consider the integral [ S(#’) cos a(v' — x) de’. \ 
By the Second Theorem of Mean Value, 
AT ré Al . 
[ I (a) cos a(a’ — 2)dz'=f(A’) if cos u (a — v) da’ + f(A [ cos a(a’ — x) da’, 
A’ Py i; o 


where a< A’ S€S A". 


Thus 
u a u" a Al” es 
x f(z’) cos a(x’ — x) da! = a ae @a) (es wdus 4) fp Dost dil 
Therefore 


uM 


5 F(x’) cos a(a’ — x) oe a TAD for a=q>0. 
A’ qo 


But we are given that Lt /(2’)=0. 


It follows that [ I (@) cos a(a’ — x) da’ 


is uniformly convergent for a= g)>0, and this integral represents a con- 
tinuous function of a in a= q.* 
Also, by § 85, 


% * da | af ‘(2’) cos a(a’ — xv) da’ = ip "di i J(2') cos a(a' — x) da, 
10 Ja a 90 
={"s fle PELs. — #) _sin go(a" =) eet (1) 


aX v4 


But 2’ —2=a-—x“> 0 in the interval a’ =a, since we have chosen a greater 


than 2. 


oa ie ie yom a de [me pens (a! = #) ay! 


a -— 2 


both converge. 


* These extensions are due to Pringsheim. Cf. Math. Ann., Leipzig, 68, p. 367, 
1910, and 71, p. 289, 1911. Reference should also be made to a paper by 
W. H. Young in ELdinburgh, Proc. R. Soc., 31, p. 559, 1911. 
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Therefore, from (1), 
E da [” fl2') 0s a(w'—a«) da’ 
/ qo a 
={° foye 9) ak fla’) IZ ar, 42) 


Now consider the integral 
n ae 
[ Peary Gol a oye 
From the Second Theorem of Mean Value, 


[one ee ; 


A’ L 


mfr f BGE a2 ay apary[* gale 8) a, iG) 


—— 
wherea< 4’ =€S ae 


re . sin go(2’ — 2) df=, sin 2 ‘ 
r Oe q(A'-2) U 
the limits of the integral being both positive. 
Therefore i iB ee dal \ <r. (CE § 91.) 


A" —_ 
And similarly, if ae — *) oe 
Thus, from (3), 


x 


PMD i Y — 
| [ Das py Mule yy << Dar | f(A’) jacenmacecen coy eeeess (4) 
PINION Cac op 
It follows that is S(#) fg da’ 
is uniformly pig for q =9, and by § 84 it is continuous in this range. 
Thus Lt fl) Se ee (5) 
Qo>0 Ja a —-x 


since the integral vanishes when q.=0. 
Also from (2), 


[da] f(2') cos a(a’ — x) da" ={ HAC Mt Asa nea stesso (6) 
JO Ja a — 4 

But we have already shown that the integral on the right-hand side of (6) 
is uniformly convergent for g= 0. 


Proceeding as in § 119, (2) ae (3),* it follows that 


* £2’) ye v=) da! =0 
a a 


po 


Thus, from (6), / da| Fle ):cosia(@ =a) dari Oseeaeea, eeceee eee (7) 
Jo 


J 


* Or we might use the Second Theorem of Mean Value as proved in § 58 for the 
Infinite Integral. : 
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But we know from § 119 that 


os dal ‘ J (2) cos a(a’ — 2) da’ = 
J0 SL 
when this limit exists. 

Thus ~[° da We icosia (a= yom == (0-120), bjseasevnseas acces (9) 


when this limit exists. 
Similarly, under the given conditions, we find that 


ae da[* ies) COSC: (Peet) — af (i= Oh) ee adet sess gncasene (10) 


when this limit exists. 
Adding (9) and (10), our formula is proved for every point at which 
F(@£0) exist. 


T 


Gd (OO), | veencreaseseesusees (8) 


4 


121. Other conditions for f(x). We shall now show that Fourier’s 
Integral formula also holds when the conditions at +o of the previous 
section are replaced by the following : 

(1.) For some positive number and to the right of it, and for some negative 
number and to the left of ct, f(a’) ts of the form g(x’) cos(Ax' +p), 
where g(x’) is bounded and monédtonic in these intervals and has the 
limit zero as “> +0. 


) da!’ converge. 


Also, (I1.) f ar and .; 9 


We have shown in § 120 that when g(z’) satisfies the conditions named 
above in (I.), there will be a positive number @ greater than such that 


se da | g(z’) cos a(a’ — 7) dz’ =0. 
0 a 


But, if A is any positive number, 
[ da [ g(a) cos a(a— x) da’ 
J a 
rx n 2) n 
= | do | g(a’) cos a(a' — x) da! + [ da g(v') cos a(a' — x) dx’ 
“0 Jd JX a 
=e) dal g(a’) cos a(a’ —@) tel: oe g(a’) cos a(a’ — a) da’ 
=r -Ja 


=3[ da g(x’) cos a(x’ — x) dx’ +4 dal VgNeos a(a’ — x) da’ 
a 


=1[- da g(a’) cos(a+A)(a’ —2) wif ei g(x’ )cos (a - A)(a! — x) da’. 
0 a 0 a 
Therefore 


ie da | g(a’) cos a(a' — x) dx’ 
0 a 


af dul 9f g(x’) cos X(a' — x) cos a(a — x) da’ =0....... (1) 
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Again we know, from § 120, that 
"D 


| g(a’) sin a(a’— 2) dr’ 
Jt 
is uniformly convergent for a= Ay >0. 

ph 


par \ os , , 
Tt follows that | da. | g(a’) sin a(a’ — x) da: 
A 


exists, for A, > Ay > 0. 
Also 


[da [ g(a’) sin a(a’ —.v) da’ 
JXo Ja 


= ‘le aut [gi sin a(2’—«)du (by § 84) 


= [ ate! jena — 2) 908 Ay (2? —2)\ ay! 
a a —a@ er J 
Ss cos Ag (iw! = x) pie = bee (x'—2) dv’ 2 
=| g(2’)- ae dx I g(x’) ay? thik vf ) 
since both integrals converge. \ 
no J XX 
But we are given that / he da’ . 


converges ; and it follows that | i ge ) aa 
a &—@ 


also converges, so that we know that ‘ 


cos Ag(w’ — x) 


[ge Se ae 


“ 


is uniformly convergent for A, =0, and therefore continuous. 


Thus Lt : ge a OS Ah, ca igs =| i ge) da", 
Ao—>0 + = Ja ; 


Tt follows from (2) mee when on 


ie da. [ g(x’) sin a(w’ —x) dv’ = ea [gle SOA Co feet (33) 
0 Jd Jt 


Ja C—-a ao = 


Also, as before, we find that, with the conditions imposed upon g(.”’),* 


Lt hs g (2) SME) al ae 
a ‘ 


A> @ 
Therefore, from (2) and (3), 


ha owiane 1s gf CORA tee ges 

A da | g(2") sin a(a’— av) da = g(a’) Mee: OMG screenees (4) 
dal ee\snare | oe 
and ik da g(a’) sin a (a =v) da =| on cansine Gieaeeee (5) 


*This can be obtained at once from the Second Theorem of Mean Value, as 
pro ed in § 58 for the Infinite Integral ; but it is easy to establish the result, as 
in § 119, without this theorem. 


~ 
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. . A Se 
Again, since [ da [ 9’) sin a (a = x) dar 
1h 
“A ; 
exists, we have | da | CAEN CG =e) Vol! SOs. saedooasenancogadoeeaon (6) 
—Xr a 


From (6), and the convergence of [ da | g(#’) sin a(w'— x) dz’, it follows 
that J=X Jd : 


| @f g(a’) sin alo’ —a) da’ — [ da | g(#’) sin a(a’ — x) da’ =0, 
Thus 


fi da es da | g(a’) sin(a—A)(a2 — 2) daz’ =0. 


Therefore is “da [” 9( g(a )sin A(a =) cos.a(# — 2) da =O. o..cceesseees (7) 


Multiply (1) by cos(Av+.) and (7) by sin(Av+ j) and subtract. 
It follows that 


i dal g(a’) cos (Aw + 2) cos a(2’ — 2) da’ =0.  ..eccceceseees (8) 
And in the same way, with the conditions imposed upon g(z’), we have 
ie da["g xz’) cos (Ax Purtos Oi (i) |i One ae eeeeseeeeee (9) 


These results, (8) and Py may be written 


fe duffle’) cos a.(v’ — x) dii=0, | 
200 = 1dt LES ce) entre Vie: (10) 


NE 4, dal“ f(a’)cos a(e!—2)dv'=0, | 
when f(z')=g(a’) cos(A2’ +p) in (a, ©) and (—o, —da’). 
But we oe that, when f(z) satisfies Dirichlet’s Conditions in (—a’, a), 
ie da |" AS (2) cos a(x — x) di! =F ( flwt 0) +f@— ON ceaasane (11) 
v7 


when these limits exist. [Cf. § 119 (5).] 

Adding (10) and (11), we see that Fourier’s Integral formula holds, when 
the arbitrary function satisfies the conditions imposed upon it in this section. 

It is clear that the results just established still hold if we replace 
cos(Av+p) in (I.) by the sum of a number of terms of the type 

My COS (Apt! + pn). 

It can be proved * that the theorem is also valid when this sum is replaced 
by an infinite series S 
Day 608 (Ane + pn), 

a 
when Sdn converges absolutely and the constants A,, so far arbitrary, tend 
i 


to infinity with 2. 


* Of. Pringsheim, Math. Ann., Leipzig, 68, p. 399. 
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122. Fourier’s Cosine Integral and Sine Integral. In the 
case when f(a) is given only for positive values of a, there are 
two forms of Fourier’s Integral which correspond to the Cosine 
Series and Sine Series respectively. 

I. In the first place, consider the result of $119, when f(z) 
has the same values for negative values of # as for the corre- 
sponding positive values of x: ie. f(—x)=f(x), x > 0. 


Then x {a ie F(@) cos a(a’ — x) da’ 
0 -o 


= . ie da ica a(x’ +a) +cos a(x’ —x)\da’ 


ee 
= =| da| I(x’) cos ax cos ax’ da’. 
a 0 +a 


It follows from §119 that when f(«x),as defined for positive 
values of x, and satisfies Dirichlet’s Conditions in any finite 


interval, while | f(a)dx converges absolutely, then 
0 


ly da | fe) Cos a cos ax’ da’ =4[ f(a+0)+f(a—0)], 


at every point where f(2+0) and f(x—0) exist, and when «=0 
the value of the integral is f( +0), if this limit exists. 

Also it follows from g§120 and 121 that the condition at 
infinity may be replaced by either of the following: 

(i) For some positive nwmber and to the right of it, f(a’) 

shall be bounded and monotonic and Lt f(2’)=0; 


2'—> a 
or, (1) For some positive number and to the right of it, f(a’) 


shall be of the form g(a’) cos(\x’ +1), where g(a’) is 


bounded and monotonic and Lt g(«)=0. Also 
wv’ >n 


| J i dx’ must converge. 

II. In the next place, by taking f(—a)=/(x), «> 0, we see 
that, when f(a) rs defined for positive values of x, and satisfies 
Dirichlet’'s Conditions in any finite interval, while | I (a) da 

0 


converges absolutely, then 


Za oe ; : 
a | da | S(@’) sin ax sin aa’ da’ =} [f(a+0)+ f(a—0)], 


0 0 
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at every point where f(w+0) and f(a—0) exist, and when «=0 
the integral is zero. 

Also it follows from §§120 and 121 that the condition at 
infinity may be replaced by one or other of those given under I. 

It should be noticed that, when we express the arbitrary 
function f(x) by any of Fourier’s Integrals, we must first decide 
for what value of a we wish the value of the integral, and that 
this value of x must be inserted in the integrand before thé 
integrations indicated are carried out (cf. § 62). 

123. Fourier’s Integrals. Sommerfeld’s Discussion. In many of the 
problems of Applied Mathematics in the solution of which Fourier’s Integrals 
occur, they appear in a slightly different form, with an exponential factor 
(e.g. e-«t) added. In these cases we are concerned with the Limiting value 
as t->0 of the integral . 

o(=— | da | f(a’) cos a (a — v)e- Ket da’, 
and, so far as the actual physical problem is concerned, the value of the 
integral for t=0 is not required. 

It was shown, first of all by cone * that, when the limit on the 
right-hand side exists, 


Lt an da | S (2) cos a(a’ — x)e- «0% da! =3[ f(~+0)+f(x—- 9), 
when a@<a<b, 
=3f(a+0), when v=a, 
=3f(b-0), when v=8, 
the result holding ‘in the case of any integrable function given in the 
interval (a, 6). 

The case when the interval is infinite was also treated by Sommerfeld, but 
it has been recently examined in much greater detail by Young.t It will be 
sufficient in this place to state that, when the arbitrary function satisfies the 
conditions at infinity imposed in §§ 120-122, Sommerfeld’s result still holds 


for an infinite interval. 
However, it should be noticed that we cannot deduce the value of the 


integral 1? : 
— [ da [ F(#) cos a (a! — x) da’ 
T 0 JG 
from the above results. This would require the continuity of the function 
% : 
for ¢=0. p(t) =+ A da | F(z’) cos a(a’ — x)e- «a*t dar’ 


We have come across the same point in the discussion of Poisson’s treat- 
ment of Fourier’s Series. [Cf. § 99.] 


* Sommerfeld, Die willhiirlichen Functionen in der mathematischen Physik, Diss. 
Konigsberg, 1891. 
+ W. H. Young, loc. cit., Hdinburgh, Proc. R. Soc., 31, 1911. 
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EXAMPLES ON CHAPTER X. 


1. Taking f(~) as 1 in Fourier’s Cosine Integral when 0<<1, and as 
zero when 1 <., show that 


1== | SIN a, COS av da, (0<# <1) 
T Jo 
1 2 /* sinacosar 
s-=f, a da, (v=1) 
o==| sin @ cos OR (1440). 

T Jo a 


2. By considering Fourier’s Sine Integral for e-8 (8>0), prove that 
* asin av ae 
—7 pp da =—e Be 
[ a2 + Be da o) e +) 
% 
and in the same way, from the Cosine Integral, prove that 


da= = e- 8. 


T 
2 


fs COS aw 
0 a*+ 22 


3. Show that the expression 


Qa2 f~ GEN GG es 
= [ cos (™) “Al v2 cos v dv 


. SS 
is equal to w? when 0 = <a, and to zero when w >a. 


2 ‘nD . = . 
4, Show that = | sin gv { ia eal or qa dq 
a0 Y G J 


is the ordinate of a broken line running parallel to the axis of 7 from «=0 
to =a, and from v=b to v=, and inclined to the axis of w at an angle a 
between w=a and w=0. 
: 1 ; ac R 
5. Show that TO satisfies the conditions of $120 for Fourier’s 


Integral, and verify independently that 
BTS iy dal 1 
da[ cos a cos as! = 
=| a) Soo oles ee when «> 0. 


; sin w wg rie 
6. Show that /(w)=- ; satisfies the conditions of $121 for Fourier’s 


Integral, and verify independently that 


os) a , . 
1 e4l i . da’ sing 
~ da. sin 2 cos a(a’ —v)—- = ; 
T Jy J-0 wv wo 
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PRACTICAL HARMONIC ANALYSIS AND PERIODOGRAM 
ANALYSIS 


1. Let y=/(x) be a given periodic function, with period 27. 
We have seen that, for a very general class of functions, we may 
represent f(x) by its Fourier’s Series 


(g+a, cos + Uy COS 27+...) 
+b, sin +b, sin et a 


where Mg, 41, Ay, ... by, by, ... are the Fourier’s Constants for f(z). 
We may suppose the range of x to be O=a=27. If the period 


is @, instead of 27, the terms at nx are replaced by ae 2n7rx/a, 
and the range becomes 0 =a =a. 

However, in many practical applications, y is not known 
analytically as a function of x, but the relation between the 
dependent and independent variables is given in the form of a 
curve obtained by continuous observations. Or again, we may 
only be given the values of y corresponding to isolated values of 
x, the observations having been made at definite intervals. In 
the latter case we may suppose that a continuous curve is drawn 
through the isolated points in the plane of x, y. And in both 
cases the Fourier’s Constants for the function can be obtained 
by mechanical means. One of the best known machines for the 
purpose is Kelvin’s Harmonic Analyser.* 

2. The practical questions referred to above can also be treated 


* Such mechanical methods are described in the handbook entitled J/odern 
Instruments and Methods of Calculation, published by Bell & Sons in connection 


with the Napier Tercententary Meeting of 1914. 
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by substituting for Fourier’s Infinite Series a trigonometrical 
series with only a limited number of terms. 
Suppose the value of the function given at the points 
0, a, 2a,...(m—l1)a, where ma=2r7. 
Denote these points on the interval (0, 277) by 
Mary Np, sae A ape 
and the corresponding values of y by 
Yo Yr Yor «++ Ym-1: 
Let S,(@)=a)+a, cosv+a,cos2a+ ... +, COS NL) 
+b, sin w+b, sin 24+ ... +b, sin nx | 
If 2n+1=m, we can determine these 2n+1 constants so that 
So) =o when 6—0) Teer. 
The 2n+1 equations giving the values of Mp, a, .-- Un, Oi, aes 
are as follows: 


Ag ta,+... + A,+... + ay, =Yo 
Ay + A, COS H, +... +4, COS TX, +..0 An COSNZ, | Son 
a 5 . om ak. 
+b, sing, +... +b,sin7a, +... +b, sin na, 
\ 
Ay + Gy COS Dyn +... FA; COS TLy_ +... + Ay COS eg ey 
. . . = 270 
+b, sin ®yy,+... +0, SiN 7a) + 2.6 + by SIN NByp, 


Adding these equations, we see that 
2n 


(2n+1)a)= Daye 


s=0 


since 1+cosra+cos 2ra+ ... +¢08 2nra=0, 
and sin ra+sin 2rat+ ... +sin 2nra=0, 
when (2n+1)a=27. 


Further, we know that 
1+ cos7a cossa+cos 27a cos 28a 
+...+-c0s 2nra cos 2nsa=0, sr, 


COS Ya SIN Sa+ cos 27a sin 2sa (Rela es 7 
+...+cos2nrasin2nsa=0, ls=1,2,...n 
And 1+ cos’ ra + cos? 2ra+...+ cos? 2nra = $(2n+1). 


It follows that, if we multiply the second equation by cos rz,, 
the third by cos ra,, ete., and add, we have 


2n 


3(2n+1)a,= >) y, cos rsa. 


s=0 
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Similarly, we find that 
20 
$(2n+1)b,= Soy sin 7sa. 
oi 
A trigonometrical series of (2n+1) terms has thus been formed, 
whose sum takes the required values at the points 


0, a, 2a,...2na, where (2n+1)a=2r7. ° 


It will be observed that as no the values of ap, a,,... and 0,, bg, ... 
reduce to the integral forms for the coefficients, but as remarked in § 90, p. 199, 
this passage from a finite number of equations to an infinite number requires 
more careful handling if the proof is to be made rigorous, 


3. For purposes of calculation, there are advantages in taking 
an even number of equidistant points instead of an odd number. 
Suppose that to the points 

0, a, 2a,...(2n—I1)a, where na=7, 
we have the corresponding values of y, 
Yor Vir Yor 2 Yon: 

In this case we can obtain the values of the 2n constants in 

the expression 
My + a, COS £+ 4, COS 24+... + An_, COS (N—1) &+ ay COS NX) 
+b, sinz+b, sin 2a+...+b,_,sin(n—1)a 


d 


so that the sum shall take the values yo, y,, ... ya, at these 2n 
points in (0, 27r). 
It will be found that 


27-1 


a! 
t= 5, » Ys 
2n-1 
G= — > y,cos rsa, if r=En 
ace! -a=7/Nn. 
2n-—1 
On= Sn Dy Ys COS 877 


2n-1 


SOM 7's 
b.= > >») ys Sin rsa 


s=0 
Runge * gave a convenient scheme for evaluating these con- 
stants in the case of 12 equidistant points. This and a similar 
table devised by Whittaker for the case of 24 equidistant points 


* Zs. Math., Leipzig, 48, 1903, and 52, 1905. Also Theorie u. Praxis der Reihen, 
pp. 147-164, Leipzig, 1904. 
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will be found in Tract No. 4 of the Edinburgh Mathematical 
Tracts.* 

4. This question may be looked at from another point of view. 
Suppose we are given the values of y, viz. 


Yo Yp Yo) eee Ym-1» 
corresponding to the points 


0, a, 2a,...(m—1)a, where ma=2r. 
Denote these values of x, as before, by 
Begs ls Day nas ras 


Let Sin (x) =a) +a, cos 7+ a, C08 27+ ... +n COS 12) 
+b, sinz+b,sin 27+ ... +6, sin nx I 


For a given value of n, on the understanding that m > 2n+1,+ 
the 2n+1 constants a), @,,-..@n, D,,... by are to be determined 
so that S,(«) shall approximate as closely as possible to 
Me Uist Unies Gl linn Cian poe eer: 

The Theory of Least. Squares shows that the closest approxi- 
mation will be obtained by making the function 


m-1 


S (Ye— Sn (a)9?, 


s=0 


regarded as a function of dp, a1, ... Gn, 0,, ... b,, a minimum. 


The conditions for a minimum, in this case, are: 
‘ 


m1 . 


(ys—S,, (@s)) =90 
m-1 
D> (Ys— Sn (ws) ) cos px, =0 p=l1, 2,...7. 
s=0 
m=. 


>) (Ys — Sn (#s)) Sin pa, = 0 
s=0 . 

It will be found, as in $2 above, that these equations lead to 
the following values for the coefficients : 


*Carse and Shearer, A Course in Fourier’s Analysis and Periodogram Analysis, 
Edinburgh, 1915. 


+If m <2n+1, we can choose the constants in any number of ways so that 
S,,(x) shall be equal to Yo, Y1) 00. Ym—1 At Yq, yy.» Vy, for there are more con- 


stants than equations. And if m=2n+1, we can choose the constants in one way 
so that this condition is satisfied. 
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m—1 


MAy= Dd) Ys, 
s=0 


m—1 
46, = ~ Ys COS T8a | 


— pee Dae, 


/m odd. 


m1 


mb, = > Ys Sin 78a 
s=0 


But if m is even, the coefficient a, (when 7=4m) is given by 


m—-1 


+) 
MO, = ~> Ys COS 87, 
s=0 


the others remaining as above. 


In some cases, it is sufficient to find the terms up to cos and sin «, viz. 
ay +a, cos 7+6, sin a. 


The values of ay, a, and 6,, which will make this expression approximate 
most closely to 
Yor Yrs Yor +++ Yn-1 

at 0, a, 2a, ...(m—1)a,- when mo=2r, 
are then given by : ; 

m—1 

Mag=D Y, 
s=0 
m—1 


4ma,=> Ys C08 sa, 
s=0 


m—1 
imb,=> y'sin sa. 
sO 
Tables for evaluating the coeflicients in such cases have been constructed by 


Turner.* 


5. In the preceding sections we have been dealing with a set 
of observations known to have a definite period. The graph for 
the observations would repeat itself exactly after the lapse of 
the period; and the function thus defined could be decomposed 
into simple undulations by the methods just described. 

But when the graph of the observations is not periodic, the 
function may yet be represented by a sum of periodic terms 
whose periods are incommensurable with each other. The 
gravitational attractions of the heavenly bodies, to which the 
tides are due, are made up of components whose periods are not 
commensurable. But in the tidal graph of a port the component 


* Tables for Harmonic Analysis, Oxford University Press, 1913. 
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due to each would be resolvable into simple undulations. A 
method of extracting these trains of simple waves from the 
record would allow the schedule of the tidal oscillations at the 
port to be constructed for the future so far as these components 
are concerned. 

The usual method of extracting from a graph of length L, a 
part that repeats itself periodically in equal lengths ) is to cut 
up the graph into segments of this length, and superpose them 
by addition or mechanically. If there are enough segments, the 
sum thus obtained, divided by the number of the segments, 
approximates to the periodic part sought; the other oscillations 
of different periods may be expected to contribute a constant to 
the sum, namely the sum of the mean part of each. 

6. The principle of this method is also used in searching for 
hidden periodicities in a set of obseryations taken over a 
considerable time. Suppose that a period. 7 occurs in these 
observations and that they are taken at equal intervals, there 
being ” observations in the period 7’. 

Arrange the numbers in rows thus: 


Ug, U4; Us, Aid Un—o, Uy -1. 
Un» Uns, Un+2, OG Usn—2, Won -1. 
Wm- In, Wim -1)n+1, Wm 1) m+2, mars Unn -2, UWnn -1, 


Add the vertical coliimns, and let the sums be 
Ug, wee On see Ug. Unk 


In the sequence U,, U,, U,,... Uy-1, Un the component of 
period 7’ will be multiplied m-fold, and the variable parts of the 
other components may be expected to disappear, as these will 
enter with different phases into the horizontal rows, and the 
rows are supposed to be numerous. The difference between the 
greatest and least of the numbers Up, U,, U,,...U,-2, Uy-; 
furnishes a rough indication of the amplitude of the component 
of period 7’, if such exists; and the presence of such a period is 
indicated by this difference being large. 

Let y denote the difference between the greatest and least of 
gheamumbers U,, U.> U3 .c0 U0 meee corresponding to the trial 
period x If y is plotted as a function of 2, we obtain a “curve 
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of periods.” This curve will have peaks at the values of a 
corresponding to the periodicities which really exist. When 
the presence of such periods is indicated by the curve, the 
statistics are then analysed by the methods above described. 

This method was devised by Whittaker for the discussion of 
the periodicities entering into the variation of variable stars.* 
It is a modification of Schuster’s work, applied by him to the 
discussion of the statistics of sunspots and other cosmical 
phenomena.t To Schuster, the term “periodogram analysis” is 
due, but the “curve of periods” referred to above is not identical 
with that finally adopted by Schuster and termed periodograph 
(or periodogram). 

For numerical examples, and for descriptions of other methods 
of attacking this problem, reference may be made to the 
Edinburgh Mathematical Tract, No. 4, already cited, and to 
Schuster’s papers. 


* Monthly Notices, R.A.S., 71, p. 686,-1911. 
See also a paper by Gibb, “The Periodogram Analysis of the Variation of 
SS Cygni,” ibid., 74, p. 678, 1914. 
+ The following papers may be mentioned : 
Cambridge, Trans. Phil. Soc., 18, p. 108, 1900. 
London, Phil. Trans. R. Soc., 206 (A), p. 69, 1906. 
London, Proc. R. Soc., 77 (A), p. 136, 1906. 
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of, 132; Weierstrass’s M/-test for uniform convergence of, 134; uniform 
convergence and continuity of, 135; term by term differentiation and integra- 
tion of, 140. See also Differentiation of series, Fourier’s series, Integration of 
series, Power series and Trigonometrical series. 


Simple (or ordinary) discontinuity, definition of, 65. 
Sine integral (Fourier’s integral),.284, 292. 
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